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ADVERTISEMENT. 



The whole of the fourth^ ninths and tefrdh chap- 
ters of the original, with the exception of the article 
upon Figurate Numbers, and the Series upon which 
they depend, have been omitted in the translation ; 
also, that part of the seventh chapter which relates to 
the Theory of Symmetrical Functions. Some of the 
articles of the 8th chapter have also been omitted. 
In consequence of these omissions, the numbers 
which desi^ate the different articlo^ do not succeed 
each other in^ regular order. 
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6 Algebra. 

m ■ 

Thus, let 12 and 9 be the two numbers, tbeir sum is %\ and 
their difference 3. 

yfe will find that the product 21 X 3, or 63, is equal to 144, 
the square of 12. diminished by 81, which is the square of 9. 

But to prove this property for any two numbei:s whatever, 
we will represent these two numbers by a and b. 

The sum will be expressed by a + 6, and the difference by 
a — b. In order to form the product of these two expressions, 
we will first suppose that a + 6 is to be multiplied by a ; the 
product will be a X a + 6 X a, or more simply a ^ + ai ; for 
it is necessary to take each of the two parts composing a + 6, 
as many times as there are units in a, and add together the two 
products. But it is not by the whole of a that this quantity is to 
be multiplied, but by a diminished by h\ therefore the product 
a^ +ab is too great by the product of a + 6 by &, that is, by 
ab + b^. Hence ab + b^ must be subtracted from the. prece- 
ding product a' +a&; this indicated algebraically gives, a' 
+ ab — db — 6'. . Now the two products +a6, — aft, mutual- 
ly destroy each other, and the required product becomes a' 

This result, a'— &', having been obtained, independently of 
any particular value attributed to a and 6, it follows that the 
theorem is true for any two Qumbers whatever. 

Third Question. Theorem. 

6. If the same number is added to the two terms of a proper 
fraction, the new fraction resulting from this addition will be 
greater than the first. 

Ij^t the proposed fraction be y\, if 3 be added to its two 
terms, it becomes t\. These two fractions reduced to the same 
denominator, become r^^, y^^, and the second fraction is evi- 
dently greater than the first. 

To ascertain wfhether this theorem is true for any fraction 

whatever, denote this fraction by - supposing a<&. 

b 

Let m represent the number to be added to the two terms, it 

becomes .. 

6 + m 

\4 ftii«rder to compare the two fractions, they should be reduced to 

-^""tim same denominator, which can be done by multiplying 
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4c' +-2 c^ rf, are homogeneous polynomials. 8 a^^-A dbJ^C is 
not homogeneous. 

12. Terms composed of the same letters, and affected with 
the same exponents, arc called similar terms. 

Thus, 1 ab and 3 a 6, 4 a ^ 6^ , and 5 a =» ja ^ are similar terms. 
8a* 6 and 1 ab^ are not similar terms, for although they are 
composed of the same letters, yet the same letters are not 
affected with the same exponents. 

It often happens that a polynomial contains several similar 
terms ; it may then be simplified. 

Take the polynomial 4 a' 6 — Sa^c + Oac^ — 2 a* 6 + 
7 a' c — 6 6^ J it may (9) be written thus : 4 a^ b — 2a' 6 + 
7a» c — 2a^ c + ^ac^ —66^; now, 4a^6 — Ha^ b reduces 
-to 2 a' 6. 1 a^ c — 3 a' c reduces to 4 a^ c ; hence the poly- 
nomial becomes 2 a' 6 + 4 a' c + 9 a c' — 6 6'. 

When we have, in any polynomial, the terms +2a' 6c', 

— 4 a' 6c', + 6 a' 6c', — 8a' 6c', + 11a' 6c' ; the sum 
of the additive terms may be reduced to + 19 a' 6c' } and the 
sum of the subtractive terms to — 12 a' 6c' ; hence the five 
proposed terms reduce to 19 a' 6c' — 12 a' 6c', or 7 a' 6c*. 

It may happen that the sum of the subtractive terms exceeds 
the sum of the additive terms. In this case, subtract the posi- 
tive coefficient from the negative, and prefix the sign — to the 
result. Thus, when + 5 a' 6 is the sum of the positive, and 

— 8 a' 6 the sum of the negative terms, as — 8 a' 6 is the 
same as — 5 a' 6 — 3 a' 6, it follows that + 5 a' 6 — 8 a* 6 
is equivalent to + 5 a' 6 — 5 a' 6 — 3 a' 6, or — 3 o' 6. 
Hence the following rule for the reduction of similar terms. 

Form a single additive term of all the terms precedied by the 
sign + ; which is done by adding together the coefficients of 
these terms, and annexing to this sum the common literal part* 
In the same manner form a single subtractive term with all the 
terms preceded by the sign — ; then subtract the least sum firom 
the greatest, and give the result the sign of the greater. 

(It should be observed that the reduction affects only the co- 
efficients, and not the exponents.) 

From this rule we find that 
4a" 6 — 8a' 6 — 9 a' 6 + 11 a' 6 reduces to — 2 a" 6; 
7a6c" — a 6c' — 7 a 6c* — 8a6c'+6a6c" reduces to 
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16 AJgehra. 

tions, lead to such expressions,) the product of ihete Ucopob/no^ 
miaJs is also homogeneous. This is an evident consequence oT 
the rules relative to the letters and exponents in the muldplication 
of monomials. Moreover, the degree of each term of the pro- 
duct should be equal to the sum of the degrees of any two terms 
of the multiplier and multiplicand. Thus, in the first of the 
two preceding examples, all die terms of the multiplicand being 
of the second degree, as well as those of the multiplier, all the 
terms of the product are of the fourth degree. In the second, 
the multiplicand being of the fifth degree, and the multiplier of 
the third, the product it of the eighth degree. This remark 
serves to discover any errors in the calculations with respect to 
the exponents. For example, if it is found that in one of the 
terms of a product that should be homogeneous, the sum of the 
exponents is equal to 6, while in all the others their sum is 
7, there is a. manifest error in the addition of the exponents, 
and the multiplication of the two terms which have formed this 
product must be revised. 

Second. When, in the multiplication of two polynomials, the 
product does not present any similar terms for reduction, the 
total number of terms in the product is equal to the product of 
the number of terms in the multiplicand, multiplied by the num- 
ber of terms in the multiplier. This is a consequence of the 
rule. (No. 17.) Thus, when there are five terms in the mnlt^ 
plicand, and four in the multiplier, there are 5 x 4, or 20, in the 
product. In general, when the multiplicand is composed of m 
terms, and the multiplier of n terms, the product contains m x H* 

Third. When some ef the terms are similar, the total number 
of terms in the product, when reduced, may be much less. - But 
we will remark, that among the different terms of the product, 
there are some that cannot be reduced with any others. , These 
are, 1st. The term produced by the multiplication of the term 
of the multiplicand, affected with the highest exponent of a cer- 
tain letter, by the term of the multiplier, affected with the highest 
exponent of the same letter. 2d. The term produced by tiie 
multiplication X)f the terms, affected with the lowest exponents 
of the same letter. For these two partial products should con* 
tain this letter, affected with a higher or lower exponent than 
either of the other partial products, and consequendy cannot be 
nmilar to any of them. This remark, the truth of 
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The whole of the fourth, ninth, and tenth chap- 
ters of the original^ with the exception of the article 
upon Figurate Numbers^ and the Series upon which 
they depend; have been omitted in the translation ; 
also^ that part of the seventh chapter which relates to 
the Theory of Symmetrical Functions. Some of the 
articles of the 8th chapter have also been omitted. 
In consequence of these omissions^ the numbers 
which designate the different articles do not succeed 
each other in^ regular order. 



so Algebra. 

The manner in which an algebraic product is formed from iu 
two factors, is called the law of this product ; and this law re^ 
mains always the same, whatever values may be attributed to 
the letters which enter in the two factors. 

21. Lastly, a polynomial being given, it may sometimei be 
decomposed into factors merely by inspection. 

Take the polynomial 25 a* — 30 a^b-{- 15 a'b', it is evident 
that 5 and a' are factors of each of the terms. We may, therefore^ 
put the polynomial under the form 5 a^ (5 a' — 6 a 6 + 3 i*). la 
the same way 64a* b^ — 25 a^ 6' is transformed into (8 a* b^ + 
Bab*.) (8a» 6' — 5 aft*). 

For, 64a* i® and 25a^b* being the squares of 8 a* b* and 
Bab* fit follows that the proposed expression is the* different 
of two squares, and that it can be decomposed (No. 19) iM^ 
the sum of the root multiplied by their difference. 

Division. 

SSL Algebraic division has the same object as arithmetical, 
viz. : having given a product and one of its factors, to find the 
other. We will first consider the case of two monomials. 

72 a* 
The division of 72 a* by 8 a' is indicated thus :— ^r — r- 

^ 8 a* 

It is required to find a third monomial, which, multiplied by 

the second, will produce the first. Now, by the rules for the 

multiplication of monomials, the required quantity must be such 

that its coefficient multiplied by 8 should give 72 for a product, 

and that the exponent of the letter a in this quantity, added to 

3, the exponent of the letter a in the divisor, should give 5, the 

exponent of the dividend. This quantity may therefore, be oIh 

tained by dividing 72 by 8, and subtracting the exponents firom 

72 A« 
the exponent 5, which gives -g — ^ = 9 a*. 

35a3feV 
Tab • ' 

for 7 a ft X 5 a*ft c = 35 a^b^c. 

Hence, we see that in order to divide one monomial by aif 

other, it is necessary, 1. ta divide the two coefficienU one by 

the other. 2. For those letters which are common to the divi^ 

dend and divisor ^ write each of (hem after the coefficient^ ami 
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As in multiplicadon the product of two terms having the same 
sign is affected with the sign + i and the product of two terms 
having contrary signs is affected with the sign — , we may con- 
clude, 1st. That when the term of the dividend has the sign +, 
and that of the divisor the sign + , the term of the quotient must 
have the sign + . 2d. When the term of the dividend has the 
sign + , and that of the divisor the sign — , the term of the quo- 
tient must have the sign — , because it is only the sign — , which, 
combined with the sign — , can produce the sign + of the divi- 
dend. 3d. When the term of the dividend has the sign-—, 
and that of the divisor the sign + , the quotient must have the 
sign — . 

That is, when the two terms of the dividend and divisor have 
the same sign, the quotient will be affected with the sign + » and 
when they are affected with contrary signs, the quotient will be 
afl^ted with the sign — ; again, for the sake of brevity, we 
say that 

4- divided by + , and — divided by — , give + ; 
— divided by +, and -h divided by — , give — . 

In the proposed example, 10 a^ and— -5a* being affected 
with contrary signs, their quotient will have the sign — ; 
moreover, 10 a*, divided by 5 a', gives 2 a', (No. 22 ;) hence, 
—2 a' is a term of the required quotient. After having written 
it nndemeat^ the divisor, multiply each term of the divisor by h, 
and subtract the product, — 8 a^ b + lQ a* — 6a' 6', firom the 
dividend, which is done by writing it below the dividend with 
contrary signs, and performing the reduction. Thus, the result 
of the first partial operation is 

57 a« ft' — 40a'ft— 156«+4aft^ 

This result is composed of the partial products of each term 
of the divisor, by each term of the quotient which remains to be 
determined. We may then consider it as a new dividend, and 
reason upon it as upon the proposed dividend. We will there- 
fore take in this result, the term — 40 a' ft, affected with the 
highest exponent of a, and divide it by the term*— £ a' of 
the divisor. Now, from the preceding principles, — 40 a' ft» 
divided by — 5 a' gives + 8 a ^ for a new term of the quotient, 
which is written on the right of the first* Multiplying each 
term of the divisor by this term, and writing the products with 
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lequently must be equal to the part Aa^ ef the dividend afiected 
with the highest power of a. Hence, reciprocally, if we divide 
A a* by A'a^y we will have the part A"a^ of the quotient ; this 
reduces to di\ading A by A'y since aS divided by a', gives a*. 
\£ A and A' are themselves polynomials, composed of one or 
more letters, we proceed with them as before stated, which re- 
quires that the two polynomials should be arranged with refe- 
rence to one of the letters which enter them. This is the reason 
why we stated above, that in writing the terms affected with the 
same power in a column, care should be taken to arrange them 
with reference to a second letter; they should even be arranged 
with reference to a third letter, where two or more terms of a 
column contaun the same power of the second letter. 

The part A*'a^ being obtained, we nmhiply each part of the 
divisor by A'a^y and subtract the partial products as soon as 
obtained ; this gives a first remainder, upon which we operate 
as upon the proposed dividend. 

The following are examples of this case : 



1st- 12 6^ 
— 29 6 c 
+ 15 c« 


a'-f236' 
— 31 h^c 
—9bc^ 


fl» +10 6* 
— 6 6»c« 


a 


1st. Rem. 


+ 15 6' 
—25 6» c 
—9bc' ■ 
+ 15 6c3 


a^+ 10 6* 
— 6 6» c« 


a 



36 
•5c 



a+25« 



46 
3c 



a«+56« 
— 3c« 



2d. Rem. 







12 6' 



First partial division. 

— 29 6c+15c» ) 36 — 5c 



— 9 6c+15c2 



> 36 — 
>46 — 



3c 







Second partial divisiofi. 



I5b^ — 25b^c — 9bc^ + 15c^) 3b— 5c 



— 9 6 c» + 



15c^ ? 36— £ 
15 c» 5 5 6« — 



3c^ 
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2d. ma*'^^^ 

—10 +235 
.' —20 



+225« 
+5 



«» +46' 
—962 
+56 
—5 



a+b^^2l ^ 2b\a+h'—2b 

f 2a'— 36la»+46 
J +4 1—1 



afl 



1st- Rem. — 96' 
+ 27 6 
— 20 

SSd. Rem. 



a 



. +12 6= 
— 236 

+ 5 

3d. Rem. 

4 Rem. 
jFVr<< partial division. 



a- 



+ 36 
— 5 



a + 6'— 26 



Cft — 10 







36 — 5 



Second partial division. 
— 9 6* + 27 5 — 20 > 3 6 — 5 



+ 126 — 20 




36+ 4 



Third partial division. 

A2&« —236 + 5 ) 36 — 5 
— 36+5) 46 — 1 



Fourth partial division. 
36—5)36-5 



I 



30.' There is another important case of algebraic diTisioOf 
vh. : when the polynomial dividend contains one or more letters 
thai are not contained in the divisor. The polynomials might 
be arranged with reference to a common letter, and the division 
performed in the common way. But there is a much more 
simple method for obtaining the quotient. 

Suppose, for example, that the dividend contained different 
powers of the letter a, and that this letter is not contained in the 
divisor^ (it is then said to be independent of this letter.) Ar- 
ranging the dividend with reference to a, it can be put under 
iheform of-4a*+JBa^ + Ca^+D a+JB, 4 being supposed 
Ae highest exponent of a. Let M be the polynomial divisor, 
independent of a. Since the divisor multiplied by the quotient 
mnst reproduce the dividend, and as the divisor M does not con- 
tain a, it is plain that this quotient ought to be a polynomial in- 
volving the same powers of the letter a, as those which are 
fimnd in the dividend. Hence, this quotient is necessarily of 
die fbrm -4'a*+JB'a=» + C'a»+JD'a+E'. Now,\C ^ti 
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conceive that this quotient has been found, and that wt haft 
multiplied successively the Entire divisor by each of the parti 

Aa^, B'a\ Oa^ the producte will be A'Ma*t 

B'Ma^i C'Ma* .... and as no reductions cai) take place 
between them, since the letter a is affected with difllerent ezp<h 
nents, they must be respectively equal to the terms Au*^ B a\ 
C a'^ . » . , of the dividend. 

Therefore, we have A' M = A whence A' == Ai M 

BM = B .. B^^B.M 
C M = C .. C=C:M 
and so with the others ; hence the following general propon- 
tion. In order that a polynomial arranged ttUh refereneg to 
the powers of a certain letter, may be exactly dMsiUe by « 
polynomial independent of this letter , it is necessary thai eatkpf 
the coefficients of the different powers of the first polynomial 
may be exactly divisible by the second. The coefficients of the 
different powers of the letter in the quotient^ are the sueceaim 
quotients arising from the division of the coefficients of the po^ 
nomidl dividend by the polynomial divisor. 

Divide the polynomial 3 a« 6' — 3 a 6c» — 2 5» c* + ** 
— 3a» 6<:'-f3aft'c — a« c*+6<:*+a« i« c, by 5« — c«. 

The dividend arranged with reference to a, may be pot 
undertheform(3 6»+&*[c— 36c* — c'*)a«-r(36»c — Sftff>)« 
+ i* — 26' c* + 6c* ; effecting the three partial divisioni 
denoted by 

363 j^i^c—^hc^ — c', 363c— 36cS 

6^ — c« 6« — c« 

6*— 26'c» + 6c* 

6»— c» 
we find the quotients to be : 3 6+c, 3 6 c, 6' — 6c* ; therefiney 
the total quotient is, (3 6 + c) a^ + 3 6 ca + 6' — 6 c*. 

The two last quotients can be obtained more easily than bj 
the ordinary process, by observing, 1st, that 36'c — 36 c' ii 
equivalent (21) to 3 6c (6» — c») ; 2d, that 6»— 25» c« + *c« 
is equivalent to 6 (6* — 2 6* c« + c*), or 6 (6« — c« ) «, (19). 

It should be observed that, where there exist general rules 
for performing all the operations required, these rules may fire- 
quentlybe simplified, and we should never omit employing thesa 
simplifications, when the occasion presents itself. By so ddng» 
we enter more fully into the spirit of the algebraic language. 
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31 . Among the diflerent examples of algebraic division, there 
is one remarkable for its applications. It is so often met with 
in the resolution of questions, that algebraists have made a 
kind oftJieorem of it. We have seen (5 and 19) that {a -\-b)x 
(a — b) gives a^ —b^ for a product ; hence, reciprocally a^ —b^ 
divided by a — 6 gives a + 6 for a quotient. Dividing a^—b^ 
by a — 6, the quotient is a^ -\- ab + b^. In like manner a* —6* 
divided by a — & gives a'^ + a- b + ab^ 4- t^ for the quo- 
tient. These are results that may be obtained by the ordinary 
process of division. Analogy would lead to the conclusion 
that whatever may be the exponents of the letters a and 6, 
the division copM be performed exactly ; but analogy does not 
always lead to certainty. To be certain on this point, denote 
the exponent by m ; and proceed to divide a*" — 6** by a — 6. 

fit"* — ^w ^ a — b 
1st Rem. +a^'-^b — b"* i a**""^ 

or, b {a""-^ — ^'-i) 

Dividing a"* by a the quotient is a*""\ by the rule for the 
exponents (22). The product of a — 6 by a""" ^ being sub- 
tracted from the dividend, the first remainder is a**"" * b — 6*, 
which can be put under the form b («"»- ^ — ft""" ^ ). Whence, 
if we suppose a"*-^ — 6"- ^ divisible by a —J, then will a^ — 
b* also be divisible by it ; that is, if the difference of the simi- . 
lar powers of two quantities of a certain degree^ is exactly 
divisible by the difference of these quantities, the difference of 
the powers of a degree greater by unity, is also divisible by it. 

a^ — b^ 
Now — ■ . gives an exact quotient, equal toa+6; hence, 

a' — 6^ 

■ ^ gives an exact quotient, and is equal to a' + 

I (a* b^) a* — 6* 

' T — ' or a' 4-Wa+ft), or a» -f a6-f&^. Again t— 

a — by \ /' o ^ — ^ 

(a3_63\ 
gives an exact quotient, and is equal to a^+6. — r — 

ora»+J (a« -hab+b^) ora^ +a^ b+ab^ + J^ 

fit* -^ b"^ 

In general, r- gives an exact quotient, and is equal to 

a*-* +a*-*6 + a*~ ^6= + 4- aft" 7/ + 6*"*- 

5 
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The accuracy of this proposition is verified a poiteriori, by 
performing the muhiplication, 

(a*~^ -I- a^-^b + a/>'"-^ +6*- '){a — h). 

It will be perceived that the partial products a* and — J*are 
the only ones that do not destroy each other in the reduction. 

For example, multiplying a'"" ^ b by a, the product is a*~*6 ; 
but by multiplying a*"" * by — 6, the product is — a*"" *5, and 
this term destroys the preceding. The other terms cancel in 
the same way. The beginner should reflect upon the first 
method of demonstrating the proposition, as it is frequently em- 
ployed in algebra. 

32. We have given (23, 26) the principal circumstances by 
which it may be discovered that the division of monomial or 
polynomial quantities is not exact ; that is, the case in which 
there does not exist a third entire algebraic quantity, whichy 
multiplied by the second, will produce the first. 

We will add, as to polynomials, that it may often be dis- 
covered by mere inspection that they cannot be divided by each 
other. When these polynomials contain two or more letters, 
before arranging them with reference to a particular letter, ob- 
serve the two terms of the dividend and divisor, which are 
affected with the highest exponent of each of the letters. If for 
one of these letters, the terms with the highest exponents are not 
divisible by each other, we may conclude that the total division 
is impossible. This remark applies to each of the operations 
required by the process for finding the quotient. 

Take, for example, 12 a^ — 5a=6 + 7 ab^ — 11 6%' to be 
divided by 4 a^ — 8 ab + 3b^. \ 

By considering only the letter a, the division would appear 
possible; but regarding the letter b, the division is impossible, 
since — 11 6^ is not divisible by 3 b^. 

One polynomial cannot be divided by another containing a 
letter which is not found in the dividend ; for it is impossible that 
a third quantit}', multiplied by a second, depending upon a cer- 
tain letter, should give a product independent of this letter. 

A monomial is never divisible by a polynomial, because 
(18) every polynomial multiplied by another, gives a product 
containing at least two tenns which are Qpt susceptible of 
reduction. 



Fractions. 35 

OF ALGEBRAIC FRACTIONS. 

Greatest Common Divisor. 

33. Algebraic fractions should be considered in the same 
point of view as arithmetical fractions, such as |, |^, that is, 
we must conceive that the unit has been divided into as many 
equal parts as there are units in the denominator, (which may be 
either a monomial or polynomial,) and that one of these parts is 
taken as many times as there are units in the numerator. Hence, 
addition, subtraction, multiplication, and division, are performed 
according to the rules established for arithmetical fractions. 
We should, however, in the application of the rules, follow the 
procedures indicated for the calculus of entire algebraic quan- 
tities. It will not, therefore, be necessary to give any examples 
of these rules ; we will hereafter have frequent opportunities of 
becoming familiar witli them. 

The reduction of fractions to their most simple terms should 
have some particular developcmcnts. 

When a division of monomial or polynomial quantities cannot 
be performed exactly, if, is indicated by means of the known sign, 
and in this case, the quotient is presented under the form of a 
fraction, which we have already learned how to simplify. (23.) 
With respect to polynomial fractions, the following are cases 
which are easily reduced. 

Take, for example, the expression 

This fraction can (19) be put under the form - — , - ^^ ,, — l 

^ ' ^ {a— by 

Suppressing the factor a — 6, which is common to the two terms, 

weobtam 

a — b 

m 

Airain, take the expression ! 

This expression can be decomposed thus : — y^ — Z — — I 

8 a* {a — b) 

or ^^{^-by 
8a^{a—b) 

Suppressing the common factor, a {a — b,) the result is 
5{a—b) 

Ba 
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The particular cases examined above, are those in which the 
two terms of the fraction can be decomposed into the prodact 
of the sum, by the diflerence of two quantities, and into the square 
of the sum or difference of two quantities. Practice teaches ' 
the manner of performing these decompositions, when they are 
possible. 

But the two terms of the fraction may be more complicated 
polynomials, and then, their decomposition into factors not being 
so easy, we have recourse to the process for Anding the greaiesi 
common divisor. 

This theory, wliicli is intimately connected with equations, 
presents some diiliculties ; it is tlierefore our intention to give 
only a part of it here, and' resume it again when we shall have 
acquired tlie materials necessary to establish it in a complete and 
rigourous manner. 

Of the Greatest Algebraic Common Divisor. 

34. .Definition. The greatest common divisor of ttco polyno- 
mialSi is the greatest polynomial (irilh rcferciux to the expo^ 
nents and coefficients) that mil exactly divide the proposed 
polynomials. 

The characteristic property of the greatest common divisor 
is, that after having divided the two proposed polynomials by 
their greatest common divisor, the quotients are prime wUh 
respect to each other ; that is to say, they no longer contain a 
common factor. 

This proposition is evident ; for let A and B be the given 
polynomials, D their common divisor, A' and B' the quotients, 
we have 

A =A' X D and B=B' x JD. 

Now, if A' and B' had a common factor rf, it would follow 
that dxD would be a divisor, common to the two polynomials, 
and greater than D, either with respect to the exponents or the 
coefficients, which would be contrary to the definition. 

35. We have seen in arithmetic, 1st. That the greatest com- 
mon divisor of two entire numbers contains, asfactors^ all of the 
particular divisors common to the two numbers, and does not can" 
tain at^ other factors. 2d. That the greatest comfnon divisor 
of two entire numbers, is the same as that which exists 
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between the smallest number and the remainder, after the 
dimeion. 

The theory of the greatest tilgebraic common divisor also de- 
pends upon these two principles, for the demonstration of which 
see the rizth chapter. 

Admitting these principles, let us suppose that it is required 
to find the greatest common divisor between the two poly- 
nomials 

a' — a* 6+3 a b^ — 3 6% and a^ — 5ab-\-Ab^ 

First Operation, 
a^ — a»&4-3a63— 363 ^ ^a — 5a6+462 

62_3J3 J 



+ 4a^ 6— fl5^— 36^ 5 -^:^b 

1st Rem. 19 a 6»— 19 b^ 

or 19 6a (a— 6.) 

Second Operation. 

a^ — 5a6-f463 ) a — 6 

— 4a6+46M ^r:^:T6 
• 
Hence a — 6 is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree 
by that of the lowest degree ; the quotient is, as we see in the 
Hbove table, a + 46, and the remainder is 19 a 6' — 19 6^. 

By the second principle, the required common divisor is the 
same as that which exists between this remainder and the poly- 
nomial divisor. 

But I9a6« — 19 6^ can be put under the form 19 6> {a — 6.) 
Now the factor, 19 6^ , will divide this remainder witliout dividing 
a'— 5 a6+46a, hence, by the first principle, this factor can- 
not enter into the greatest common divisor ; we may therefore 
suppress it, and the question is reduced to finding the greatest 
common divisor between a^ — Sab-k-b^ and a — 6. 

Dividing the first of these two polynomials by the second, 
there is an exact quotient, a — 4 6; hence a — 6 is their greatest 
common divisor, and it is consequently the greatest common 
divisor of the two proposed polynomials. « 

Again^ take the same example, and arrange the polynomials 
with reference to 6. 

— 36»+3a6'»— a^ 6+a^ and 46'— 6a6+a» 
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First Operation. 

1st Rem. —3ab^ — a'^ 6 + 4 «•* > — 3 6,— 3a ' 

— 12a63_4fl^afc^l6a3 

2d Rem. —1 da^b+i9a^ 

or 19 ^2 (_ j^^,j 

Second Operation. 

4b^—5ab+a^ \ —b+a 
— ab+a^ >— 4 6+a 

Hence — b+a, or a — 6, is the greatest common divisor. 

Here we meet with a difficulty iu dividing the two polynomials, 
because the first term of the dividend is not exactly divisible by 
the first term of the divisor. But if we obser\'e that the coefficient 
4 of this last is not a factor of all the terms of the polynomial 
4fta — 5ab+a^^ and that therefore, by the first principle, 4 
cannot form a part of the greatest common divisor, we can, 
without affecting this common divisor, introduce this factor into 

the dividend. This gives —12b^ + l2ab^—4a^b+4a\ 

and then the division of the two first terms is possible. 

Effecting this division, the quotient is — 3 6, and the re- 
mainder is — 3 a 6^ — a^ 6+4 a^. 

As die exponent of 6 in this remainder is still equal to that of 
the divisor, the division may be continued, by multiplying this 
remainder by 4, in order to render tlie division of the two first 
terms possible. 

This done, the remainder becomes — I2a6" — 4aa6+16a', 
which divided by 46^ — 5a6+a^, gives the quotient 

— 3 a, (which should be separated from the first by a comma, 
as having no connexion with it,) and the remainder is 

— I9a^b+I9a\ 

Placing this last remainder under the form 19 a* ( — 6+a,) 
and suppressing the factor 19a^,as forming no part of the 
common divisor, the question is reduced to finding the greatest 
common divisor between 4 6^ — 5. a 64-a*, and — 6+a. 

Dividing the first of these polynomials by the second, we 
obtain an exact quotient, — 4 6+a; hence — 6+a, or a — 6, 
is the greatest common divisor required. 

36. In the above example, as in all those in which the expo- 
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nent of the principal letter is greater by uulty in the dividend 
than in the divisor, we can abridge tiie operation by multiplying 
every term of the dividend by the square of the coefficient of tlie 
first term of the divisor. We may easily conceive that, by this 
means, the first partial quotient obtained will contain the first 
power of this coefficient. Multiplying the divisor by the quo- 
tient, and making the reductions with the dividend thus pre- 
pared, the result will still contain the coefficient as a factor, and 
the divisiorf can be continued until a remainder is obtained of 
a lower degree than the divisor, with reference to the principal 
letter. 

See the following table. 

First Operation. 

— 12^6^— 4a^6+ 16ft3 ^ _126 — 3a 
1 St Rem. — 1 9 a^ ^+79 a^ 

or, _19aa(— 6+a) 

Second Operation. 
4 6^ — 5ab-\-a^ ) — b-\-a 



-5ab-\-a^ > — 
— a6 + a3 5 ~ 



46 + a 



N. B. When the exponent of the principal letter in the divi- 
dend exceeds that of the same letter in the divisor by two, three, 

units, multiply the dividend by the third, fourth, 

power of the coefficient of the first term of the divisor. It is easy 
to see the reason of this. 

37. For another example, take the two polynomials 
l5a^-\-\0a' 6-f 4a3 6^-1-6 aaft3_ 3^ j4 

and 12 a^ 6^ H-88 a^ 6^ -f 16 a 6*— 10 6^ 

Before proceeding to ti^e division of these polynomials, it 

should be observed, that the first contains a, as a factor common 
to all its terms ; and since this factor does not enter into the 
second, it can be suppressed, as not forming a part of the 

common divisor. 

For the same reason, the factor 2 6^, common to all the terms 
of the second polynomial, and not entering into the first, can be 
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suppressed. Therefore, the question is reduced to finding the 
common divisor between the polynomials 

15 a* + 10 a' ft+ 4 a^ fc« +6 afi^ — 3 6« 
and 6a' + 19a26+8a&^ — 5 6'. 

First Operation. 

30a* +20a3fr+8a263 + i2a63-66* > 6a^+19a»&+8a&»— S&» 
_75a'ft— 32a»63+37flj3_6j4^ ^ _25 6 

— 1 50 fl3ft_64tfa&a +lAab^—l%h^ 
isTRem. + 411 a^fr«+274aZ>3— 1376* 
or 137 63 (3a3 4.2a6 — 6=.) 

Second Opereuum. 
^a^ + lda^b + Sab^—5b^ > 3a2+2a6— 6« 



I' + lOa^fr + Saft^— 563 ^ 
15 «=» 6+10 afta — 5 6' J 



+ 15 a^ b^lO ab^ —5b^ > 2a + 5 6 

• 

Hence 3 a^ +2 a6 — 6^ is the greatest common divisor. 

By following the same method as in the preceding example, 
in would be necessary to multiply the whole dividend by the 
coefficient 6 of the first term of the divisor, or rather by the 
square of G ; but as 15 and 6 have a common factor, 3, it is 
evidently sufficient to multiply the dividend by 2, which is a 
factor of G, but not of 15. 

After this preparation the division is performed, and we ob- 
tain a remainder, the first term of which is — 75 a^b. As 75 
contains the factor 3, which is also a factor of 6, it is only 
necessary to multiply this remainder by 2, in order to continue 
the division, which being efiectcd, gives for the first principal 
remainder^ 411 a«6» +274 a 6' — 137 6*. Now it is easy to 
perceive that 1376* is a factor of this remainder, and since it is 
not a factor of the second polyuoipial, it may be suppressed, as 
not forming a part of the common divisor ; and the question if 
reduced to finding the greatest common divisor between the 
polynomials 

6 a3+19 a» 6+8 a6» — 5 6' 
and 3a>+-2a6 — 6^ 

Dividing the first of these poljmomials by the second, we ob- 
tain an exact quotient, 2 a + 5 6 ; therefore, the remainder 
B a^ +2a 6 — 6^ is the greatest common divisor required. 

38. Remark. It might be asked if the suppression of the fac- 
tors, comntOn to all the terms of one of the remainders, is abta- 
7uU^- necessary, or whether the object is merely to render the 
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operations more simple. Now, it will easily be perceived that 
the suppression of these factors is necessary ; for, if the factor 
137 6' was not suppressed in the prececHng example, it would 
be necessary to multiply the whole dividend by this factor, in 
order to render the first term of the dividend divisible by the 
first term of the divisor ; but then, a factor would be introduced 
into the dividend which was also contained in the divisor ; and 
consequently the required greatest common divisor would be 
combined with the factor 137 6' , which should ilot form a part 
of it. 

The following example will serve to illustrate what has just 
been said. 

39. Find the greatest common divisor between the two poly- 
nomials, 

a 6+2 a* — 3ft^ — 4ft c — ac — c* 
9 a c+2 a* — 5 a ft+4 c^-\-8bc — 12 6« 



and 



2a«4-ft 
— c 



First operation. 

a — 3 6^ X 2a» — 5 6 
— 46c f +dc 



o— 126« 

+ 86c 
+ 4c« 



1 



1st Rem. 



or 



6 6 a + 9 6» 
— 10c — laic 
— 5 c^ 

{Sb — Sc) (2a+3 6+c). 



Second operation. 



2a+36+c 




Hence, 2a+364-cis the greatest common divisor. After 
arranging the two polynomials, the division may be performed 
without any preparation, and the first remainder will be 



66 
— 10 c 



a+9 6* 

— 12 6c 

— 5c«. 



6 
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To continue the operation, it is necessary to take the second 
polynomial for a dividend, and this remainder for a divisor, and 
multiply the new dividend by 6 & — 10 ^, or simply by • • • • • 
Sb — -5 Cf because 2 is a factor of the first term of the dividend ; 
bat before effecting this multiplication, see if this factor • • • • • 
3& — 5(;will not divide the second term of the remainder, 
vis. : 9 &' — 12 b c — 5c^» It does, and gives an exact quo* 
tient, Sb+c'f whence it follows, that the remainder can be put 
under the form (3 J — 5 c.) (2 a+3 b+c). 

As 3 6 — 5 <; is a factor of this remainder, and not a factor 
of the new dividend, (since this factor being independent of the 
letter a, it $hould (30) divide each of the coefficients of the dif- 
ferent powers of this letter, which it does not,) we may suppress 
it without affecting the greatest common divisor. 

This suppression is indispensable, for, otiierwise, a new factor 
would be introduced into the dividend, and then, the two poly- 
nomials containing « factor that they had not before, the great- 
est common divisor would be changed; it would be combined 
with the factor 3 b — 5 e, which should not form a part of it. 

Suppressing this factor, and effecting the new divbion, we 
obtain an exact quotient ; hence, 2a+3b-\-€fis the greatest 
common divisor. 

40. For another example, it is proposed to find the greatest 
common divisor between the two polynomials, 
a* + 3a'6 + 4a» J> — 6o6^-f26*and 4a^b+2ab* — 2J», 
or simply, 2a^ -\-ab — 6' , since the factor 2 b can be suppressed 
in the second polynomial. 

First operation. 
Sa*+2ia^b+S2a^b*—4Sah^ + 16b* i 2ag-f.aft— ft» 
+20aH+3Qa^b»—4Sab^ + lQb^ \ 4a» + I0ab+ 186« 
■f26a«6 «— 38a6M^ 16 6* 

IstRem —5lab^+29b* 

or —6' (51a — 29 6). 

Second operation. 
Multiply by 2601, the square of 51. 

5202a* +2601 aft— 2601 6« ) 51 a— 296 



I 



— 5202a» +295806 > 102a +109 6 

+ 5559 a 6— 2601 6» 
— 5559a6+31616« 

2d Rem • +560 6' 
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The exponent of the letter a in the dividend, exceeding that 
of the same letter in the divisor by ttvo units, we multiply the 
whole dividend by the cube of 2, or 8. This done, we perform 
three consecutive divisions, and obtain for the first principal 
remainder, — 51 afr^ 4-29^*. Suppressing b^in this remain- 
der, it beoomes — 51 a + 296 for a new divisor, or, changing 
the signs, which is permitted, 51a — 29 ( : Xhe new dividend is 
2a'+ab—b^. 

Multiplying this dividend by the square of 51, or 2601, then 
effecting the division, we obtain for the second principal remain- 
der, + 5605^, which proves that the two proposed polynomials 
are prime with respect to each other ^ that is, they have not a 
common factor. In fact it results from the second principle (35), 
that the greatest common divisor must be a factor of the re- 
mainder of each operation ; therefore it should divide the re- 
mainder 560 &> ; but this remainder is independent of the prin- 
cipal letter a; hence, if the two polynomials ' ^<>r* 
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divide the preceding remainder; this last remainder will be the 
greatest common divisor ; but if a remainder is obtained whicb 
is independent of the principal letter, it indicates that the pro- 
posed polynomials are prime with respect to each other ^ or that 
they have not a common factor, which might not have been dis- 
covered at the commencement of the operation. 
The above rule applies to the following examples. 

1st. qnp^+3np^q' — 2npq^ — Slity*, 

and 2mp^ q* — A^mp^ — mp^ q-^-Zmpq^. 

The g. c. d. isjp — q; 

2d. 36a»— Mo« — 27o*+9oS 

and 27o»4«— 18a«&»— 9a'6«. 

Theg. c.d.is9a'>(a— 1). 



/ 

I If. 



CHAPTER II. 



' " Of Problems of the First Decree. 
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42. In algebra we commonly consider those problems only, 

the enunciation of which, when written algebraically, form 

tquaUom. By reflecting upon the resolution of the problem, 

(No. 3,) we perceive that it is composed of two distinct parts. 

In the first, the relations established between the known and 

unknown quantities by the enunciation of the question, are 

written algebraically. The expression for two equal quantities 

is thus obtahied. This expression is called an equation. Such 

18 (No. 3) tne expression 2 x + & = a. In the second part, from 

tte'c ^nation of the problem a series of eouations is deduced, the 

last of which gives the value of the unKnown in terms of the 

Of' — b 
known quantities. Such is the result a:=— ^ — 

Af the rules for the first part are rather vagiie, we will con- 
sider at present the second part, which is subjected to fixed and 
inydriable rules. 

By the definition, every equation is composed of two parts, 
separated from each other by the sign =. 

The part on the left is called xhe first member, and the part 
on the right the second member. 

There are several kinds of equalities to be considered. 

1st. The equality existing between numbers which are known 
and given a priori, but represented by letters ; such are the 

equalities a— -&=c — rf, 7=-^ which would be verified imme- 

dialelyy if in place of a, 5, c, dy the particular numbers iirere 
tubstitated for which these equalities are supposed to exist. 
IS^ are called equaUttes. 

; »• . ■ <k» 

1 .••-. iT 



^ 
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2d. The equality which is evident of itself, that which is 
fied in its actual condition ; such are the equalities 

26=12+13; 3a — 56=a— 6+2a — 4fc. 

These are called verified equalities. 

3d«rThe equality which is not verified nntil after having sub- 
stituted in the place of one or more of the letters denoting^ the 
unknown quantities, certain numbers, of which the values depend 
upon the known and given numbers in the equality. 

To distinguish this equality from others, it is called an 
equation. 

There is yet another kind of equality ; it is called the ideih 
tical equation. We will speak of it hereafter. 

Equations are divided into diflferent classes. Those whidi- 
contain only the first power of the unknown quantity, are called 
equations of the first degree. Such are the eqaatioo^ 
3x+6s=17 — 5Xf ax-\-b=cx+d. 

The equation 2 x^ — 2x—5 —2 xS is of tbe 2d deglte. 

The equation 4 x^ — 5 a:' +x=2x> + ll, is of the 3d degree. 

In general, the degree of art equation is denoted by the g^atest 
of the exponents with which the unknown quantity is affected. 

Equations are also distinguished as numerical equaUom and 
literal equations. The first are those which contain particular 
numbers only, with the exception of the unknown quantity^ 
which is always dedoted by a letter. Thus, 4x — 3^2x4-5, 
Sx't— x-=8, are numerical equations. They are the alge- 
braical translation of problems, in which the known quantities 
are particular numbers. 

The equations a x — ft=c x+d^ax^+b x==c, are literal 
■equations. The given quantities of the problem are re{iresented 
by letters. It is customary, in order to distinguish the known 
from the unknown quantities in an equation, to denote the latter 
by the last letters of the alphabet, x, jfj z, be 

We will now see how (an equation of the first degree with a 
single unknown quantity being given) we arrive at the solution ^ 
that is, find for the unknown quantity a number^ which^ subsU^ 
tuted in its place in the given equation^ will satisfy it ; t . e. rm- 
der the first member identically equal to the second. 

^ 1. Equations of the First Degree, containit^ but one unknown 

quantity. 

43. It mBy be considered as an axiom, that we can, witfaooi 
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destroy iDg tlie equality, 1st. Add the same number to, or sub- 
tract it from its two members. 2d. Multiply or divide its two 
members by the same number ; that is to say, that if the two 
members were equal before, they will still be equal when 
changed, as above stated. . ^ 

The following ti*ansformations are of continual use in the 
resolution of equations. 

First Transformation. When the two members of an equa- 
tion are entire polynomials, it is often necessary to transpose ' 
certun terms from one member to the other. 

Take the equation 5x — 6 =8 +2 a;. 

If, in the first place, we subtract 2 x from both members, the 
equality is not destroyed, and we have 5a!;t— 6 — 2a:=8. 
Whence we see that the term 2 x^ which was additive in the 
second member, becomes subtractive in the first. In the second 
place, if we add 6 to both members, the equality still exists, and 
we have 

5 a: — 6 — 2a:+6=8 + 6. 

Or, as the terms — 6, +6, destroy each other, 

5x — 2a:=s:8-f6. 

Hence the term which was subtractive in the first member^ 
passes into the second member with the sign of addition. 

Again, take the equation ax-\- b=d — ex. If we add ex to 
both members, and subtract b from them, the equation becomes 

ax+b+cx — b=d — cX'\-cx — 6. 
Or, reducing ax+c x=^d — b. 

Therefore, tchen a term is transposed from one member to 
ike other^ its sign must be changed. 

44. Second Transformation. — Again, it often happens that 
iome of the terms of an equation are fractions, and it is neces- 
sary to reduce it to another, in which all the terms are entire* 
Take the equation, .... 

2x 3 ,^ X 

First reduce all the fractions to the same denominator, by 
the known rule ; the equation becomes, 

40 a; 45 Ito 



—— = 11 + 



60 60 ^ 60 ' 

and, since we can (No. 43) multiply bolh ineui\^t% >;^>) ^^ 
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same number, we will multiply them by 60, which amounts to 
suppressing the denominator 60 in the fractional terms, and 
multiplying the entire term by 60 ; the equation then becomes 

40a:— 45 = 660 + 12a:. 

Here we will remark, that we/can pass immediately from the 
proposed equation, to that we wish to obtain, by omitting the 
common denominator, and multiplying each of the entire terms 
by this denominator. 

Take for a second example, t-z ;r- — 13 = ^r— . 

'^ 12 3 8 6 

Some of the denominaton evidently have coounon fac- 
tors, and the Smallest number which is a muUipk of these ^no- 
fnifuUarSj is 24. (See Arithmetic, No. 152.) Hence all the 
fractions musf be reduced to this denominator. Performing 
this operation, and omitting the common denominator 24, the 
equation becomes 10 x — 32x — 312= 21 —52a:. 

(The entire term — 13, we perceive, has been multiplied by 24») 

This equation is exact, since after having reduced the frao* 
tions to the same denominator, we have multiplied both members 
by the same number 24. 

From what has been said, we can deduce the following role r 
To make the denominators disappear from an equation f form the 
most simple multiple of all the denominators^ (this number is 
the product of all the denominators^ when there are no common 
factors ;) then multiply each of the entire terms Inf this nnuttipkf 
and each of the fractional terms by the quotient of this mvUHfle^ 
^vided by the denominator of the term thus multiplied^ ansd 
omit the denominator of this term. 

To apply this rule, take the equation 

ax 2c^x , Abc^x 5a^ 2c^ 
b ab a^ 6' a 

The most simple multiple of all the denominators is evijantljf 
a^b^ ; therefore, itaultiply each entire term by o'fc*, and^^eacb 
fractional term by the quotient of a^&^, divided by the denomi-. 
nator of this term. After performing these operaUoii8» the 
equation becomes, 
a*6a;-2 a^ 6c= a;+4 a*63=4&'c«a;— 5 a» +2a» 6*c* — 3a»i*. 

45. We will now apply the preceding principles to the refM>* 
lution of the equation, 

Ax — 3=2x+5. •■* 

' ' • ■ - *tj 
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By transposing the terms — 3 and 2 x, it becomes 

4 X— 2x=5-f3. 
Or reducing, 2a;=8. 

Dividing both numbers by 2, we find, z=s ^=4 

Now, if 4 be substituted in place of x in the eqnation, it 
becomes 4X4 — 3=2x4 + 5, or 13=13. 

Again, take for an example the equation (No. 44). 

5x 4x _ 7 13a; 

12" 3 ^^""8 &' 

By making the denominator 'disappear, 

lOx— 32 a; — 312 = 21— 52 X. 
By transposing the term which contains x into the first mem- 
ber, and the known terms into the second, we have 

10 x — 32 x-f 52 X = 21+312, or reducing 30x= 333. 

333 111 
Dividing both members by 30, we obtain x= -^ = -rr- > * 

result which may be verified by substituting it for x in the pro- 
posed equation. 

Take the equation (3 a — x) {a — b) + 2ax =4 b{x+ a). It 
is first necessary to perform the multiplications indicated, in 
order to reduce the two members to two polynomials, and thus 
be able to disengage the unknown quantity x, from the known 
quantities. Now if we apply the rule (No. 17) for the mul- 
tiplication of polynomials, the equation becomes .« • • • 

S a* — ox— 3 a 6-f 6x-f 2ox= 4 b x+4ab; transposing 
and reducing ax — 3&x=7a& — 3a'* Observe now that 

ax — 3 6 X is the same thing as (a — 3 b) x, hence 

(a — ^3 ft) X = lab — 3a'. Dividing both members by a — 8 i, 
we find 

la b — 3a« 
a — 36 

In general, in order to resolve an equation of the first degretf, 
however complicated it may be, it is necessary, 1st. To conh 
wnemoe hg nuMng the denominators disappear y if there are any^ 
misdp^orm all the algebraic operations indicated in both mem^ 
hen; we thus Main an equation^ the ttco members of which 
ar» emtire pob/nomials. 2d. Transpose into the same member 
(commonly the first) all the terms affected with the unhumm 
qmmtity^assd into the other aU of the known terms. 3d. Reduce 
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to a iif^le term all the terms involving x, if the equation ik 
numerical; and if it is algebraical^ of all these terms form a 
single product^ composed of two factors ^ one of which shall be a?, 
and the others all the multipliers of x, connected with their 
respective signs. 4th. Divide both members by the number or 
polynomial by which the unknown quantity is multiplied. 

The following example is sufficiently complicated to enable 
08 to illustrate every part of the preceding rule. Resolve the 
equation 

(a-^-bSlx — b) ^ Aab — b^ ^ a^—bx 

^ a — b a-\-b o 

By first making the denominators disappear, it becomes 

b{a-\-bY {x^b) — 3ab{a'—b') = 6 (a— 6) (4a6— ft») 

— 2b{a^—b^)x-\-{a^—b^){a^—bx); 
performing the multiplications indicated, 
a« 6x-f2a6»x + 6' x — a' ft' — 2ab'^ — b* — 3o'6+3oft» 
=?4a* b'—ab^ — 4ab^+b*—2a^ bx+2b^x+a^ — a« *• 

— a^bx-{-b^x; 
transposing and reducing 

4a'bx+2ab''x — 2b^x===4a^b^ — 6 a6'+26* +3 a»ft+a«; 
forming a single term of all those involving x, we have 
i(4a»+2a6— 26«)a;=4a' 6>— 6a 6'+2 6« +3a»A+a«. 
* a*+3a^fe-f 4tf«ft»— 6a&»H-2fe^ 

Hence, x - b(4a^ +2ab—2'b^) 

An expression which cannot be reduced to an entire pofyno* 
inial. (No. 40). 

46. If it was required to resolve the equation 3 x— 2=4 x— 7, 
by transposing the term involving x into the first member, 

and the known terms into the second, it would become 

3x — 4a:=2 — 7, orreducing — x=r — 5. To interpret this re- 
sult, it is only necessary to observe, that we may invert the 
order of the transposition, that is, pass the terms involving x 
into the second member; this gives 7 — 2=4 x — 3x, whence 
5=x, or x=5 ; consequently, when we arrive at such a result as 
-— x= — 5, we have only to change the signs of both members. 

This evidently amounts to transposing the terms affected with 
the unknown quantity into the second member, and the known 
terms into the first ; then write the second member first, and 
reciprocally. 

We may now proceed to the^resolution of problems. 
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47. We have already said, that the first part of the algebraic 
resolution of a problem is not subjected to any well defined rule. 
Sometimes the enunciation of the probleln furnishes the equa- 
tion immediately ; sometimes it is necessary to discover from 
the enunciation conditions from which an equation may be 
formed ; sometimes the conditions enunciated are not exactly 
those which are written algebraically, but rather conditions 
which may be regarded as consequences of those enunciated. 
The conditions enunciated are called explicit conditions^ and 
those which are deduced from them implicit conditions. The 
application of the following rule will almost always enable us to 
form the equation. It is enunciated thus : Consider the 
problem solved, and indicate, by means of the algebraic signs^ 
upon the known quantities, represented either by nvmbers or let' 
terSy and the unknoivn quantity, which is always represented by 
a letter, the same course of reasoning and operations which it 
would be necessary to perform, in order to verify the unknown 
quantity, if it had been given. 

Prob. 1st. Find a number such that the sum of one half, one 
third, and one fourth of it, augmented by 45, shall be equal 
to 448. 

X X X 

Let X be the required number, then s»q>T> will represent the 

half, third, and fourth of this number. Now, from the enun- 
ciation, it is necessary that the sum of the three parts augmented 
by 45 should give 448. Hence the equation of the oroblem is 

JU Jj A/ ^ _ « . _ 

2 + 3 + 4 + 45=448. 

Or subtracting 45 from both members, 

X r X ^^^ 

- ^ - + - = 403 : 
2 3 4 

making the denominators disappear, 6 x + 4x-|-3x=4836, and 

4S36 

reducing 13a:=«:4836. Hence x = = 372, 

1 nj 

and ?!? + ?Z? + ?!? + 45 = 1864 124 + 93 + 45=448. 
2 3 4 

This is one of those questions which, in arithmetic, i& solved 
by the rule of false position, and we see with what facility algebra 
makes known the answer to it. 
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Problem 2d. A person engages a workman far 48 di^s. ¥oT 
miA day thai he laboured he received 24 sols^ and for eadk 2dy 
thai he was idle^ he paid 12 sols for his board. At ike end ef 
^ days J the account was settled, when the labourer received 50A 
$ols. Required, the number of working days, and the number 
^ days he was idle. 

If these two numbers were knowo, by maltiplying them r^- 
ipectively by 24 and 12, then subtracting the last product from 
the first, the result would be 504. Let us indicate these opera- 
tions by means of algebraic signs. Let x be the number of 
working days ; 48 — x will represent the number of idle days ; 
24 X X, or 24 X, will denote the amount received by the workman^ 
and 12 (48— x) the sum which he pays for his board* The 
9(|uatioQ of theproblem, therefore, is 

24 X— 12 (48 — x)=504 ; 
performing the operation indicated, 24x — 576 + 12x=504 ; 

bence 36 x = 504 + 576 = 1080, 

, 1080 „ 
and X = = 30; 

36 
whence 48 — x = 48 — 30 = 18. 

Consequently, the workman laboured 30 days, and was idle 
18. In fact, for 30 days' labour he should receive 24x SO, or 
720 sols, but he being idle 18 days, his board during this time 
amounts to 12X 18, or 216 sols ; now we have 

720—216=504. 

This problem may be made general, by denoting the whole 
number of working and idle days by n, the sum he received for 
each day be worked by a, the sum paid back for each idle day 
by bf and balance due the labourer, or the result of the account, 
by c. As before, let x represent the number of working days; 
n — xwill express the number of idle days. Hence ax will 
represent what the labourer earns, and b{n — x) the sum to be 
deducted from it The equation of the problem therefore is, 

ax — b{n — x)z=c; 
whence ax — 6 n 4- 6x=c, 

(a+fc) x=c 4- &», 
c -{- bn 



and x = 



and consequently, n — x= 



/i-hft 
c + bn an-i-bn — c — in 

a+6 oTb ' 

an — r 



«r n — x= — TX" 
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Problem 3d. AfoXy pursued bjf a greyhound, has a start of 
60 ieaps. He makes 9 leaps while the greyhound makes but 6 ; 
but three leaps of the greyhound are equivalent to! of the fox. ' 
How many leaps must the greyhound make to overtake thefox9 ' 

From the enunciation, it is evident that the space passed Over 
by the greyhound is composed of the 60 leaps which the fol is 
io advance^ plus the space that the fox passes over from the 
moment when the greyhound starts in pursuit of him. Hence, 
if we can find the expressions for these two spaces, it will be 
easy to form the equation, of the problem. 

Let X be the number of leaps made by the greyhound. 

Since the fox makes 9 leaps whilst the greyhound makes 6. it 

9 3 
follows that the fox makes ^ or ^ leaps, whilst the greyhound 

makes 1 ; and consequently, that he makes a number expressed 

2x 

by — , whilst the greyhound makes a number represented by x. 

It might be supposed that in order to obtain the equation, it 

3 

it would be sufficient to place x equal to 60 -f -x ; but in 

doing so, a manifest error would be committed ; for the leaps 
of the greyhound* are * greater than those of the fox, and we 
would th64K)uate heterogeneous numbers, that is, numbers re- 
ferred to diflerent units. Hence it is necessary to express the 
leaps of the fox by means of those of the greyhound, or reci- 
procally. Now, according to the enunciation, 3 leaps of the 

greyhound are equivalent to 7 leaps of the fox, then 1 leap 

7 
of the greyhound is equivalent to - leaps of the fox, and con- 

X 

sequently x leaps of the greyhound are equivalent to 7 - of the 

fox. 

7x 3 

Hence we have the equation "^ "^ ^0 + -x ; 

making the denominators disappear . . 14x = 360 + 9x, 

Whence 5x = 360 and x = li. 

Therefore, tlie greyhound will make 72 leaps to overtake tlie'> 

3 
fox, and doring this time the fox will make 72 x ^ or 10B« 
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Verification. 

72 X t 

The 72 leaps of the greyhound being equivalent to — 5 — ^ 

or 168 leaps of the fox, we evidently have 168 = 60 + lOB. 

48. Problem 4. A father who had three children^ ordered 
in hie willy thai his property shoidd be divided amongst them t» 
ike following manner : the first to have a sum a, phu ike «A 
part of what remained ; the second a sum 2a, plus ike «A 
part of what remained after subtracting from it the first pari 
and 2a; the third to have a sum 3a, plus the nth part of what 
remained after subtracting from it the two first parts and So. 
In this manner his property was entirely divided ; required the 
amount of it. 

Let X denote the property of the father. If by means of this 
quantity, algebraic expressions could be formed for the three 
parts, we might subtract their sum from the whole property X| 
and the remainder placed equal to zero, would give the equa- 
tion of the problem. We will then endeavour to determine 
successively these three parts. 

Since x denotes the property of the father, x — a is what 
remains after having subtracted a from it ; therefore the 



X — a w 
part which the first child is to have, is a H , or reducing 

to a common denominator 

an-\-x — a 



IH part. 
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In order to form the 2d part, this first part and 2a must be sub- 
tracted from X, this gives x — 2a — ^ ^, or reducing 

to a common denominator and subtracting, 

nx — 3a7i — x-\-a . , 

1st remamder. 

n 

Now, the second part is composed of 2a, plus the nth part of 

nx —^ 3aft "~~ X A" a 
this remainder : therefore, itis2a + — , or rc- 

dncing to a common denominator, 

2an*-\-nx — "3an — x-fa ^, 
2d part. 

n* '^ 

Subtracting the two first parts plus 3a, from x^ we have 



^*^-^ 
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(an+x — a) (2an* '\-nx — San — x4-a) 

X — 3a — -^ ^ — ^ ' r - 

n w* 

Or, reducing to a common denominator, and performing the 

operations indicated, 

n*x — 6aii' — 2nx-{-Aan'\-x — a 

.... 2d remainder. 

-- , ^. . « n^^ — ^on^ — 2nx+4an-^x — a 
Hence the 3d part is 3a -\ ^ . 

Or, reducing to a common denominator, 

San^-{-n^x — 6an^ — 2nx-\-4an-\-x — a 

: —^ • • . • 3d part. 

But from the enunciation the estate of the father is found to 
be entirely divided. Hence the difference between x^ and the 
sum of the three parts should be equal to zero. This gives 
the equation 

an+x — a 2an^ -\-v.t — San — x-{'a 
3an^+n^x — Qan^ — 2nj:-h4an-f J^ — a I 

by making the denominators disappear, and performing the 
operations indicated, we have 

n^x — 6a»3 — Sn^x-^lOan^ + Snx — San — x-f a = 0. 
Whence 

_ 6an^ — lOan^ + San — a _ a{6n^ — lOu* -\-5n — 1) 
^ n^ — 3»M^/i^^ «' — 3n»+3ii— 1 * 

A more simple equation and result may be obtained, by 
observing, that the part which goes to the third child is com- 
posed of 3a, plus the nth part of what remains, and that 
the estate is then entirely divided, that is, the third child has 
only the sum 3a, and the remainder just mentioned is nothing. 
Now the expression for this remainder has been found to be 

n^x — 6an^ — 2nx+4an+x — a 

Placing this equal to zero, and making the denominator diiap- 
pear, we have 

n^x — 6a»^ — 2nX'\'4an'{-x — a = 0. 
„ 6an^ — 4an + a a(6n» — 4it + 1) 

Whence x = ^._2n-\^T~ = "-^^— 2^Tir- 

To prove the numerical identity of this expression wlvVx Aft 
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preceding, it ii only necessary to show that the second can be 
deduced from the first, by suppressing a factor common to lis 
nnmerator and denominator. Now if we apply the rule fiir 
finding the greatest common divisor (No. 41.) to the two pohf' 
fiomials .... a(6n' — I0n'+5n — 1) andn' — Sa'+Sh-^ 1, it 
will be seen that n — 1 is a common factor, and by dividing the 
numerator and denominator of the first expression by this factor, 
the result will be the second. 

This problem shows the beginner how important it it to tein 
npon every circumstance in the enunciation of a question, which 
may facilitate the formation of the equation, otherwise he runs 
the risk of arriving at results more complicated than the nature 
of the question requires. 

The conditions which have served to form successively the 
expressions for the three parts, are the explicit eonditionM of lbs 
problem ; and the condition which has served to determine the 
most simple equation of the problem, is an implicit condiiim^ 
which a little attention has sufficed to show, was comprehended 
in the enunciation. 

To obtain the values of the three parts, it is only necessary to 
substitute for x its value in the three expressions obtained fv 
these parts. 

AIL/. 1 a(en^ — 4«+l) . , 

Apply the formula x= , — -— ^ to a particular 

ample. 

Let a =10000, n = 5. 

We have 

_ 10000(6x25-4x5-H) 10000 x 131 131 0000 _.^ . 
*^ 26— 10-fl " 16 " 16 -^"'•• 

To verify the enunciation in this case : 

81 875— —10000 

The first child should have 10000+ = ^^ or 24376. 

o 

There remains then 81876 — 24376, or 67600, to divide 

between the other two children. 

m. J 1. ,j,_ r.^^^^ 67600—20000 

The second should have 20000 H = » or 27600. 

6 

. Then there remains 67600 — 27600, or 30000, for the third 
child. Now 30000 is triple of 10000; hence the problm 
is verified. 
We can give ar more umpk and ekgant solotion to dik 
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problem, but it is less direct. It also depends upon the remark, 
that after having subtracted 3 a from the two first parts, nothing 
remains. 

Denote the three remainders mentioned in the enunciaticnby 
r,!^, r". The algebraic expressions for the tliree parts will be 

a-\ — » 2aH — > 3aH — • 
It n n 

NoiTi 1st. From the enunciation, it is evident thatr'^sro. 

Therefore the third part is 3 a. 

r* 
2d. What remains after giving to the second child 2a+ - 

ji_ ^ ^ (n— l)r' 
can be represented by r' > or -^ — • 

Moreover, this remainder also forms the third part. There- 
fore vre have 

(n — l)r' , , ^an 

= 3 a : whence r= — : — r • 

n n — 1 

Then the second part is 2 a-\ r : n =:2 aH r > or 

^ n — 1 n — 1 

converting the whole number into a fraction, and reducing, 

2anH-a 

It— 1 

r 
3d. The remainder, after giving to the first a+ - » can be 

expressed by r or ^« Now this remainder should 

2an-\-a 

form the two other parts, or 3 a+: T" * 

n —1 

_. ^ (n — l)r ^ 2an-fa San — 2a 

Therefore, ^^ ^-= 3 a+ 7-= r- 

n n — 1 n — 1 



•■«■» • 



-- 5an — 2a n 5an^ — 2an 

Hence, r = — - x = — -r- — • 

n — 1 (n — 1) (n — !)• 

And consequently the first part is 

Ban* — 2an San — 2a 

San — 2a a n' -f 3 a n — a 

~^'^n* — 2n-fl n« — 2n+l 

«,,,., . ^ 2an+a an*+3an^^a 
Then the whole estate is 3 a+ t- + 



n — 1 n« — 2n+l 



^ 8 
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Or^ by reducing the whole number and fractioM to a 
mon denominator, 

3a{n' — 2 n -f l)-h(2an + g)(n— l)-f tf n» -h3flit — g , 

na— 2n-M ' 

performing the operations indicated, and reducing 
6 an' — 4 an +a_a(6n* — 4n + l 
wa_2ii4-l " (n — Ip ' 
which agrees with the preceding result. 

This solution is more complete than the preceding, since 
we obtain from it the estate of the father, and the expressions 
for the three parts. 

49. Problem 5. A father ordered in his wiJl^ that the ddest 
of his children should have a sum a, out of his estate^ plus the 
a'* part of the remainder ; that the second should have a sum 

2 a, plus the n'* part of what remained after having subtracted 
, from it the first part and 2 a; that the third should have a sum 

3 a, plus the n*^ part of the flew remainder — and so on. It is 
moreover supposed that the children share equally. Required^ 
the value of the father^ s estate^ the share of each child^ and the 
number of children. 

This problem is remarkable, because the number of condh- 
tions contained in the enunciation is greater than the number of 
unknown values required to be found. 

Let the estate of the father be represented by x, a: — - a will 

express what remains after having taken from it the sum a. 

Therefore the share of the eldest is 

X — a an-\-x — a 
a-\ or .... 1st part. 

n n '^ 

Subtracting the first part, and 2 a, from x, we^ave 

(an-{-x — a) nx — 3an — x+a 

X — 2 a — -^ y or * » 

n n 

*u a * r u- k- war — 3an— x + a 
the n^ part of which is, • 

Hence, the share of the second child is 

nx— 3an— ;r4-a, 2an* -f lix— 3an— a;+a 
2a -h z , or 2d part. 

n* n' ^ 

In like manner, the other parts might be formed, but as all 
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the parfs should be equal, to fortn the equation of the problem, 

it su^es to equate the two first parts, which gives 

ai'n'\-x — a_2a n* -\-n x — 3aw — x-\-a 

n "" /!» ' 

whence x=a n* — *lan-\-a. 

Substituting this value of a: id the expression for the first part, 

^ , an-^an' — 2an+a — a 
we find ; 

. an'^an 
or reducing, =an — a=(n — 1) a ; 

and as the parts are equal, by dividing the whole estate by the 

first part, we will obtain a quotient which will show the number 

an^^^2a n-\-a 

of children ; therefore • or n — 1 , denotes the 

an — a 

number of children. 

The father's estate, aw* — 2an+a, 

The share of each child, a (n — 1), 

Whole number of children, {n — 1). 

It now remains to be known, whether the other conditions of 
the problem are satisfied ; that is, whether by giving to the 
second child 2 a, plus the n'* part of what remains ; to the third, 

3 a, plus the n^ part of what remains ^, the share of each 

child was in fact (n — 1) a. 

The diflerence lietween the estate of the father and the first 
part being a {n — 1)' — a (n — 1,) the share of the second child 
will be 

a(n— 1)>— a(n— 1)— 2a 2a(n-l)+a(n-l)a-a(n-l\ 

n n 

and reducing 

a(n— l)+ a(n — 1)* a(w— 1) (i-m— 1) 
————__- or t 

n n 

or a{n — I). 

In like manner the diflerence between a{n — 1)' and the two 
first parts being . . • a{n — 1)' — ^2a(ii — 1), the third part will be 

^ a(n^l)«— 2a(n— 1)— 3a .. , , . ^ ,, .. . 

3a -f-^ ' ' , which being reduced, evidently 

,_ a(n— l)+a(w^ l)« , ,, 

becomes—^ — ^^ ^, or a{n — 1). 

n 

In the tame way we would obtain for the fourth part 
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^^«(n-l)»-3a(H^r)-4a ^^gjn-l) +«(«-!)' ^^ ^ 

n n 

on. Hence all the conditions of the enunciation are satisfied. 



§ 11. Of Problems and equations of the first degree , involving 

ticQ or more unknown quantities. 

50. Although several of the questions hitherto resolved, con- 
tained in their enunciation more than one unknown quantity, we 
have resolved them by employing but one symbol. The rea* 
son for this is, that we have been able, from the conditions of 
the enunciation, to express easily the other unknown quantities 
by means of this symbol; but this is not the case in all prob- 
lems containing more than one unknown quantity. 

To ascertain how problems of this kind are resolved: first, 
take some of those 'which hive been resolved by means of one 
unknown quantity. 

Given tlie sum a, of two numbers, and their difference 6, it is 
required to find these numbers. 

Axiom. If to two equal numbers A and B, two equal num- 
bers C and D be respectively added, the results A+C and 
B-\-D will be equal ; that is to say, if we have the equations 
A^B and C=Df there results from them A'\'C=B + D. 
In like manner, if from two equal numbers, two other equal 
numbers be subtracted, the remainders will be equal ; that is, 
from the two equations A=B and C=zD we deduce A — C 

^B—i). 

Applying this axiom to the two equations of the proposed 
problem. 

We have by addition, 2r=a-f6, 
and by subtraction 2y=a — ft. 
Each of these equations containing but one unknown quanti^ 

ty, we deduce from the first, x -— ; 

a — ft 
and from the second yi=— — . 

Indeed, we have 

fl-fft a — ft 2a a+6 fl — ft 26 

2 2 2' 2 22 

Again, take the problem of the workman (No» 39). 
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Liet X represent the namber of working days, and y the 
namber of idle days, ax will express the sum which the labour- 
er receives for the working days, and by that which is charged 
to him for the idle days. 

We will therefore have the two equations < j, __ 

It has already been shown that the two members of an equa- 
tion can be multiplied by the same number, without destroying 
the equality ; therefore the two members of the first equation 
may be multiplied by 6, the coefficient of y in the second, and it 
becomes &x + 6^=6/1, an equation which added to the second 

ax — by=c gives, 6x-f <w?=6w-f ^, whence x= — --v-. In like 

manner multiplying the two members of the first equation by a, 

the coefficient of x in the second, it becomes ax-{-ay=an^ an 

equation from which if the second ax — fry=c, be subtracted, 

pves 

an — c 
ay+by=an — c, whence y= — — r-. 

Bj introducing a symbol to represent each of the unknown 
quantities in the preceding problems, the solution which has 
just been given has the advantage of making known the two 
required numbers, independently of each other. 

Elimination. 

c 5x -4- 7i/ = 43 
51. Take the two equations ^ - - , q _gg which 

may be regarded as the algebraic enunciation of a problem con- 
taining two unknown quantities. If, in these equations, one of 
the unknown quantities was affected with the same coefficient, we 
mighty by a simple subtraction, form a new equation which 
would contain but one unknown quantity, and from which the 
value of this unknown quantity could be deduced. 

Now, if both members of the first equation be multiplied by 
9, the coefficient of y in the second, and the two members of the 
second by 7, the coefficient of y in the first, we will obtain 

(45x-h6%=387, 
I 77T-f63y=483, 

equations which may be substituted for the two first, and in 
wUch y is affected with the same coefficient. 
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Subtracting thea the first of these equations from the second, 
there results 32x = 96, whence j: = 3. 

Again, if we muhiply both members of the first equation bj 
11, the coefficient of x in the second, and both members of the 
second by 5, the coefficient of x in the first, we will form the 

two equations < >i Zq^c' ^^^^^^ ™^y ^^ substituted for 

the two proposed equations, and in which the coefficients of x 
are the same. 

Subtracting then the second of these two equations firom the 
first, there results 32y=128, whence ^=4. 

Therefore x=3 andy=4 are the values of x and^, which 
should verify the enunciation of the question. Indeed we hav6, 

1st. 5x3 + 7x4 = 154-28=43; 
2d. 11x3 + 9x4=33 + 36=69. 

The above operation, by means of which we obtain the values 
for the unknown quantities wliich satisfy the given equationsi b 
called elimination. 

The preceding method is analogous to the reduction of frac- 
tions to the same denominator," and is also, like that operation, 
susceptible of some simplifications. 

Take for another example, the two equations, 
Bjt— 21y=33, . . . ex-\-35y=m. 

In order to render the coefficients of ^ equal to each other, 

we will remark that 21 and 35 have the common factor 7 ; 

hence it is only necessary to multiply the first equation by 69 

and the second by 3 ; this gives the two equations 

40x— 105^=165, .... 18a'+105y=531, 

^hich added together give 

58^=696, whence a:= 12. 
In like manner the coefficients of x contain the common (ac- 
tor 2 ; therefore in order to render these coefficients equal to 
' each other, it is only necessary to multiply the first by 3 and 
the second by 4, which gives 

24j:— 63y=99, 24r+140y=708. 

Subtracting the first from the second, we have 

203y =609, whence y= 3- 
N. B. It is important to ascertain whether the coefficients 
have any common factor, as the calculations are then mach 
more siinple. 
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Take for the third example the equations 

2jc y 3v I ^ 

In the first place it is necessary to make the denominatorf dis- 
appear (No. 44)9 and we thus obtain the two equations, 
8a? — 48 + 6y4-12Lr=96-f 1— 9y, . .y — 3:r-hl2=l — 12Lr + 36» 

, . <20x+15v=145, C4r + %=29, 
reducing, j ^^^^^^S, ""'^ Ux+y=.25. . 

Multiplying the second equation by 3, and subtracting the 
first from it, we find 23a: =46, whence x=2 ; but we have 
moreover y = 25 — 9x ; therefore y = 25 — 9 x 2 = 7. 

52. Let us now consider the case of three equations involv- 
ing three unknown quantities. 

C 5x—(iy-\-4z=l5. 
Take the equations, < 7x-f 4y — 3z=19. 

(2^-1- y + 62r=46. 

To eliminate z by means of the two first equations, multiply 
the first by 3 and the second by 4, then add the two results toge- 
ther, (since the coefficients of z have contrary signs), this gives 
a new equation 43a: — 2y=121 

Multiplying the second equation by 2, a fac- 
tor of the coefficient of z in the third equation, 
and adding them together, we have • . 16x + 9^=84 

The question is then reduced to finding the values of x and, 
^^ which will satisfy these new equations. 

. Now, if the first be mjiltiplied by 9, the second by 2, and the 
results be added together, we find — 4l9x=1257, whence 
x^S. 

We might, by means of the two equations involving x and y, 

determine y in the same way we have determined x ; but the 

value of y may be determined more simply, by observing that 

the last of thes etwo equations becomes, by substituting for x its 

value found above, 

84—48 
48 -f 9y =84 whence y = — g = 4. 

Iq the same manner the first of the three proposed equatioos, 
b^comei, by substituting the values of x and y, 



i» 



64 Algebra. 

24 
15 — 24 4-42: = 15, whence z = ---=6. 

4 

In general, let there be a number m of equations involving a 
like number of unknown quantities. In order to find the va- 
lues of the unknown quantities, combine successively any one of 
the equations with each of the m — 1 others^ to eliminate the 
tame unknown quantity ; m — 1 new equations^ containing m — 1 
unknoton quantities tcill thus be obtained, upon which operate in 
the same manner as upon the proposed equations, that is, elimi' 
minaie another unknown quantity by combining one of these 
new equations with the m — 2 others, this will give m — 2 equa- 
tions containing m — 2 unknoxcn quantities. Continue this se^ 
ties of operations until a single equation containing but one uii- 
known quantity is obtained, from which the value of this un- 
known quantity is easily found. Then by going back through 
the series of equations which have been obtained, the value of 
the other unknown quantities may be successively determined. 

53. The method of elimination just exposed is called the me- 
thod by addition and subtraction, because the unknown quanti- 
ties disappear by additions and subtractions, after having pre- 
pared the equations in such a manner that one unknown quanti- 
ty shall have the same coefficient in two of them. 

There are two other principal methods of eUmtnations. 
The first, called the method by substitution, consists in finding'the 
value of one of the unknown quantities in one of the equations, 
as if the other unknown quantities were already determined, 
and in substituting this value in the other equations ; in this 
way new equations are formed, which contain one unknown 
quantity less than the other, and upon which we operate as 
upon the proposed equations. 

The second, called the method by comparison, consists in 
finding the value of the same unknown quantity in all the equa- 
tions, placing them (two and two) equal to each other, which 
necessarily gives a new sect of equations, containing one un- 
known quantity less than the other, upon which we operate as 
upon the proposed equations. 

But there is an inconvenience in these two methods, which the 
method by addition and subtraction is not subject to, viz. : they 
produce new equations, containing denominators, which it is 
afterwards necessary to make disappear. The method by sub- 
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wHtuHtm is, however, advantageously employed whenever the 
coefficient of one of the unknown quantities is equal to unity in 
one of the equations, because then the inconvenience of which 
we have just spoken does not occur. We will sometimes have 
occasion to employ it, but generally the method of addition and 
tMradion is preferable. It moreover presents this advantage, 
viz. : when the coefficients are not too great, we can perform 
the addition or subtraction at the same time with the multiplica- 
tion, which is necessary to render the coefficients equal to each 
other. 

54. It often happens that each of the proposed equations does 
not contain all the unknown quantities. In this case, with a 
little address, the elimination is very quickly performed. 

Take the four equations involving four unknown quantities : 

Sx — 3y4-2z = I3) (1) 4y-^2z=U - - - (3) 

4i«-2j:=30 5 (2) 5y + Su=32 - - - (4) 

By inspecting these equations, we see that the elimination of z 

in the two equations, (1) and (3,) will give an equation involving 

X and y ; and if we eliminate u in the equatio ns (2) and (4,) we 

will obtain a second equation, involving x and y. These two 

last unknown quantities may therefore be easily determined. 

In the first place, the elimination of z in (1) and (3) gives 

7y — 2:r=l 

That of u in (2) and (4,) gives 20y-f6a:=38 

Multiplying the first of these equations by 

8, and adding 41y=41 

Whence y= 1 

SubstitutingthisvalueinTy— 2j7=l,wefind x= 3 

Substituting for x its value in equation, (2,) 

it becomes 4tt — 6=30, whence - - tt= 9 

And substituting for 9 its value in equation, 

(3,) there results z= 5 

The student may exercise himself with the following eqna« 

tiOBS. 

7j:— 2z + 3tt=17' 
4y-2z+ / =11 

'5y— 3ar— 2ii= 8^ x=2,y=4, z=3, «=3, <=L 
^4y— Stt+2<= 9 
3z-h8tt=33 

55. In all the preceding reasoning, we have suppoted tSift 

9 
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number of equations equal to the number of symbols emploj ed 
to denote the unknown quantkies. This must be the caie in 
every problem involving two or more unknown quantides^ in 
order that it may be determinate; that is, in order that it shaD 
not admit of an infinite number of solutions. 

Suppose, for example, that a problem involving two onknown 
quantities, x and y, leads to the single equation, 6 x — Sjf 3=12; 

we deduce from it x= — - — - • Now, by making successively 

y=l, 2, 3, 4, 5, 6, 

18 21 24 27 

there results, ;r=3, — > -r-» -z-» t* ^> 
, o o o a 

and every system of values, 

18 21 

(jp = 3,y=l),(x=y, y=2),(x=y, 5f=3, 

substituted for x and y in the equation, will satisfy it equally 
well. 

If we had two equations involving three unknown qaantitie% 
we could in the first place eliminate one of the unknown quan- 
tities by means of the proposed equations, and thus obtain Mi 
equation, which, containing two unknown quantities, would be 
satisfied by an infinite number of systems of values taken for 
these unknown quantities. Therefore, in order that a proUen 
may be determined, its enunciation must contain at least as many 
difierent conditions as there are unknown quantities, and tbeae 
conditions must be such that each of them may be expressed by 
an equation. 

56. We will now proceed to the resolution of problems' in- 
volving two or more unknown quantities. 

Problem 6th. A person possessed a capital o/ 30,000 framciy 
for which he dretc a certain interest ; but he awed a mm of 
20,000 francs^ for which he paid a certain interests Tke 
interest that he received exceeded that which he paid 2y.800 
francs. Another person possessed 35,000 francs j for wkiek 
he received interest at the second of the above rateSj (y) ; but ke 
owed 20,000 francSj for which he paid interest at ike first 0f 
the above rates. The interest thai he received exceeded Attt 
ixihich he paid by 310 francs. Required^ the two rates o£ 
interest. w- 

Solution. Let x and y denote the two rates of interest for 100 
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francs. To obtain the interest of 30,000 francs at the rate 
denoted by ar, we will form the proportion 

lOO:^:: : 30,000 :^^ , or 300 x. In the same way we will ob- 

100 

tain ?222^, or 200 y, for the interest of 20,000 francs, at the 

rate denoted by y. But from the enunciation, the difference 
between these two interests is equal to 800 francs. 
We have, then, for the first equation of the problem, -^ 

300 a: — 200 y= 800. 
By writing algebraically the second condition of the problem, 
we obtain the other equation, 

350y — 240a: = 310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we may put the following in 
place of them : 

3x— 2y=8, .. 35 y — 24a:=31. 

To eliminate x, multiply the first equation by 8, and then add 
it to the second; there results 19y=95, whence y =5. 

Substituting fory, in the first equation, its value, this equa- 
tion becomes 

3x — 10=8, whence a:=6. 

Therefore, the first rate is 6 per cent., and the second 5. 

In fact, 
S0,000 francs, placed at 6 pr ct. gives 300x6, or 1800 francs. 
20,000 do. " 5 " « 200X5, or 1000 do. 

And we have 1800 — 1000=800. 

The second condition can be verified in the same manner. 

Problem 7th. There are three ingots composed of different 
meiali mixed together, A pound of the first contains 7 ounces 
ofsiher^ 3 ounces of copper, and 6 of pewter. A pound of the 
second contains 12 ounces of silver, 3 ounces of copper, and 1 
of pewter. A pound of the third contains 4 ounces of silver, 7 
ounces of copper, and 5 of pewter. It is required to find how 
much it will take of each of the three ir^ots to forma fourth, 
whick shall contain in a pounds 8 ounces of silver, 3f of copper^ 
and 4^ of pewter-. 

Solution. Let x, y and z represent the number of ounces 
vfaicb h is necessary to take from the three ingots respecthrelyi 
in order to form a pound of ^the required inf^ot. ^vao^ ^ioRs^ 
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are 7 ounces of silver in a pound, or 16 ounces, of the finC 
ingot, it follows that one ounce of it contains y\ of an onDce of 
silver, and consequently in a number of ounces denoted by x, 

there is — - ounces of silver. In the same manner we would find 
16 

that — ^, — , expresses the number of ounces of silver taken 
16 16 ^ 

from the second and third, when the fourth is formed ; but from 

the enunciation, this fourth ingot contains 8 ounces of silver. 

We have, then, for the first equation 

Ix I2y Az 
16^16 ^16 ^' 

or, making the denominators disappear 7x-|- 12y 4-42; =128 ^ 

as respects the copper we would find 3a:+3y + 7z=60> 

and witli reference to the pewter 6x+y 4- 5z=68 ) 

As the coefficients of y in these three equations, are the most 
simple, it is most convenient to eliminate this unknown quantity 
first. 

Multiplying the second equation by 4, and subtracting the 
first equation from the product^ we have - - 5x-\-2Az=^l\2 

Multiplying the third equation by 3, and 
subtracting the second from the product - - 15x+8z 

-Multiplying this last equation by 3, and subtracting the pre- 
ceding one from the product, we obtain 40x=320, whence 
x=8. 

Substitute this value for x in the equation 1 5a: + 8z=l 44 ; 
it becomes * 

120 + 8z = 144, whence z=3. 

Lastly, the two values x=8, 2=3, being substituted in the 
equation 6a;4-y-f5z=68, give 48 -fy-f 15=68, whencey=5. 

Therefore in order to form a pound of the fourth ingot, we 

must take 8 ounces of the first, 5 ounces of the second, and 3 

of the third. Indeed, if there are 7 ounces of silver in 16 

ounces of the first ingot, in 8 ounces of it there should ];>e a 

7x8 
number of ounces of silver expressed by . 

12 X 5 4x3 
In like manner and -—- represents the quantity of 

MiJver, contained in 6 ounces of the second ingot and 3 ottncat 
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^r*u •!.• J NT u '7^8 12x5 4x3 128 « 
of the third. Now we have -i 1 = — =8: 

16 ^ 16 ^ 16 16 ' 
Therefore the fourth ingot contains 8 ounces of silver, as requi- 
red by the enunciation. The same conditions may be verified 
relative to the copper and pewter. 

57. The following are problems for the exercise of the stu- 
dent. 

Problem 8. A labourer, can-do a certain work expressed by 
n^in a time expressed byh;a second labourer, the work cin a 
time d ; a third^Jthe work e, in a time f It is required to find 
ike Ume it would^tahe the three labourers, working together ^ to 
perfo vmtb e work g. 

•^ t, Answer , = „,, ff j, . 
•^t adf-\-bcf-\-bde 

Application. 
a=:27; &=4 | c=35; rf=6 | 6=40;/ = 12 1^^=19; 

X will be found equal to 12. 

Problem 9. If sea water contains 1 pound of salt in 32 pounds 
of this water, how much fresh water must be added to these 32 
pounds, in order that the quantity of salt contained in 32 
pounds of the new mixture shall be reduced to 2 ounces, or ^ of 
a pound 9 (Ans. 2241b.) 

Problem 10. How many times will the hour and minute 
^ hand of a watch be in conjunction,i>etween noon and midnight^ 
and at what time will each conjunction take place 9 

(Ans. Number of conjunctions 11 ; 1st conjunction at PS'j'x; 
2nd a/. 2* lO'lf ; 3rd at 3*,16Vt • • •) 

Problem 11.-4 number is composed of three figures ; the sum 
of these figures is II ; the figure in the place of units is double 
ihai in the place of hundreds ; and when 297 is added to this 
number, the sum obtained is this number reversed. What is the 
number 9 (Ans. 326.) 

Problem 12. A person who possesses 100,0^ francs, placed * 
a part of it out at 5 per cent, interest, and thither part at 4 
per cent. The interest which he received for the whole amounted 
to ^AO francs. Required, the two parts. 

(Ans. 64.000 and 36.000.) 

Problem 13. ^ person possessed a certain capital^ ifiiiicK he 
flaeed out at a certain interest. Another person toko ^^ouetud 
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lOiOOO francs more than the firsts and who put out his capital I 
per cent more advant^igeously ihanhedidy had anincome great" 
er by &iO francs. A third person who possessed 15,000 frama 
more than the first j and who put out his capital 2 per cent, wsott 
advantageously than he did, had an income greater by 1500 
francs. Required^ the capitals of the three persom^ amd the 
three rates of interest. 

{Sums placed at interest 30,000, 40,000 45,000 
Rates of interest, 4, 5, 6.) 

^ III. Problems which give rise to negate resutts. Tkeoty ff 

negative quantities. 

58. The use of algebraic signs in the resolution of problemi, 
often gives rise to some singular circumstances, which at the first 
view are embarrassing ; but by reflecting upon them, we arrive 
at their explication, and even take advantage of them to ren- 
der the algebraic language still more general. 

Liet the following question be proposed : Find a. nmnber 
which, added to the number b, gives for a sum the number a. 

Solution. Let x be the number sought, we evidently have 
the equation 

b+x=a, whence x=a— &• 

This expression or formula will give the value of x, in all the 
particular cases of this proposed problem. 

For example, let a =47, 6=29, then x= 47 — ^29 = 18. 

Again, let a =24, ft=31 ; then will a: =24 — 31. 

As 31 is equal to 24 + 7, this value o(x can be put under the 
form . . . a; =24 — 24 — 7, or, reducing, x= — 7. This value 
obtained for x is called a negative solution. How is it to be in- 
terpreted ? 

By returning to the enunciation of the problem, we see that 
it is impossible that 31 augmented by a number should g^ve 
24 for the sum, since 24 is less than 31. Therefore^o number 
can verify the enunciation in this particular case. Nevertheless, 
if in the equation of the problem ... 31 +^=24, we pat in 
place of the term -f^, its negative value —7, there results 31 — 7 
=24, an exact equation, which means that the number 31 dimi- 
nished by 7 gives 24 for the difference. 

Hence the negative solution j:=— 7, indicates the impoiiH 
bility of satisfying the enunciation of the problem in the 
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in which it has been stated ; but by considering this solution 
independently of its sign, that is to say, a:=7, — it satisfies the 
enunciation when modified, thus : 

Find- a number^ which^ subtracted from 31, gives 24 for tke 
difference^ which enunciation only differs firom the first, viz. : 

Find a nnmber, which^ added to 31, gives 24 jor the sum^ in 
this, that the words, added to^ are replaced by the words, sub- 
tracted from, and the word, sum^ by the word, difference. 

The new question, when solved directly, gives the equation 
31 — a:=24; whence, 31 — 24=:r, or x=7. 

Again, let the following problem be proposed : A father has 
Iked a number a ofyears^ his son a number b. Find in how 
mmnjf years the age of the son will be one fourth the age of the 
father. 

Sobtiion. Let a: denote the required number of years, a+x 
and b+x will represent the ages of the father and son, at the 
end of this number of years; therefore we have the eqaation,t 

ft-f x= • whence x = — ZZ — . 

4 ' 3 

Suppose a=54, 6=9, we have t= — IZ — = — =6. 

The father having lived 54 years, and the son 9, in 6 years 
the father will have lived 60 years, and his son 1 5 ; now 16 is 
the fourth of 60; hence, x=6 satisfies the enunciation. 

Let us suppose thata=45, 6=15; there results, a:= — -. 

This expression may be reduced to x= — 5, by performing 
the operations indicated. Now how is the negative solution 
x= — 5 to be interpreted ? 

Let us return to the equation of the problem, which in the 

45 4- X 
pardcnlar case we are considering, is 15 + ^= — r — • Itcon- 

tains a manifest contradiction, because the second member 

becomes -7- + 7 ; smd each of these two parts is less than each 
4 4 

of the two parts of the first member. But if we substitute — 5 

45 — 5 40 

for-f^ in the equation, it becomes 15 — 5 = — j — » ^^ ^^~T» 

an exact equation ; which means, that if, instead of adding a 
oertain nnmber of years to the 2 years, we subtract 5 years from 



t2 Algebra. 

them, the age of the son will be the fourth of that of the father. 
Therefore, the solution that we have just found, being con- 
sidered independently of its sign, satisfies this new enunciation, 
viz. : A father has lived 45 years^ his son 15. Find when the 
age of the son was one fourth that of the father. 

The equation resulting from this new enunciation will be 

45 — X 
15 — a:= — - — , whence we deduceGO — 4 x=45 — x, and 
4 

x=5. 

In fact, we see from the enunciation of the problem, that tlie 

ratio of the age of the son to that of the father bebgl|,or ' 

cannot become the fourth of that of the father ; but it has been 
heretofore, because we have proved (No. 6) in a general man<i 
ner, that by adding the same number to the two terms of a firac- 
tion, the value of the fraction is augmented. On the contrary, 
the value of the fraction is diminished when we subtract the 
same number from both of its terms. 

59. Reasoning from analogy, we can establish this general 
principle. 1st. Every negative value found for the unknown 
quantity in a problem of the first degree, indicates a fault in the 
construction of the enunciation, or at least in the equation, 
which is the algebraic translation of it. (See the remark at the 
end of this No.) 2d. This value, considered without reference 
to its sign, may be considered as the answer to a problem, of 
which the enunciation only differs from that of the proposed 
problem in this, that certain quantities, which were additive, 
have become sub tractive, and reciprocally. 

Demonstration. The first part of this principle is easily 
demonstrated. Indeed, when we find a negative value for x,- 
it necessarily arises from this, that from the nature of the equa- 
tion, we have been led to subtract a greater number from a less, 
an operation which cannot be performed. 

It is in this way that the values x= — 7, x= — 5, are ob- 

45 — 60 

tained (No. 58)from the equations x=2A — 31, x= ^ — • 

Now, if no absolute number, substituted for x^ can verify the 
equation we have obtained by executing upon that of the prob- 
lem the transformations indicated, (No. 43 . • . 45), this first 
equation itself cannot be verified in the sense in which it hat 
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been formed ; for the accuracy of these transformations is well 
established for every equation susceptible of being verified by 
any absolute number, substituted in the equation in place of the 
unknown quantity. 

The impossibility of resolving the question or equation in 
Ibe sense in which it has been stated, is often evident by merely 
inspecting the enunciation or equation. The two preceding 
problems are examples of it. At other times it is difficult to 
discover this impossibility at first sight, but the operations of 
the calcnins always end by making it appear quite evident 

Let us proceed to the second part of the principle. 

We will observe in the first place, that if in the equation we 
replace x by — :r, all the additive terms containing x become 
sabtractive, and reciprocally ; for if we have, for example, the 
term -\-a x^ by putting — x in place of x, it will become 
-fax — Xj or — ax. In like manner, if we have the term 
— bx^ it will become — bx — j*, or +6:r. 

Therefore, by translating the new equation into ordinary 
language, we will necessarily have a new enunciation, which 
only differs from the first in this, that there are certain quan- 
tities that were additive, which will become subtractive, and 
reciprocally. 

It remains now to show, that the substitution of — x in place 
of x in the equation, gives rise to the result x=p^ when we 
have in the first place obtained x= — p. (p is here considered 
an absolute number.) 

Now whatever the primitive equation of the problem may be, 
we can always by known transformations suppose it to be 
reduced to the form ax= — 6, {a and b being absolute num- 
bers.) 

From this equation we deduce x= > otx= , or. 

^ a a * 

lastly, j:= — p ; p expressing the absolute number -• But if we 

a 

put —X in place of x in the primitive equation, by operating 

upon the new equation as upon the first, we will arrive at the 

equation — ax = — 6. 

whence a; =-, or x=p. 
a 

From the preceding- reasoning we see the mvatket Vol ^\stf^^ 

10 
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negative solutions should be interpreted. They are to be re- 
garded, (when considered without reference to their signs,) as 
answers, not to the questions as they have been stated, bnt to 
questions of the same nature, of which the conditions have 
been modified ; and the surest way of obtaining the new enun- 
ciation, is to return to the equation of the problem, change x 
into — X, then translate the new equation into ordinary lan^ 
guagc. (Sec No 70. for the demonstration of the same prind* 
pie, in equations of the first degree involving two or more un- 
known quantities.) 

60. liemarli. The principle just established is only rigo- 
rously true for the equations, and is not always true for the 
enunciation of the problem : that is to say, the problem may 
have an exact enunciation, whenever by resolving the equa- 
tion deduced from it, we arrive at a negative value. The rea- 
son for this is, the algebraist, in the application of his method to 
the resolution of a problem, often takes certain conditions in a 
sense contrary to that in which they should be taken ; and in 
this case, the negative solution that he obtains, corrects the view 
in which he considered the conditions. Thus, the equation is 
faulty, although the problem is susceptible of being resolved ; 
and it is only when the equation is the faithful translation of the 
enunciation and of the meaning of all its conditions, that the 
principle is applicable to the enunciation. In the sequel we 
will see some examples of this kind, but it is principally in the 
application of algebra to geometrical questions, that the prin- 
ciple is less applicable to the enunciation than to the equation. 
By a little reflection upon the demonstration which has been 
given, it will be seen that the reasoning refers more to the equa- 
tions than to the enunciations, of which these equations are con- 
sidered as the algebraic translations. 

61. In the preceding demonstration we have had occasion to 
multiply 4- a by — 2\ to divide — b by -f a, — b by — a ; and the 
results were obtained by applying to monomials the rule for the 
signs established for the multiplication and division of polyno- 
mials. It may at first view appear necessary to demonstrate 
these rules with respect to monomials, and in fact almost every 
author has attempted it. But the demonstrations which thejr 
have given for them have only the appearance of rigour^ and 
leave much uncertainty in the mind. 
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We will therefore say that we have extended to monomials 
the rules for the signs demonstrated for polynomials, in order to 
interpret the peculiar results furnished by algebra. By not ad- 
mitting this extension we would depriye ourselves of one of the 
principal advantages of the algebraic language, which consists 
in embracing in one and the same formula, the solutions of seve- 
ral questions of the same nature, but the enunciations of which 
differ as to the meaning of certain conditions, viz. certain quan- 
tities are additive in the one and subtractive in the others, and 
reciprocally. 

Again, the following considerations may be urged as a rea- 
son for extending to monomial quantities the rules laid down for 
polynomials. 

The demonstration given (No. 17.) for the multiplication of 
a binomial a — b by a binomial c—d^ evidently supposes a>it 
and c>£f. If the contrary was the case, the reasoning in that 
demonstration would not present any precise meaning to the 
mind : and yet, the rule for the signs once established, we never 
think of qaestiouing it, whatever may be the relative magnitudes 
of a, &y c, d. 

This being the case, the product of a — b by c being ac—bc, it 
follows that the product of a negative expression a — &, {a being 
< i), by a positive quantity, c is negative. 

In like manner, the product of b by c — d being be — bdj it fol- 
lows that the product of a positive quantity i by a negative ex- 
pression c — d {c being < rf) is negative. 

Lastly, the product of a—b by c—d being, as we have seen, 
oc— Ac — €ut-\-bdj an expression which may be put under the 
form bd--Hul — bc-\-ac, or d{b — o)— 6(6 — a) ; if we suppose 
d>c and b>a or b — a positive, there necessarily results 
rf(&— fl)>c(6 — a), and consequently d{b — a) — c{b — a), positive. • 
Hence the product of a negative expression {a — b) by a negative 
expression c — d {a being < J and c<rf) is positive. 

This constitutes one of the characteristics of algebra. In 
arithmetic and in geometry, the reasoning always has reference 
to something real that the mind can grasp ; while in algebrr, 
we very often reason and operate upon imaginary expressions, 
or upon symbols presenting operations impossible to execute ; 
bat the accuracy of the results obtained by these meaxv^^ vdl^ 
wUch we would arrive at by more rigorou^-boX tckuOn. Vyc^g^ty^ 
ptocedareMf suScieatly Justify the steps that4p!fcweio>\o^«^* 
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62. As the rules for the signs relative to monomials are of 
Constant use in algebra, it will not be amiss to recapilulaCe 
them. We will moreover derive from them some new expres- 
sions peculiar to the algebraic language. 
First, addition and subtraction. 

To add +6 or — b to a quantity expressed by a, it is necesr 
sary to write a + i or a — b, that is, write the two monomials one 
after the other with their respective signs. (See No. 13.) 

To subtract +b or — b from a, write a — b or a+J, that is, 
change the sign of the monomial to be subtracted, and write it 
witli its new sign, after that from which the subtraction has 
been made. (See No. 14.) 

For multiplication and division, 



X 4- 6 or -fax — b gives for a product — ab. 



+aX4-ftor — ax — 6 gives for a product +^- ? /j^^ 17 V 



(No. 25.) 



a 



+a : +6 or — -a : — b gives for a quotient -f t 

— a : +6 or -f a : — b gives for a quotient — -• 

b 

These rules give rise to the following important remarks. 

Ist. In algebra, the words culd and ^;/;/ido not always (as in 
arithmetic) convey the idea of augmentation ; for a — &, which 
results from the addition of — i to a, is, properly speaking, a 
difference between the number of units expressed by a, and the 
number of units expressed by b. Consequently, this result is 
less than a. To distinguish tiiis sum from an arithmetical sum, 

it is called the algebraic sum. Thus, the polynomial 

2a' — 3a^b-\'3b^c — 2 a^c is an algebraic sum, so long as it is 

considered as the result of the union of the monomials 

2a', — 3a»6, -fS&^c, — 2a^€, with their respective signs ; and, 
in its proper acceptaliorii it is the arithmetical difference between 
the sum of the units contained in the additive terms, and the 
sum of the units contained in the subtract! ve terms. 
^ It follows from this, that an algebraic sum may, in the nume- 
Heal applications, be reduced to a negative number, or a number 
affected with the sign — . 

2d. The words subtraction and difference do not always 
convey the idea of diminution, for the difference between +a 
and — i being a + 6, exceeds a. This result is an algebraic 
difference^ because it can be put under the form of a — ( — b)^ 
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By means of these denominations, negative values may be 
considered as answers to questions. For example, in the equa- 
tion 31 +a:=24, the result, a= — 7, indicates that it is neces- 
sary to add — 7 to 31, in order to obtain 24, and in fact . . • • 
31 4- ( — 7), or 31 — 7, is equal to 24. 

Likewise, in the equation 15 + x= — - — , the result, ar= — 5, 

indicates that — 5 must be added to the two ages, that the age 
of the son may be one fourth of that of the father. For, 

-15 + (_5), or 15 — 5=10, 
45 + (_5), or 45—5=40. 

63. The necessity of employing negative expressions in alge- 
braic calculations, and of working upon them as upon absolute 
quantities, has led algebraists to two other propositions, which 
will hereafter be of frequent occurrence. These are: That every 
negative quantity — a, is less than nothing ; and of two negative 
quantities^ the least is that of which the numerical or absolute 
value is the greatest. 

Thus we have — a< 0, and — a < — J, if a is numericaHy 
greater than b. 

Demonstration. To explain these two propositions, we ob* 
serve, that if from the same number we subtract a series of suc<> 
cessively increasing numbers, the remainders will proportionally 
be diminished. For instance, take any whole number, say 6, 
and subtract from it successively, 1, 2, 3, 4, 5, 6, 7, 8, 9 ; ^e 
find, in stating the differences on the same line, 
6 — 1,6 — 2,6 — 3,6 — 4,6 — 5, 6—6,6—7,6—8,6 — 9 ; 

Which, on being reduced, become 

5, 4, 3, 2, 1, 0, —1, —2, —3. 

Hence, we see that — 1 roust be regarded as less than 0, 
because the latter expresses the difference between 6 and itself, 
while — 1 expresses the difference between 6 and a greater 
number. 

For the same reason, — 1 is greater than — 2, and — 3 is 
greater than — 4, although the numerical values of the former 
expressions are less than those of the latter. 

Another Demonstration. When, in order to interpret the 
singular results obtained by the algebraic solution of a question, 
we agree to consider the negative expressions as quantities, it is 
necessary that we should obtain correct results, by subjecting 
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them to the same operation as the absolute numbers. Now, 
it may be considered as an axioms that if a number a is greater 
than a number b, by adding to each of them the number df the 
result, a + d, will be greater than b-\-d. 

This being the case, admitting the inequalities > — a, and 
^-o> — (a + w), {a and m being absolute numbers), ita+m be 
added to both members of each of them, the result will be 
a-{-m'>m and m>0, which is evidently correct. On the con- 
trary, if we suppose < — a, and — a< — (a+wi), the result 
would be a-f7W<f7i, and w<0, which is absurd. 

In general, the two preceding propositions must be admitted, 
.if we wish to operate upon negative expressions as upon absolute 
quantities. These propositions are merely algebraic figures of 
speech, analogous to those frequently used in common language. 
Thus, we often say of a person, he is worth less than nothing, 
wheti we wish to express that he owes more than he has' the 
means of paying ; and of two persons possessing an equal 
amount of property, that he is the richest who owes the least. 

Discussion of Problems involving two or more unknown 

quantities. 

64. When a problem has been resolved generally, that is, by 
representing the given quantities by letters, it may be required 
to determine what the values of the unknown quantities become, 
when particular suppositions are made upon the given quan- 
tities. The determination of these values, and the interpreta- 
tion of the peculiar results obtained, form what is called the 
discussion of the problem. 

The discussion of the following question presents nearly all 
the circumstances which are met with in problems of the first 
degree. ' 

R A B R 

— — — — ^— — ^— f , 

Problem 4th. Txco couriers start at the same time from ttoo 
points^ A and B, upon the same line A i?, and travel in the 
same direction A B. The courier starting from A travels a 
number of miles per hour denoted by m, the courier from jB, a 
number n. It is required^ to find at what distances from ike 
points A and B the couriers wiU be together. 
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Sobtiion, Let JR be the point at which A overtakes B ; call 
X and y the unknown distances A R and B /t, expressed in 
miles, and a the distance between the points of departure 
A and B. It is plain that the first equation will be 

x—y=a- - (1). 

But as m and n express the number of miles travelled per 
hour, (or the respective velocities of the two couriers,) it follows 
that the time employed in passing over the spaces x and y will 

X V 

be indicated by - and ^ ; moreover, these times are equal, there- 

m n 

fore the second equation of the problem will be, - =•?, or 

m n 

nx — my=0 - - (2). 

Combining the equations (1) and (2) by the known methods 

of elimination, we have 

am an 

x= , y 



m — n m — n 

values which may be easily verified. 

Discussion. So long as we suppose 7w>w, whence m— n>0, 
or positive, the values of^and y will be positive, and the pro- 
blem will be resolved in the true sense of the enunciation. In 
fact, if the courier from A is supposed to travel faster than the 
one from jB, he must be continually gaining upon.this last ; the 
interval which separates tjiem diminishes more and more, until 
it vanishes, and then the couriers will be found upon the same 
point of the line. 

But if we suppose m <in, wlience m — n<0, or negative, the 
two values become negative at the same time, and we have 

am an 

X= — y= 



n — m ^ n — m 

Ilo interpret these results, we will observe, that it is impossi- 
ble that the two couriers should come together in the direction 
AB\ for as B goes faster than A^ the distance between them 
would be increasing continually. But if, instead of supposing 
that they travel in the direction A J?, we suppose they go in the 
direction B As the circumstances become the same as in the 
case where m>n; it is tlierefore evident that the couriers would 
come together at a point R\ upon the prolongation of B A. 



'% 
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The principle established in 59 would indicate this ; for if we 
change the signs in the two equaCions, we have 



m 
from which we derive 




or 




a m ^, an 



n — m n — m 

These values verify the new enunciation, ia which the couriers 

are supposed to travel in the direction B A> 

When m=w, then m — n=0, and the values of a; and jr 

reduce to 

a Tn an 

^^ 
In order to interpret these new results, we will go back to 
the enunciation, and it will be perceived ths^t it is absolutely 
impossible to satisfy it; for in whatever direction of the line A B 
the two couriers travel, they can never come togethefi since 
they were in the first place separated by an interval a, and at 
they go equally fast, they ought always to preserve the same 

distance between each other. Heqpe the resnlti -— t may be 

regarded as a new sign of impossibility. In fact, resuming the 
equations of the problem, they become in the case when fffsn. 



or 



which are evidently incompatible. 
Nevertheless, algebraists consider the results, x = , y = — , 

as forming a species of value, to which they have given the name 

of infinite value, for this reason : 

When the difference m — n, without being absolutely nothing, 

a tn a n 
is supposed to be very small, the results, > , are very 

great. 

Take, for example, m — n==0, 01,»i = 3; then 

n = 3 — 0, 01 = 2, 99, and 

am 3 a ^ an 

= 300a, = 299a. 





— n 0,01 m — n 



Jr. 
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Again, lake m—n =0, 0001, m = 3, then n=: 2, 0999, and 
^^ — 30000 a, -^^ = 29959 a. 



m — n w — /I 

In short, if the difference between the two velocities is not 
tcro, the couriers will come together at some point of the line, 
but the distances from this point to the points gf departure 
become greater and greater as this difference diminishes. 

Hence, if the difference between the velocities is less than any 

, _ ,. am an 

given magnitude^ the distances — > — — --, wiU be greater 

ikon any given quantity^ or infinite. Therefore, for brevity, we 

fay, let m — 7i=0; the results become x = -^, y="Q~> *"^fi* 

oite values. 4 

As is less than any absolute quantity, this character may be 
taken to denote the last (or evanescent) value'ptd^ quantity which 
may become as small as we please. Again, as the value of a 
firacdon increases as its numerator becomes greater with reft- 

rence to its denominator, the expression -7r(^ bein^ any abso- 
lute nnmber) ii a proper one to represent an infinite quantity ; 
that is, a quantity greater than any assignable quantity. 
Infinity is also expressed thus co ; and consequently, a quan* 

. • . A 

^ty less than any given quantity may be expressed by — ; for a 

00 

fracdoD diminishes as its denominator becomes greater widi 

A 
refinrence to its numerator. Hence, and — are synonymous 

f]rmbol8, and so are — and qd. 

We have been thus particular in explaining these ideas of in- 
finity, because there are some questions of such a nature, that 
infinity may be considered as the true answer to the enunciation* 

In the case where m=n it will be perceived that there is not, 
properly speaking, any solution infinite and determinate num* 
hers ; but the values of the unknown quantities are found to be 
infinite. 

If, in addition to the hypothesis m=:ii, we suppose that asOi 

the two values become x=jr,^=^. 
To interpret these results, reconsider the enoncittdoa, isdA'W 
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will be perceived, thai if the two couriers travel eqaally ftit, 
and start from the same point, they ought always to be together, 
and consequently the required point is any point whatever d 
the line travelled over. In fact, in the hypothesis iii=is, a^Of 
the equations become 

^-^^^0 f or, ^ 

which are identically the same. Hence the question is indeter- 
minate, since we have, in fact, but one equation involving two 

unknown quantities. Therefore the expression - is in tlus case, 

the symbol of an indeterminate quantity. 

If the couriers do not travel equally fast, that is, if iii>, or 
i»<w, anda=0, then willa:=0,y=0. 

In fact, it is evident, that if the couriers start from the smine 
point, and travel with different velocities, they can only be toge- 
ther at the point of departure. 

The preceding suppositions are the only ones that lead to re- 
markable results ; and they are sufficient to show beginners the 
manner in which algebra answers to all the circamstances of 
the enunciation of a problem. 

Before we generalize the preceding results, we will make a 
remark of the utmost importance in the applications of algebra* 

65. When a problem has been resolved in a general man- 
ner, we can, by means of the formulas, or values found for the 
unknown quantities, obtain by a simple change of HgnSf those 
which agree to new general problems, the enunciations of which 
only differ from that of the proposed problem, by certain quan- 
ties, which, having been considered as additive, have become sub- 
tractive, and reciprocally. 

Take for example the problem of the labourer (47). Sup- 
posing that the labourer receives a sum c, we have the equations 

a;+ y=n> , bn-\-c an — c 

j^ > , whence a;= r-i V= •.-• 

ax — by=c ) a+b ^ a+b 

But if we suppose that the labourer, instead of receiving, 

owes a sum c, the eouations will then be 

^+ f=^} or, S ^+ y^""' 

by — akssc ) ' ( ax~~by=s — c. 
(By changing tbcf signs of the second equation.) 
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Now it 18 visible that we can obtaiQ immediately the values 
of X and p which correspond to the preceding values, by mere- 
ly changing the sign of c in each of those values ; this gives 

bn — c an-\'dA 



^ a+b' ^ a+b 



y 



To prove this rigorously, denote for the pr&ent — c by d ; 
The equations then become 5 iJZ^ *"^ ^^*®y ^"'y ^^^^^ 

from those of the first enunciation by having d in the place of 
c. We would, therefore, necessarily find 

__bn+d _an — d 

And by substituting — c for d, we have 

_bn-\- ( — c) _an — (— c) 
"" ^+y"' ^ a-^b ' 
or by applying the rules of 62, 

^bn — c ^jan^-c 

^"'a+b ' ^""a+6 ' 
The results which agree to both enunciations may be com- 
prehended in the same formula, by writing 

bn+c an^c 

The doable sign + is read plus or minus^ the superior signs 
correspond to the case in which the labourer received, and the 
inferior signs to the case in which he owed a sum c. These for- 
mulas comprehtnd the case in which, in a settlement between the 
labourer and his employer, their accounts balance. This sup- 
poses c=0, which gives 

bn an 

ax+by=c^ 



in, take the two general equations , if— arising 

firom the algebraic translation of any problem whatever. Mul- 
tiplying the first equation by /, and th^e second by 6, and sub- 
tracting the second from the first we have, 

{af—bd)x=^cf—bg^ whence x— ^{. ,y 

aj"-^ 

Jn like manner, • f/= ^ T^ * 

' ^ af—bd 
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Now, ID order to pass from these formuiUt 
l8t To those which agree to the equations < dx-^]^^^ 

it is only necessary to change b into — fr, which givet 

cf+bg ag-€d 

^"af+bd' ^^af-\-bd' . 

e €UC'-^bu^^Cf 
ftd. To the formulas relative to the equations / dx-^n^ft 

it will be sufficient to change +6 to — 6, and -H^ to — /, whi^ 
gives the formulas. 



^ —cf+bg _ bg—cf ^_ ag—cd 
""-—af+bd bd^-af^ y-bd^^f 



The demonstration being precisely the same as in the pre^ 
ceding example, we will not repeat it. 

^ IV. General discussion of Problems and Equations of tkt 

First Degree. 

66. In order to generalise the discussion of fH*oblems of the 
first degree, involving one or more unknown quantities, we will 
proceed to find formulas which can represent the values of the 
unknown quantities, for any system of equadons whatever, con* 
taining the same number of them. 

In the first place, every equation of the first degree, involving 
but one unknown quantity, can be reduced to the form ax^b ; 
a denoting the algebraic sum of the quantities by which the un* 
known quantity is multiplied, and b the algebraic sum of all the 
known terms. 

From this equation we deduce, :r=— 

Secondly. Every equation of the first degree, involving two 
unknown quantities, may be put under the form ax+bj/=:c. For 
if the proposed equation contained denominators, we would 
make them disappear. (44). AAerwards, collect all the terms 
involving ;r, and those involving y, in the first member, then 
transpose all of the known terms into the second ; the algebraie 
9um of the first can be designated Jby ax^ that of the second by 
ly, and the third by e. Hence, a, 6, c are entire. 

Take the two equations J ^^^^^^'^^ 
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Malliplyiog the first by b\ and the tecond by bf and fub- 
tractiD^ one from the other, we have 

(oft' — fta') a:=c6'— 4c', whence ^= ^/ jl ~~/* 

In a similar manner, we find y= j^, j ^,* 

Again, take the three equations 

ax + by + cz = d (1), 

a'xJt by -V dz^d! (2), 

al'x^rV'y +&'z = d" (3). 

To elimbate 2:, multiply the first equation by r', and the 
second by c, and subtract the second from the first; there 
results 

(a€f—€a')x+{b&—€b')y=:dd—cd' .... (4). 
Combining the second equation with the third in the same 
manner, we find 

{a'&''^a")x+(Vc''—(fV')y=d'&'—€'d" (5). 

To eliminate y, multiply equation (4) by b^' — c'6", and 
equation (5) by ic^ — cb\ then subtract one from the other, and 
we have 

liad—caT^ (6V'-^6")_(aV'-^a") (6c'— ^6')] ^^ 
(rfc'— <rrf') (6'c"— €'6")M^'^'— rf'O (bc'—cby 
or, by performing the operations indicated, reducing and divi- 
ding by c', 

{ab'd'—acV -f ca!V'—ba!c" + bda"—cb'a") 
dVd'—ddb" + cdV—bd'd' + bdd"—cVd". 



jy db'd'—ddV + cd'V '—Ifd'd' + bda'—cb'd!' 

aence, ^«^^/^/_^j,, ^ ca'V'—ba'd' J^bdd'—cb'a'' 

By performing analogous operations, to eliminate x and z, 
and y and z, we will find, 

^ ad'd'—add" + ca'd'—da'd' -¥ dda'^—cd'oT 
^~ab'd'—adb"-\-caV—ba'd'-^ bda"—cVa*' * 
__ aVd"—ad'b" + da'V'—ba'd' + bd'ar'—dV a" 
^^ dbfd'—adb" -irca'V'—ba'd' +bc'a"—cVa'* 



As the be^nner will not have had much practice in abbre- 
viating the operations as much as possible, we will indicate a 
method of deducing the values of y and z, from that of x, 
wiihoQt being obliged to go through all of the preceding opera- 
tions. 

It will be observed, that the system of equations (1), (2) and 
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(3), remain the same when we substitate y, 6, V and &", for the 
quantities or, a, a', a", and reciprocally ; therefore if in the ex« 
pression for the value oi x, we change x into ^; also a, a', a", 
which are the coefficients of ar, into 6,6', 6", which are the co- 
efficients of y, and reciprocally. The result will be, the value 
ofy, viz. : 

^ ba'd'-bda" -Vcb' a"-ab'd' -^adV'-ca'V'^ 

or, changing the signs of the numerator and denominator, and 
writing in each the three last terms first, and the three first last, 

ad'd'—add"-\-ca'd''—da'd'^'dda"—cd' a" 
y— ab'd'—adh" ^cVV'—bcdd' ^hda!'—cVa" ' 
In a similar manner we might obtain the value of z, by 
changing x, a, a\ a" into z, r, d c". and reciprocally^ 

This is sufficient to indicate the course to be pursued, in the 
case of four equations involving four unknown quantities, &c. 
N. B. By a little reflection upon the manner in which these 
formulas have been obtained, we are sensible, that for any num- 
ber of equations whatever, containing a like number of un- 
' known quantities x, y, z • . . . there can be, in general^ but one 
system of values, which will verify the equations. 

This proposition is evident for an equation involving but one 

unknown quantity, ax=b* There is but one value -, which 

will satisfy it. 

In the case of two equations involving two unknown quanti- 
ties, after having multiplied the first equation by the coefficient 
of y in the second, and reciprocally, the result obtained by sub- 
tracting one from the other, may be substituted in one of the 
two proppsed equations. Now as this equation will then con- 
tain only one unknown quantity, it will admit of but one value 
for this unknown, which, being substituted in one of the 
equations, will in like manner give but one value (ory. The 
same reasoning will apply to three equations involving three 
unknown quantities. 

67. From the use of accents in the notation of the coeffi- 
cients, a law has been observed, from which the preceding for- 
mulas can be deduced, without the aid of the rules for elimina- 
tion. 

\ 
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In the case of two equations involving two unknown quaur 
titles we have found 

_ cV — h& ^ ad — ca' 

^"'M^a'' y^ab'—ba'' 

Ist. To obtain the common denominator of these two values, 
take the letters, a, and 6, which are the coefficients of x, and^, 
in the first equation, and form the two arrangements ab and &a, 
and connect them with the sign — , which gives ab — ba; then 
accent the last letter of each term ; and we have 

aV — ba\ 

2nd. To obtain the numerator relative to each unknown 
quantity, take this denominator, and replace the letter which de- 
notes the coefficient of this unknown quantity, by the letter 
which represents the known term of the equation ; taking care 
to leave the accents as they were. In this way, ab — ba' is 
changed to c6' — 6^, for the value of x, and to ac' — €a\ for the 
value of y. Let us now consider the case of three equations 
involving three unknown quantities, a, b, c, denoting the coef- 
ficients of Xfjfy Zj and d the known term. 1st. To find the cojtn- 
mon denominator, take the denominator ab — ba, which agrees 
to the case of two unknown quantities (excepting the accents) ; 
introduce the letter c into each of the terms ab and fra, in the 
following places ; viz. on. the right, in the middle, and on the 
left, then interpose alternately the positive and negative signs ; 
the result will be abc — acb-{-cab — bac-\-bca- — cba. Now over 
the second letter of each term place the accent ('), and over the 
third letter the accent ("). The denominator will be 

. ab'd'-ac'b\ + caT-ba'c" + be' a" + cVa". 

2d. To form the numerator for the value of each unknown 
quantity, take the denominator^ and replace the letter denoting 
the coefficient of this unknown, by the letter which denotes the 
known term, leaving the accents the same. Thus for x, change 
a into d ; for y^ b into d\ and for z, c into d. 

This law which may be regarded as resulting from observa- 
tion, in the case of two or three equations, can be extended to 
any number of equations, but the demonstration of it is very 
complicated. (See the second part of Garnier's Algebra.) 

68. To show the use of these formulas in the applications to 
particular cases, we will take the equations 
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Comparing them with the two general eqnatioiis ax+bf^^ 
a'x+l'y=iC^9 we have a=i5f &== — 7, c=34» a'=3, 6'=— 18| 
€r'=— 6. 

Substitute these values in the place of a^ &, C| a', fr'i €^| id the 

formulas 

34X— 13— (— 7) X - 6 _ — 34x 13— 7X 6 
^®^' ^= 5x13— (—7)X3 -5x13-1-7x3 

_ -442-42 _ -^84 _ 
""-65 + 21 "■— 44"" ' 
_ 5x-6-34x3 _ -30-102 _ --132 
^"■5x-13-(-7)x3"' -65 + 21"— 44 
And the values a;=ll) and ^=3, will satisfy the proposed 
equations. 

We might assure ourselves of this at once, by substituting 
them in the equations. But, in order thati the demonstration 
may be independent of any particular example, we will remark 
that we may pass from the formulas relative to the equations 
<tx+bjf=Cf a'x-\-b'y =c' to those which agree to the equations 
.ax — by=c, and a!x^h'y^—c\ by (65) changing h to —6, V 
to —6' andc' to— c' which gives 

_ gx — y— (— 6) X — c " _ ax — c'— c X a! 
^"■ax-6'-(-*)x^' ' ^""ax-6'-(-6)xa' 
and to deduce from these new general formulas, the values 
which agree to the particular equations, it will be necessary to 
make a^^, 6=7^ c=34, a'=3,6'=13, c's=6. 

Hence, the values relative to the proposed equations may be 
obtained from the first general formulas, by making a^h^ &ss —7, 
€=34,a'=3, 6'=— 13, c'= — 6, then performing the operations 
indicated, by the rules established for monomials. 

In general, the rule is to substitute in place of the coefficients 

•0, 6, alyV , their values considered, with the same ngns 

with which they are affected in the particular equations, and then 
perform the operations indicated. 

Hence we again perceive the necessity for admitting ^ fHfe 
fofik$9ignM relative to monomials, if we wish to render the ge- 
neral formulas of the first degree, applicable to each particular 
.example. 
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We will now proceed with the discussion of these formqlas. 

69. By inspecting the preceding formalas, it will be perceiv- 
ed that, in the particular applications, four different kinds of 
values may be obtained for solutions of problems of the first de- 
gree, viz. ; positive values^ negative values^ valves of the form 

^ Q 

— , and of the form ~. These four results are obtained in the 

problem of the couriers, and it is now proposed to interpret 
them in a general manner. 

In the first place, the positive values are commonly solutions 
of questions, in the sense enunciated. Nevertheless we will 
observe that, for certain problems, all the positive values will 
not satisfy the enunciation. If, for example, the nature of the 
problem required that the numbers sought should be entire, and 
we found fractions, the problem could not be solved. Some- 
times, the nature of the problem does not admit the unknown 
quantities to be greater or less than certain numbers which are 
known and given a priori. Therefore, the positive values are^ 
properly speaking, direct answers to the equations ; and they 
are not solutions of the question^ unless they are of such a na- 
Uire as to agree with the conditions of the enunciation. In or- 
der to conceive that a number may «verify an equation, w^hout 
verifying the problem of which it is the algebraic translation^ 
it is only necessary to observe that the same equation is the dl^ 
gebraic translation of an infinite number of problems^ some of 
which admit of all possible numbers for solutions, and others 
admit only of numbers of a certain nature. 

70. We already know in what light to view negative valueif 
for problems involving but one unknown quantity. That no- 
thing may be wanting on this subject, we will demonstrate the 
principle of No. 59, for a problem involving two or more un- 
known quantities. 

It is evident that, if negative values are obtained fpr some of 
the unknown quantities, the equations of the problem cannot be 
satisfied in the sense in which they have been stated ; for if a 
iystem of absolute numbers substituted for x^y^z^ * . . could 
verify them, the equations deduced from them by the method of 
efimination, would exist for this system. Therefore the equa« 
lion which contains but one of the unknown quaotites, for 
which a negative result has been obtained, should be NtxVfiftA. 

12 
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by an absolute number, which it contrary to the hypotbadi. 
Hence it i$ neceieary to rectify ike ewimdaium of theprobkm^ 
or rather 9 the equations which are the a^ebraic translatiam ofiL 

If we go back to the equations, and change the signi of tbt 
unknown quantities for which negative results have beeq ob» 
tained, the terms affected with these unknown quantities will 
necessarily change their sign, and the enunciation of the pro- 
blem will gejierally be modified in such a manner, that certain 
quantities which were additive will become subtracttvCf and red* 
procaUy. 

After the equations are thus modified, the new emmciation is 
verified by th^ values obtained for these unknown quantities in 
the first instance. 

To illustrate this : 
Take three equations involving three unknown quantities ; Tii. 

ax+by+cz=^d, a'x-\-b'y+c'z^d\ a"x+6"y+€r"«-d", 
and suppose that they have given x =/?, y = -r 7, z^ -— r ; now in 
these equations change y and z into — ^ and — z^ or into 
y' and / (denoting for the present, — y and —z by y* and sr*), 
tl^ey become 
ax+by'^cz'=dy a'x+by-{-&z'=d\ a"x+6'y+c^z'=dr. 

These equations only difler from the preceding, in having 

jl!jand z replaced by y' and z* ; they will therefore give, ^pasp, 

j<Hi-^, z'= — r; hence, substituting — y and — z fory* and if 
• . • • x=p, ^y^'-q^ -^z^—r^ or a:=p,y=5P, «aar. 

Therefore the principle of No. 59, is true for problems of 
the first degree involving two ornore unknown quantities* ' 

Sometimes the problem is of such a nature, that its enuncia- 
tion is not susceptible of any modification ; in this case, the 11^ 
gative values dire only solutions of the modified equations, whick 
may be considered as the algebraic translation of other problems 
which are susceptible of modification. 

A 

71. It now remains to interpret the expressions — and-. 

Take the equation ax—b^ involving one unknown quandCy^ 

whence Xss-. 
a 

1st If, for a particular supposition made with referenea la 

the given quantities of the question, we have a«sO, there ta- 

fuhsx=g. 



•t 
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Now in this case the equation becomes Oxx=^b, and evi- 
dently cannot be satisfied by any finite number. ^ We will how- 
ever remark that, as the equation can be put under the form 

- =0| if we substitute for Xf numbers greater and greater, - will 

differ less and less from 0, and the equation will become more 

and more exact ; so that we may take a value for x so great 

b ' 

that ~ will be less than any assignable quantity. 

It is in consequence of this that algebraists say that infinity 
satisfies the equation in this case ; and (here are some questions 
for which this kind of result forms a true solution ; at least, it il 
certain that the equation does not admit of a solution in finite 
Dumbers, and this is all that we wish to prove. 

2d* If we have a=0, 6=0, at the same time, the value of a? 

takes the form x=-* 

In this case, the equation becomes OXa?=0, and every finite 
number^ positive or negative, will satisfy it. Therefore the 
equation (or the problem of which it is tlie algebraic translation) 
ii indeterminate. 

72. It should be observed, that the expression -9 does not 

always indicate an indetermination, it frequently indicates the 
existence of a common factor to the two terms of the fraction» 
which factor becomes nothing, in consequence of a particular 
hypothesis. 

For example, suppose that we find for the solution of a pro* 

fl3 J3 

blem, :r= ^ ^^ , If, in the formula, a is made equal to 6, there 



results x = -. 



But it win be observed, that a^— 6^ can (31) be put under the 

form (a— 6)(a«+aft+6«), and that a* — 6* is equal to. ... . 

(a— 6) {a+b)j therefore the value of x becomes 

^^ (a-b){a^+ab+b^) 
(a-6) (a+b) 

Now, if we suppress the common &ctor(a— 6), before making 
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the supposition a=&, the value of x becomes x^ —nr — i 

3a* 3a 

which reduces to x=-zr-. or x=-r-> when a=&. 

2a 2 • • 

For another example, take the expression 

a«— 6» _{a+l) (a—*) 



(a_ft)« (a_j) (a—b) 

Making a=6, we find ^=^9 because the factor (a-^fr) is conn 

mon to the two terms ; but if we first suppress tliis factOFi there 

a+b 2a 

results x= r, which reduces to x=— -, when a=5. 

a — 6 

From this we conclude, that the symbol j: sometimes indicaUi 

ike existence of a common factor to the two terms of thefradiom 

which reduces to this form. Therefore, before pronouncing 

upon the true value of the fraction, it is necessary to ascertain 

whether the two terms do not contain A common factor. If tbej 

do not, we conclude that the equation is really indeterminate* 

If they do contain one, suppress it, and then make the particular 

hypothesis ; this will give the true value of the fraction, which 

A A Ci 
will assume one of the three forms -b* -r-> -i in which case, 

xj 

the equation is determinate^ impossible in finite numbers, or 
indeterminate. 

This observation is very useful in the discussion of pro- 
blems. 

73. Let us resume our subject, and consider now the two 
equations 

aa:-fi>y=c, a'x+6'y=c', 
involving two unknown quantities. 
We have found (No. 66) 

^^cV — be' y_jac'—ca' 
ab'-ba'" ^"^ab'-ba'' 
Suppose that aft'— 6a'=0, the numerators cV^^bcf^ ad^eef^ 
being different from ; the values of x and y reduce to 

^ A B 

0'^ 

To interpret fliMe results, it should be obssrvoiLt ^Sml 



« 



1 . j^ .< ^ 
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oh' 
the equation a&'— &a'=0, we find a'=-r ; and substituting this 

ab' 
value in the equation a'x-\-Vy=^dy it becomes -r. x-\-Vy^d ; or 

o 

clearing the fraction, and dividing by 6', ax-f 6y=-Tr- 

Now the first member of this equation is identical with that of 
the first 

while the second number is essentially different ; for from the 

inequality cV hd^ we deduce c ^. 

Hence the two equations cannot be satisfied simultaneously, 
by any system of finite values for x and y. 

If we have a6'— 6a'=0, and c6'— 6c'=0, at the same time, 

the value ofx is reduced tox=--, which it is necessary to in- 
terpret. 

Since oif— 6a'=Q, the proposed equations, can be put under 

he' 
the form ax-^-by^c^ ax-\-by=^-^ ; but these two equations are 

in fact but one and the same, for from the relation cb'—b&^Of 

0' 

Therefore we have in reality but one equation, involving two 

unknown quantities, for the resolution of the problem. Hence 

the question is indeterminate. 

ba' 
As the relation a6'— 6a'=0, gives 6'= — ; whence, by sub- 

cba' 
stituting in the relation 6c'--ft'c=0, there results 6c'=0, 

or reducing ra'— ac'=0, we may conclude that when the value 
of J. is of the form-, the value of y i* generally of the sameform^ 

and reciprocally. 

I say generally^ because, if we had M the same time &=sO, 
ft'ssO, the two expressions ciif'^ba's cb'^b&i would necessarily 
be nothing, from which there would not reviYx ^ti^ dAV^roEsasoff^ 
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In this particular case, the two values of x and jf reduce to 

•. «„j ., ad—caf ^^ A 
x=-. ana v= » or -• 

^ 

Reciprocally, if we had a=:0, a'— 0, there would result 

x= -, or -, and v=". 

"^0 

But these particular cases are scarcely admissible, since theoy 

the two equations would reduce to two equations involving bm 

oat unknown quantity, viz. 

supposing 6=0, ('=0 ; 

tt"^ 6'^=/!' ( ^y supposing a=0, a'=0 ; • 

whilst we are here treating of the case of two equadons involving 
two unknown quantides. 

74. The preceding course of reasoning cannot be so easilj 
applied to the case in which we have more than two eqaatioiii ) 
but we can supply it by the following : 

Let us consider four equations, (1), (2), (3), (4), contidning 
the four'unknown quantities, :r,^, z, t/. 

A . ' 

Let -jz denote the value of x. obtained by elimination, and 

suppose that I>=0 for a certain hypothesis made with respect 
to the given quantities, A being any quantity or 0. I say thaty 
in the first case, the 'proposed equations eaimot be satisfied bjf 
anjf finite values; and that, in the second, Mey are t'niiefer-' 
mifUde^ or susceptible of being verified by an infinite number of 
systems of values for x, y^ z, t/. In fact, it follows from the 
method of elimination, that the system of equations, (1), (2), 
(3), (4), may be replaced by four other equations, of which one 
is Dx=A ; the second would be an equation involving x and jf ; 
the third an equation involving x, y^z ; and the fourth, one of 
the proposed equations, (1), for example. 

This being the case, it follows, 1st. When the value of x 

assumes the form ~ , as the equation involving x then becbmes 

Oxx^Af and as it is moreover a necessary consequence of the 
simultaneous existence of the proposed equationsy these eqa»* 
tions must be inypambk in finite numbers, since the eqiiatiMi 
Oxz^A cannot be satisfied by a fiiiite number. 
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2d. When the value of x assumes the form -, (not having 

a factor common to the numerator and denominator in its ex- 
pression,) the equation Dx=A becomes OXx=0, and can be 
satisfied by an infinite number of values. By substituting each 
of these values in the equation involving x and y, which we haVe 
mentioned above, we would obtain an infinitedumber of corres- 
ponding values for ^; substituting all of these systems of values 
of x and^ in the equation involving x,^,z, we would obtain an 
infinite number of values forz. Finally, by substituting all of 
these systems of values ofx^jfy and z, in the equation (I), there 
would result an infinite number of values for u ; and all of these 
systems, thus obtained, would necessarily satisfy the proposed . 
equations. 

75. The first part of this proposition is not subject to any 
restriction; when we find for one of the unknown quantities a 

result of the form - , it is a sure sign that the equations are 

impossible infinite numbers, at least for this unknown quantity. 
As to the second part, it is subject to several modifications; 

that is to say, we may obtain results of the form - for one or 

more of the unknown quantities, and yet have no right to con- 
clude tliat the equations are indeterminate. Sometimes, even, 

one of the values being of the form -, we obtain th^ others un- 
der the form - • 

The following systems of equations fiimish the proof of this : 

C ax+by-^-cz^dt 

1st System < ax+i^-\-cz^d\ 

lax-\-hf+cz=d". 

C a x-\-by+cz=dy 

2d System < a' x+by-\-ix—d', 

( a"x+iy-\'cz—d". 

ix-^-y-^-mz^p, 
3d System < x+y+mz^q^ 

Applying the general formulas of No. 66, to the two first syi* 
temB, we find 

0" 

**0' ^=0' *"o*' «ll|| 
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and yet, by inspecdng the first, it is easily perceived that it 
not exist in finite numbers (the first members remmning the 
same,) unless we have d^d'^d". It is true that when this re- 
lation does exist, the system is indeterminate^ since it then redu- 
ces to one equation inmlting three unknown quantiUee ; bat it 
is not less certain that, in the actual condition of the qaantitief« 
the equations are incompatible. 

The first of the formulas (No. 66.) applied to the second 

system, gives a=r> which it is necessary to interpret. 

In order that the second system may exist (the first members 

remaining the same) it is necessary that 

d—ax=d'—a% and d—ax^d"—a"x. 

Now the first of these two relations gives 

d'—d , . J d"' 

x=— ; and the second, x= — 



a — a a' 

As the two values of x should agree with each other, there 
will result from them the equality of condition 

d'-d rf". 



a'— a a" 



So long as this relation between the quantities a, dy a% d'f 
a*'f d*'i is not satisfied, the second system will be impossible, al- 
though we have obtained values of the form -i for each of the 

unknown quantities. When this relation is satisfied, the value 

.,11.^... J 1 d'—d d'—d ^ 

of X will be determinate, and equal to -, or — ; but 

^ a' — a a" — ^ 



the values of y and z will be indeterminate, since we will have 
but one equation involving two unknown quantities. 
Applying the formulas (66) to the third system we find, 
Jfn—n){p^) {n—m){p—q) ^ 

that is, two of the values are of the form — , and the other of 

the form 2. 

In this example, in order that the two first equations may be 
posiible simultaneously, (the first members remaining the same), 
it is necessary that p=q\ in which case, the two values of x 

andjr, reduce to the form -z- 

u 
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This condition admitted, I say that the value of 2, for 

which we have found -, becomes determinate^ and that the two 

others are indeterminate. In fact, the system then reduces to 
the two equations 

x-\'y-\-mz^p^ x-\-y-\-nz=rt 
which, by subtracting one from the other, gives 



(ill — n)z=p — r; whence r= • 

Substituting this value in the two equations, there results the 

single equation 

mr — wi 

x^y= ^--. 

^ m — n 

The cases just examined are sufficient to convince us, 1st, 

that, 

lo the applications of general formulas to particular sys- 

' terns, the values of some of the unknown quantities may 

A ' ^0 

be presented under the form — and others under the form r ; 

2d. that the symbol -, obtained for each of them, does not ne- 
cessarily indicate the indetermination of the equations* The 
symbol — is always a characteristic of impossibility y but the 

symbol - is sometimes a characteristic of indetermination, some- 
times of impossibility. Sometimes it also indicates the pre- 
sence of a common factor (72). 

In order to ascertain its true signification, the best way is to 
go back to the equations of the system, and seek directly for the 
values of the unknown quantities, from these equations. 

76. Let there be, for example, the system of equations 

x+ 9^ + 62;= 16 
2x-h3y+2z= 7 
3a:-f6y+4z=al3. 

By applying the general formulas, we find, 

_0 _0 

"^""O* ^"0* ^''o' 
hot if we operate directly upon the equa'doni^ Vv) mx&&^^s!rs% ^ 



» ..* 
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the lecoDd by 3, and subtracting the first from this prodaet, we 
have 

5x=i2l — 16=5 ; whence xs=l. 
Subf titating this value in the three equations we obtain 

forthefirst, 9y+6z=15, or 3y+22:s:5; 
.... 2d, .....•• • 3y+2z=5; 
.... 3d, 6^+4z=10, or S^+2zsr5. 

Hence the value of x is determinate and equal to 1 ; as to 
the values of y and z, they are indetermniUe^ since we have but 
one equation involving two unknown quantities* 

The proposed system corresponds with the second of the 
preceding No., since by dividing the first equation by 3, and the 
third by 2, the coefficients of y and z become the same. 

We will now show how this system of equations has been 
formed : After having taken arbitrarily the first members of 
these equations, in such a msmner however, that the coefficients 
of y and Zf multiplied together crosswise in the equations taken 
two and two, form equal products, we have also taken arbitrari- 
ly the second members of the first and second equationsi which 

x^.9y + 6z=16 (L+3y+2z=^. 

W I 

2x + 3j/^2z=7 > whence s2a:+3^+2z=7, 

\ f 3 . o « * 

3a:+6y+4z=* ^ ^2^+^+22=-. 

k 
Then ^, or d*' is determined from the following relation : 



of No. 75, by taking 



a" 



«=3» d=—, a'=2, rf'=7, a"=^, 

13 
which gives rf"=-o-» whence 2rf", or 4=13. 

Let there be another system, 

11a?— 8y+ 6^=^49, 
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which also corresponds with the second in No. 75, but does oot 
satisfy the relatioil 

d"-d _d'-d 

By applying the formulas, we would find 

A B 

Now let OS operate directly upon the equations. 

Multiplying the first by 3, and the second by 2, and then sub- 
tracting, we have 23x=115; whence x=5. Substituting this 
value in the three equations, they become 

^y— 6z=6 ^ C 4y— 3z=3, 

i2y— 9z=9 > or ^ 4y— 3z=3, 
2qy-15z=5 ) C 4y-3z^l. 

The two last equations are evidently impossible simulta- 
neously ; and if we should apply to them the general formulas 
relative to two unknown quantities, we would obtain 

A B 

Therefore, of the three values ~, obtained above, for x, jfi z^ 

the first has a determinate signification, :r=5, and the two 
others zre infinite. 

77. When we operate directly upon particular examples, 

there are other characteristics of impossibility or indetermi' 
nation. 

In the first system, treated of in No. 76, if we take the two 
equations o^ , « -_ c' ( which have been obtained bjr the elimi- 
nation of X, and in order to obtain y or z, we subtract 
one of the equations from the other, there results 0=0. 

In like manner, in the second system, by taking the two equa- 

tions 4J_3---/ ( and subtracting one from the other, there 

would result the absurd equality, 0=2. 

The results 0=0 and 0=A are true characteristics of the 
indetermination, or of the simvUaneauM impossibility^ of the 
•qaations. 

78, We will finish the discussion of equations of the firiC 

233610 
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degree, by the examination of a particular case. It is ditt 
where, in general equations, all of the known qaantitief 
which fo^m the second members are supposed to be nothing at 
the same time. In thi$ case, it evidently follows from the law of 
the formation of the numerators, in the general values for the 
unknown quantities, (67), that these numerators all vanish at 

the same time ; that is) we have ^=0, ^=0 Moreover, 

as there does not exist any particular relation between the co- 
efficients a, bf c, a^ b' c\ . . , ., of the unknown quantities, J), 
which results frpm a certain combination of these coefficients, is 
generally different from 0. Therefore the values of the uo* 
known quantities will be a:=0, y=0, z^O. ...;.• These 
values evidently verify the proposed equations. 

If, however, besides the hypothesis that the known quantities, 
composing the second members are nothing at the same timei 
there exists the relation D^O between the coefficients of the 
unknown quantities, the general values reduce to the form 

9 

Now I say, that in this case the equations are indeterminate, 
but the ratios of the unknown quantities are constant numbers, 
which may be obtained from the proposed equations. 

Take the three equations 

ax -\-bif + 02=^0, a'x + 6'y + c'z=0, a"j:+6"y-l-c"z=:0, 

in which we suppose that />, or 

ab'c'-acV + ca'b"''ba'c"+bc'a'-cb'a"=.0. 

Tliey can be put under the form 

XV XV X ^ V 

z z z z z z 

X y 
Then, by treating- and- as two unknown quantities, the 

z z 

two first give 

x_ 6c' — c b' y _ ca' — a d 
z ~" ab' — ba! z ab' — ba' 

Whence we see, that by giving to z values which are entirely 
arbitrary, the values of x and y could be obtained from these 
two proportions^ of which the second ratios are constant ^ and 
e^ual to known quautities. 



\ ^^ 
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It remains to be shown whether these values satisfy the third 
equation. By substituting them in this equation it becomes, 

hc'^cV c(i — ac' 

or, reducing and writing the terms in order, 

ab'd'—ach" + calV'—hac" + hdal'—cVa:' =0, 

the condition which is satisfied by hypothesis. 

79. This naturally brings us to the examination of a circum* 
stance, of which the second problem of the will (49) presents 
an example: it is that in which the enunciation gives rise to a 
greater number of different equations than there are unknown 
quantities to be determined. 

Suppose, in general, that the question contains n unknown 
quantities, and gives rise to m different equations, m being >it. 
It U neceimry in the first place to combine together n, of the 
proposed equations^ in order to find the n values for the unknown 
quantities ; then to substitute thse values in the m — n remain^ 
ing equations^ which form as many conditions between the given 
quantities ; and these conditwns should be fulfilled^ in order 
thai the problem may be possibk, in the sense in which it was 
enunciated. The m — n equations thus obtained are called 
equations of condition. 

80. Recapitulation of the preceding discussion. It follows 
from this discussion, 1st. that a system composed of any num- 
ber of equatipns of the first degree, involving the same number 
of unknown quantities, cannot, in general, be satisfied but in 
one manner. (66). 

2d. That every positive value, found for an unknown quanti- 
ty, answers directly to the equations of this problem, without al- 
ways answering to itsi enunciation. (69). 

3d. That every negative value only answers indirectly to the 
enunciation, or to the equations which are the algebraic transla- 
tions of it, but always answers to the equations considered in a 
sense purely algebraic. (59 and 70). 

A 
4th. That every expression of the form — , found for one or 

more unknown quantities, indicates an incompatibility in the pro- 
posed system of equations. (71 , 73, and 74). 
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5th. That every expression of the form x, indicates either an 

indetermination, or an incompatibility ; (71, 73, 74 and 75,) ; bat 

that the valae of an unknown quantity may be reduced to jt, in 

consequence of the presence of a common factor to the two 
terms of the fraction ; and it must be attentively examined, inor- 
der to see if this is the case. (72). 

6th. That if all the second members of the proposed system 
of equations are nothing, the values of the unknown quantitiei 
also become ; that if to this hypothesis, it is added, that the 
common denominator of the values of the unknown quantitiet 
be 0, the number of systems of values is infinite ; but that these 
values must have a constant ratio to each other. (78). 

7th. That when the number of equations exceeds the num» 
her of unknown quantities, the problem is only possible so long 
as the values of the unknown quantities, determined by an equal 
number of equations, will satisfy the other conditions. (79).' 

€1. The following are the enunciations of some problems 
which are susceptible of discussion, or present something inte- 
resting in their resolution. 

Problem 15. ^ Banker has two kinds of money ; it take$ a 
pieces of the first to make crown; and b of the second to make 
the sam^sum. Some one offers him a croumfor c pieces. How 
snang of each kind must the banker give him ? 



( 



Asa. 



• • • 



1st kind, 



a{c — 6)- 



2d kind. 



'b{a — c) 

■t - — 



) 



a—b ' — — « or^ 

Problem 16. Find the tivo contigttous sides of a rectangle ; 
suppoeingt If/, that these sides are to each other in the ratio of 
m : n ; 2^, that if these sides be increased or diminished by the 
quantities a dnd b, the surface will be increased or diminished 
by the quantity p. 

Supposing the sides to be increased, we find 
m{p — ah) _ n{p — ab) 
na-\-mb ' ^ na-\-mb. 

Problem 17. Find what each of three persons A, B, C, 

are worthy knowing Ist^ that what A is worth added to I times 

what B and C are worth is eqwd to p ; 2d,ikat,whatBi$worik 

adJffd k? m Umee what K and Qt are loortiiis equal to (\; Si, UuA 
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what C is worth added to n times what A and B are worth is 
equal tor. 

(This question can be resolved in a very simple manner, by 
introducing an auxiliary unknown quantity into the calculus. 
This unknown quantity is equal to what Ay B and C are 
worth. 

Problem 18. Find the values of the estates of six persons^ 
A, B, C, D, E, Fjfrom the following conditions: 1st. The 
sum of the estates of A and B is equal to a; that of C and D 
is equal to b, and that of E and F is equal to c. 2d. The 
estate of A is worth m times that of c; the estate ofD is worth 
n Hmes that ofE, and the estate of F is worth p times that ofB. 

(This problem may be resolved by means of a single equa- 
tion, involving but one unknown quantity.) 



CHAPTER III. 

Resolution of Problems and Equations of the Second D^pree. 

82. Introduction. When the enunciation of a problem leadi 
to an equation of the form ax* —by in which the unknown quan- 
tity is multiplied by itself, the equation is said to be of the 
second degree^ and the principles established in the two prece- 
ding chapters are not sufficient for the resolution of it; bat 

ft 

since by dividing the two members by a, it becomes x* =-, we 

see that the question is reduced to finding a number ^ which^ 

muUifUed by itself will produce the number expressed by.-. 

This is the object of the extraction of the square root. 

The different procedures for extracting the square root of 
particular numbers, whether whole numbers or fractions, have 
been fully exposed in arithmetic ; it is only necessary then to 
develope here the rules relative to the extraction of the roots of 
numbers, expressed algebraically. 

% 1. Formation of the Square ^ and Extraction of the Square 

Root of Algebraic Quantities. 

83. We will first consider the case of a monomial ; and in 
order to discover the process, see how the square of the mono- 
mial is formed. 

By the rule for the multiplication of monomials, (16), we 
have 

{Ba^b^cy:=^Sa^b^cx 5a*bH:=^2Ba'b^c* ; 
that is, in order to square a monomial, it is necessary to square 
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its coefficient^ and double each of the exponents of the different 
letters. Hence, to find the root of the square of a monomial, it 
is necessary, 1st. 2}? ^extract the square root of the coefficient 
by the rules given in arithmetic. 2d. To take the half of each 
of the exponents. 

Thus, V64a«ft*=8a3&3 . for Sa'JaxSa^fta ^64^6 j4. 
In like manner, 

V625a^ft»c«=25aft*c% for (25ahH''Y=^2ba^b^c^. 

From the preceding rule, it follows, in order that one%ono- 
niial may be the square of another, its coefficient must he a 
perfect squarCy and all of its exponents even numbers. Thus, 
98a&* is not a perfect square, because 98 is not a perfect 
square, and a is affected with an uneven exponent. 

In this case, the quantity is introduced into the calculus by 

affecting it with the sign V , and it is written tbQf^.VSBoA*. 
Quantities of this kind are called radical quantitie^j or irrOr 
tional quantities^ or simply radicals of the second degree. 

84. These expressions may sometimes be simplified, upon 
the principle that the square root of the product of two or more 
factors is equal to the product of the square roots of these fac-^ 

tors; or, in algebraic language, ^ abed . . .= ^/a. y/b. ^/c* ^d* . . . 

To demonstrate this principle, we will observe, that from 
the definition of the square root, we have ^ 

(Vabcd . . . .y=abcd. . . . 
Again, 

^abcd .... i » 

Hence, since the squares of Vabcd . . . ., and, • 

Va. ^/b. y/c. ^d. . . ., are equal, these quantities themselves 
are equal. 

This being the case, the above expression, \^98a6^, can be 
put under the form v^496*x2a= V496* X V2a. Now \^496* 
may be reduced to 7 J« , (83) ; hence \/98aft*=76^ ^2a. 

In like manner, 

V45a»6»c«rf= V9a«63cax5W=3aftc. V5W, 

V864a*6*<:*« = Vl44a«6*c"«x6fcc=12fl6*<:«. v/gic. 

14. 
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In general, in order to simplify an irrational monomial, take 
all of those factors which are perfect squares^ and extract the root 
ofthemy (83) ; then place the product of these roots before the 
radical sign, under which, leave those factors which ai-e nQt 
perfect squares. 

In the expressions 7b^.V2ay Sabc'^Bbd, 12a6*c*. V66c, the 
quantities 76^, 3abc, \2ab^c^y are called coefficients of the 
radical. 

85. As yet, we have not paid any attention to the sign with 
which the monomial may be affected : but since in the resolution 
of questions we are led to consider monomial quantities pre^ 
ceded by the sign -+- or — , it is necessary to know how to ope- 
rate upon quantities of this kind. Now the square of a mono- 
mial being the product of this monomial by itself, it follows (62) 
that, whatever may be its sign, the square of it mil be positive. 
Thus, tht'squarc of -f^a^ftS or — Sa^ftSis +25a*ft«. 

Whence we may conclude, that if a monomial is positive, its 
square root may be affected with either the sign -f or — ; thus, 

»^ya*=±3aS for +3a^ or — 3^^, squared, gives 9a*. The 
(double sign ± with which the root is affected is called plus or 
minitr.^ If the proposed monomial were negative it would be 
impossible to extract its root, since it has just been shown that 
the square of every quantity whether positive or negative is es- 
sentially positive. Therefore, v/ — 9, V— 4a2 V— 5 are al- 
gebraic symbols which indicate operations that cannot be per- 
foribed* They are called imaginary quantities^ or rather ima- 
ffi^Arytapressions : they are symbols of absurdity, frequently 
met-iifnD in the resolution of equations of the second degree. 
These symbols can, however, by extending the rules, be simpli- 
fied in the same manner as those irrational expressions which 

indicate operations that can be performed. Thus ^^ — 9 may 
be reduced to (84) 

V9x ^—1 or3>^— 1 ; ^^^^4a^ Vio^ x ^^=2aVlIi; 

V -^Qa^b= v/4a^x— 26=2aV— 2^=2aV2^x VZIi. 

86. Let us now try to discover the law of fortnatitm for the 
square of any polynomial whatever, from which a process may 
be deduced for extracting the root of this square. 
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It has already been showD that the square of a binomial 
{a+b) is equal to a^ +2aft + 6^ (19). 

Now to form the square of a trinomial a-\-b-\-Cy denote a-\-b 
by the single letter «, and we have 



{a+b-\-cy={s-\-cy=s^ +2*c+c^ 
Butf2=(a+6)3=aa ^2ab-{'b^ ;and25c=2(a+%=2ac+2&:. 

Hence (a+6+f)2=a= +2a6 + 6^ +2flrc+2Jc + c^ ; that is, 
the square of a trinomial is composed of the sum of the squares 
of its three terms, and twice the product of these ierm^ multi- 
plied together two and two. 

This law of formation is true for any polynomial whatever. 
For suppose it verified for a polynomial of any number of 
terms, and see if it is true for one containing one more term. 

For this purpose, take the polynomial a-j-fc + c + d. . .-ff+A, 
containing m — 1 terms, and denote the sum of the m first terms 
a + b+c+d +1 by 5; then s + k will represent the pro- 
posed polynomial, and we have {s+ky =s^ '\-2sk'\'h* ; or 
substituting for s its value, 

{si-ky ={a-]'b-{-c+d+ .. . -{-ty -]-2{a+b+c+d-{- ...i)k+k'. 

But by hypothesis, the first part of this expression is compos- 
ed of the squares of all the terms of the first polynomial and the 
double products of these terms taken two and two ; the second 
partcontainsa//o//Ae double products of theterms of theirst po- 
lynomial by the additional term k ; and the third part is the square 
of this term. Therefore, the law of composition, announced above, 
is true for the new polynomial. But it has been proved to be 
true for a trinomial ; hence it is true for a polynomial contain- 
ing four terms ; being true (or four, it is necessarily true (ovfive^ 
and so on. Therefore it is general. This law can be enun- 
ciated in another manner: viz. The square of any polynomial 
contains the square of the first term, j)lus twice the product of 
the first by the second, plus the square of the second ;plus ttcice 
the product of each of the two first terms by the third f plus the 
square of the thirds plus twice the product of each of the three 
fint terms by the fourth; plus the square of the fourth j and so 
on. This enunciation which is evidently comprehended in tb'^ 
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first, shows more clearly the process for extracting the sqaare 
root of a polynomial. 
From this law, 

(5a2+4flA3)3=25a«— 40a^ft3^16a=6^ 

or reducing, =da* + 12a36 + 28a=ft3— IGab^ + 166*, 

{5a^b — 4afc4-6fe3— 3a=r) = =25a^62 — ^Oa^b^c + lda^b'^c' • 

— 48fl62^3 + 3662c*-30a*6c4-24a3k2-36a=&c3+9a*c^ 

We will proceed to the extraction of the square root. 

Let the proposed polynomial be designated by JNT, and its 
root, which we will suppose is determined, by R ; conceive, 
also, that these two polynomials are arranged with reference to 
one of the letters which they contain, a, for example. 

^ This being supposed, we will observe in the first place, that 
the two first terms of N (supposing it arranged) will give imme- 
diately the first and second terms of R ; for it evidently fol- 
lows, from the law of formation of the square, (86), 1st. That 
the exponent of the letter a, in the square of the first term of R^ 
is greater than- the exponent of this latter in any other of the 
parts which enter into the composition of the square of R. 2d. 
That the double product of the first term of R by the secogidf 
also contains a higher exponent than any of the follorcing parts. 
Therefore the two parts just mentioned could not have been 
reduced with the others, and are necessarily the two terms of J\', 
affected with the highest exponent of ^, and the exponent imme- 
diately inferior to it; whence it follows, that if iVis really a 
perfect square, 1st. Its first term must be a perfect square^ 
and its root, extracted by the rule of No. 83, is the first term of 
/?. 2d. Its second term inust be divisible by twice the first term 
of R, and performing the division, the quotient will be the 
second term of R. 

To obtain the following terms, /^rm the square of the bino- 
mialf already found y and subtract it from Ni the remainder, 
which we will designate by N\ contains the double product of 
the first term of i?, by the third, plus some other parts. But 
{he double product of the first term^ by the thirds must contain a, 
with a higher exponent than this letter has in any of the following 
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partSy and therefore cannot be reduced with any of these parts. 
Hence this double product is the first term of N' : therefore this 
first term must be divisible by twice the first term of R ; and per- 
forming this division^ the quotient mil be the third term of R. 

In order to obtain the next term, form the double products of 
the first and second tei'ms, by the thirds plus the square of t/ie 
third; then sidftract all of these products from the remainder N\ 
This gives a remainder N", which contains the double product 
of the first term of R, by the fourth, plus some other parts. 
But it can be proved in the same manner as above, that the first 
term of N" is necessarily the double product of the first term of 
jR by the fourth ; therefore, dividing the first term of N" by 
twice the first term of R, the quotient xtill be the fourth term of 
J?. The other terms may be found in the same way. 

N. B. After having obtained the two first terms of the root, 
it is absolutely necessary to subtract the square of this binomial 
from the polynomial iV; for the square of the second term of 
R commonly contains a, with the same exponent that this letter 
has in the double product of the first term by the third ; con- 
sequently it might have been reduced with this double product. 
Therefore it is only after having subtracted this square from 
the polynomial JV, that we are certain that the first term of the 
remainder is equal to the double product of the first term of i?, 
by the third. The same remark applies to the third , fourth . • ^ 
terms. * 

From the preceding reasoning, the student can deduce the 
general rule for the extraction of the square root of a poly- 
nomial. To do this, he has only to collect together all the parts 
in italics. 

We will moreover make an application of it to a particular 
example. 

ExtAictthe square root of the polynomial 

49a'b'—2Aab^ -{'25a'—30a^b+lGb* 
25a*— 30a'ft-h49a26a-24aft3 + lC6* ) 5a^ ^3 ab -\' 4b^ 
— 25a* -f 30a»&— 9flf^&'» > lOa^ 

1st Rem. AOa^b" — ^24aft' + 166« 

— 40a»&» +2 4ab^--l6b* 
id Rem 



no Alsebra. 



O' 



After having arranged the polvDomials with reference to a^ 
extract the square root of 25a*, this gives Sa^j which is placed 
to the right of tlic polynomial ; then divide the second term, 
— SOa^ft, by the double of 5a*, or 10a',, (which is written 
below 5a^)'^ the quotient is — 3a6, and is placed to the right 
of 5a*. Hence, the two first terms of the root are 5a*— 3a6. 
Squaring this binomial, it becomes 25a*— 30a^J+j9a*J*, 
which, subtracted from the proposed polynomial, gives a re- 
mainder, of which the first term is 40a* &*. Dividing this first 
term by 10a*, (the double of 5a*), the quotient is +4ft*; this 
is the third term of the root, and is, written on the right of the 
two first terms. Forming the double product of 5a* — 3a6 by 

46*, and the square of 4Z»*, we find the polynomial 

40a*&*— 24a6*-|-16&*, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a*— 3ai-f46* is the required 

root. 

Beginners may exercise themselves upon the squares which 
have been developed in No. 86. 

88. When the proposed polynomial contains two or more 
terms affected with the same power of the principal letter, it 
should be arranged in the same manner as in division (29), then 
apply the above process by regarding the algebraic sum of the 
terms affected with the same power, as one and the same part, 
and substituting in the enunciation of this process, the expres- 
sions : first part of the polynomial, or part affected with the 
Jiighest power J first part of the remainder, 1st, 2d, 3d . . . part 
of the root, for the words, first term of the polynomial, first 
term of the remainder, 1st 2d 3d . . . term of the root. Ex- 
amples of this kind occur very rarely. 

89. We will conclude here with the following remarks. 

1st. A binomial can never be a perfect square, since we know 
that the square of the most simple polynomial, viz. a binomial, 
contains three distinct parts, which cannot experience any re- 
duction amongst themselves. Thus, the expression a* +6* is 
not a perfect square ; it wants the term ±2ab in order that it 
should be the square of a±b. 

2ud. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and the 
middle term must be the double product of the square roots of 
the two others. Therefore, to obtain the square root of a trine- 
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inial wben it is a perfect square ; Extract the roots of the two 
eztretne terms, and give these roots the same or contrary signs^ 
according as the middle term is positive or negative. To verify 
itf see if the double product of the tipo roots gives the middle 
term of the trinomial. Thus the square root of 9a" — 48a*6* 

+ 64a*6*, i*, Vgo" or Sa^— Veia^ or — 8a6S that is, 3a' 
— 8fl6«, for Sa' x — l^ab^ = — 48a*6». Aa"" + 12a&— 96^ can- 
not be a perfect square, although 4a ^ and 96^ are the squares of 
2a and 3ft, and 12aft=2ax6ft; since — 96^ is not a perfect 
square. 

3d. In the series of operations required in a general prob- 
lem, when the first term of one of the remainders is not exactly 
divisible by twice the first term of the root, we may conclude 
that the proposed polynomial is not a perfect square. This is 
an evident consequence of the course of reasoning, by which 
we have arrived at the general rule fo|^ extracting the square 
root. 

4th. When the polynomial is not a perfect square^ it may be 
simplified. (See No. 84.) 

Take, for example, the expression Va'6 + 4a^ft^ +4a&'. 

The quantity under the radical is not a perfect square ; but 
it can be put under the form a6(a^ + 4aft + Ah^ ). Now, the fac- 
tor between the parenthesis is evidently the square of a + 2ft, 
whence we may conclude that, 

v^a'ft + 4a»ft2 +4aft"3^(a + 2ft) '^'ab. (84). 

90. Of the calculus of radicals of the second degree. As 
the extraction of the square root gives rise to some new alge- 
braic expressions, such as \/a, 3Vft, 7^2, called irrational 
quantities or radicals of the second degree^ it is necessary to es- 
tablish rules for performing the four fundamental operations 
upon these expressions. 

Definition. Two radicals of the second degree are similar 
wben the quantities under the radical are the same in both. 
Thus, 3a Vft and 5c y/b^ 9 \/2 and 7 -v/2 are similar radicals. 

Addition and Subtraction. In order to add or subtract simi- 
le radicals, add or subtract the ttco coefficients^ then prefix the 
sum or difference to the common radical; thus, we have, 
3aV*+5c>/ft=(3a + 5r)Vft; 3ay/b—5cy/b={'3a—5c)Vb; 
10 like manner, 
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7V2a + 3A/2a=10A/2a; 7 V2a— 3 V2a=4 \^2a. 

Two radicals, which do not appear to be similar at first sights 
may become so by simplification, (84). 
For example, 

V48a6»+6A/75a=4jV3aT56V3^=96V3i, 

2V45— 3V5=6V5— 3V5=3V5. 

When the radicals are not similar, the addition or subtraction 
can only be indicated. Thus, in order to add 3 -/& to 5 Va, we 
write, 5\/« + 3-/i- 

Multiplication. To multiply one radical by another, mtfZfo- 
ply the two quantities under the radical sign together, and place 
the common radical over the product. Thus ^/ax \/J= 

^ axb ; this is the principle of No. 84 announced in an in- 
verse order. 

When there are coefficients, xce first multiply them together, 
and write the product before the radical. 

Thus, 

3 ^/'Eah X 4 y/20a= 1 2 VlOOa»ft= 1 20a y/b, 

2a^^bcX^ay/bc=^^a'^ Vd^=^ea^bc, 

2a Va^~+62 x — 3a Va^+b^ = — 6a» {a^ + b^ ). 

Division. To divide one radical by another, divide one of 
the quantities under the radical sign by the other, and pUice ike 

common radical over the quotient ; -jj^-Ji* For the squares 

a 
of these two expressions are equal to the same quantity ^ ; hence; 

the expressions themselves must be equal. When there are 
coefficients, write their quotient as a coefficient of the radical. 

For example, 

5a Vb: 2by/c=~J-, 

2b y c 

lebc 
I2acy/6bc: 4cy/2b—Say -^rr=ZaV^c. 

2b 

91. There are tioo transformations of frequent use in finding 
the numerical values of radicals. 

The first consists in passing the coefficient of a radical 

under this radical. Take, for example, the expression 3a V56 ; 
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tt is equivalent to v^QcFx yfJb, or v^9aV5ft= v^45a^ by 
applying the rule for the multiplication of two radicals ; there- 
fore, to pass the coefficient of a radical under this radical, it is 
only necessary to square it. 

The principle use of this transformation, is to find a number 
which shall differ from the proposed radical, by a quantity less 
than unity. Take, for example, the expression 6^/12; as 13 
is not a perfect square, we can only obtain an approximate value 
for its root. This root js equal to 3, plus a certain fraction ; 
this being multiplied by 6, gives 18, plus the product of the frac- 
tion by 6 ; and the entire part of this result, obtained in this 
way, cannot be greater than 1 8. The only method of obtaining 
the entire part exactly, is to put 6 V 1 3 under the form 

V'6»X13= V'36X31 = ^468. Now 468 has 21 for the en- 
tire part of its square root; hence, 6 V 13 is equal to 21, plus a 
fraction. 

In the same way, we find that 12-v/7 = 31, plus a fraction. 

The object of the second transformation is to convert the 

denominators of such expressions as ;-, r-, into ra- 

^ p+Vq P—Vq 

tional quantities, a and p being any numbers whatever, and q 

not a perfect square. Expressions of this kind are often met 

with in the resolution of equations of the second degree. 

Now this object is accomplished by multiplying the two terms 
of the fraction hyp— y/q, when the denominator isp-^ -/y* ^ind 
hy p+ yfqy when the denominator is^— V?- For multiplying 
in this manner, and recollecting that the sum of two quan- 
tities, multiplied by their difference, is equal to the difference of 
their squares, (5), we have 

a ^(P^V?) _ji(p^q) ^ap—a-^q 

p-^y/q^ip-{'Vq){p—y/q)''p''—q " P^—q ' 

a _ a{p+Vq) a{p'\- Vq) _ap+ ay/q 

p-Vg {p-'Vq){p+Vq)'~ p^-q ^ p' -q ' 
in which the denominators are rational. 

To form an idea of the utility of this method, suppose it is 
required to find the approximate value of the expression 

15 
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^ T, u '7(3+ V5) 21+7 V5 ^ ^ ,^ . 
It becomes — ^r — - — -^ or • Noht 7 V5 *» 



3-V5' *;^"^-""'^^ 9-5 '"* 4 

equivalent to ^49 X 5, or \/245, which is equal to 15, within one 
of the true Talue. 

r^, ^ 7 21 + 15 + a fraction 36 ^ 

Therefore 7^= =-7- =9, within a 

3 — ^/o 4 4 

fraction of one fourth ; that is, it differs from the true value by a 

quantity less than one fourth. 

When we wish to have a more exact value for this expression, 

extract the square root of 245 to a certain number of decimal 

places J add 21 to this root^ and diHde the result by 4, or tahe 

a Aihpart of it. 

7 y/5 

For another example, take .,^ , — 73, and find the value of it 

V 11 + V •^ 

to within 0.01. 
We have, 

7V5 _ 7V5(v^ll-V3) 7/55-7V15 

Vll + \/3" 11-3 "■ 6 

Now,7V55=V^55x49=V2695=51.91, within 0.01, 

7V15=Vl5x49=V785=27.11 ; 

therefore, 

7V5 51,91-27,11 24,80 ^ ^ 

V11+V3"" 8 ""8 ■"•^'*"' 

Hence, we have 3,10 for the required result. This is exact to 

within rr^rT,^ 

800 
By a similar process, it will be found that 

34-2 1/7 
^,^g_g,g =2,123, exact to within 0,001. ;, , /^^ J 

N. B. Expressions of this kind might be calculated by ap- 
proximating to the value of each of the radicals which enter 
the numerator and denominator. But as the value of the 
denominator would not be exact, we could not form a precise 
idea of the degree of approximation which would be obtained, 
whereas by the method just indicated, the denominator becomes 
rational^ and we always know to what degree the approxima- 
iioa IS made. 
The priaciples for the extraction of tVie scja^xe xoov ^^ ^^- 
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ticular numbers and of algebraic quantities, being established, 
we will proceed to the resolution of problems of the second 
degree. 

% 2. Problems and Equations of the Second Degree. 

92. Equations of the second degree are of two kinds, viz. 
equations involving tuoo termSj or incomplete equations, apd 
equations involving three terms or complete equations. 

The first are those which contain only terms involving the 
square of the unknown quantity, and known terms ; such are 
the equations, 

1 5 7 299 

They are called equations involving tiDO terms because they 
may be reduced to the form ax' :=&, by means of the two gene- 
ral transformations (43 and 44). For, let us consider the third 
equation, which is the most complicated ; by clearing the frac- 
tion it becomes Sx' — 72 + IOj:^ =7 — ^24^* +299 ; or, transpos- 
ing and reducing, 

42x' =378. 

Equations involving three terms, or complete equations, are 
those which contain the square, and also the first power of the 
unknown quantity ; such are the equations 

5 13 2 273 

They can always be reduced to the form ax' +ftr=c, by the 
two transformations already cited. 

. Equations involving two terms. There is no difficult in the 
resolution of the equation ox' =&. We deduce from it x' = 



-, whence :r=-/-. 
a ^ a 



When - is a particular number, either entire or fractional, 
a 

we can obtain the square root of it exactly, or by approzi- 

*' h 

mation. If - ^is algebraic, we apply the rules established for 

algebraic quantities. 
But as the square of +«i or — m is -Vm*^ \\WJto^%^'iX 
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I ±yf~\ is equal to-. Therefore the equation Js susceptiblf 

of two solutions, viz: ./'— +a/ , anda'= — ^-, For, substi- 
tuting each of these values in the equation ax^ =&, it becomes 
ax ( + 'J-\=b, orrtX-=ft, or &=ft, 

and ax I — ^J ~) =6, or aX- =6, or 6=6. 

For another example take the equation 4x* — 7=3x* + 9 ; by 
transposing, it becomes, .r^ =16, whence x=d: \/16=±4. 
Again, take the equation 

1 5 7 299 

We have already seen (92) that this equation reduces ta 

378 
,42ar«=378, and dividing by 42, a:'' =^ = 9; hence x=±3. 

Lastly, from the equation 3a:= =5 ; we find 

As 15 is not a perfect square, the values of x can only be 
determined by approximation. 

93. Complete Equations of the second degree. In order to 

resolve the general equation ax^+bx=Cj we begin by dividing^ 

both members of it by the coefficient of x^ , which gives 

b c 
.r 2 -j- -x = -, or x^ 4- px=g, 
a a ^ 

by making -=^p and -~q. 

Now, if we could make the first member x^ -\-px the square of 
a binomial, the equation might be reduced to one of the first de- 
gree, by simply extracting the square root. By comparing this 
member with the square of the binomial (^-f a), that is, with 
x^ +2j™a-}-a2, it is plain thatx^ -\-px is composed of the square 
of a first term x, plus the double product of this first terra x by 

a second, which must be^ (since j?^=2^.r); therefore if the 

p p^ 

square of ~ or^, is added to x^ -\-px^ the first member of the 



V 
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equation will become the square of -2^+^ ; but in order that the 
equality may not be destroyed ^ must be added to the second 



©3 «! 

By this transformation, it becomes x^ ■\-'px-\' — ^—^<i^ 



member. 

V IP* 

whence, extracting the square root x-\-- = ±yJ —+q, 

(The double sign ± is placed here, because either 

/«a Ip^ p^ 

+ Vx"^^' ^^ "" V -T+?' squared, gives ^+y)- 

p 
Transposing -, we obtain 






From this we derive the following general rule for the reso- 
lution of complete equations of the second degree : After re- 
dudng the equation to the form x* -fpx=q, add the square of 
half of the coefficient ofxj or of the second term,, to both members; 
extract the square root of both members^ giving the double 
sign ± to the second member ; then find the value of x from the 
resulting equation. 

The double value of x, obtained in this manner, may be thus 
enunciated in ordinary language : The half of the coefficient of 
X, taken with a contrary sign, plus or minus the square root of 
the known term, increased by the square of half of the coefficient 
of X. 

94. Take, for an example, the equation 

5 13 2 273 



-:r2 — -x-h-.=8--T-^» + 



6 2 ' 4 3 ' 12 

Clearing the fraction, we have 

lOx" — 6x4-9=96— 8:r—12a:« +273, 
or, transposing and reducing, 

22^2 4-2x =360, 
and dividing both members by 22, 

2 360 

x^ A x=^ • 

^22 22 
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Add ( ^ ) Co both members, and the eqnadon 

2^ /ly 360 /ly 

whence, by extracting the square root, 

JL- /360 ( 1 \»" 

Therefore, 

22 V 22^V22/» 

which agrees with the enunciation given above for tbe doable 

value of :r. 

It remains to perforin the numerical operations. In the first 

360 / 1 \« 
place, — + 1 22 J J^wst be reduced to a single number, having 

(22)' for its denominator. 

360/1 y_ 360x22 + l _7921 
^^^' 22 ^ \22/ ~ (22)» ""(2^«^ 
extracting the square root of 7921, we find it to be 89; 

, , /360 / 1 \ ' 89 

therefore, ^^+^^1=^. 

1 89 
Consequently, ^=-22—22* 

c 

Separating the two values, we have 

1_ 89_88 

J . ^~ 22^a2'"22'" ' 

JL_?? 1^ 

^~ 22 22"" 11' 

Therefore, one of the two values which satisfy the proposed 
equation, is a positive whole number, and the other a negative 
fraction. 

For another example, take the equation 

6a:»— 37x=-57, 

37 57 

which reduces to x^ — s-^= — -r* 

D t> 

37 /37\* 
If we add the square of Yqi ^^\T^) ^^ ^^* members, it 
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. 37 /S7\« 57 /37\« ^ 
becomes *— 6a?+Vi2/ ~~'6"^\12/ ' ^^°"' ^y **" 

37 , / 57 /37\'' 
tractiDg the square root a:-* r^" * v — r" ■*■ V Ts / ' 

Consequently, ^ x=g±7-^ + (g)'. 

In order to reduce ( — 1 — — to a single number, we will 

observe, that (i2)«=12x 12=6x24 ; therefore it is only 
necessary to multiply 57 by 24, then 37 by itself, and divide 
the difference of the two products by (12)^ • 

Now, 37X37 = 1369: 57x24=1368; 

therefore, ( — | - 

Vl2/ 



6 (12)« 
1 



the square root of which is , ^ 

12 

„ 37^1 V";i2'^12"l2~6' 

Hence, a:=-±-, or ^ ^37 1 35 

("^"12 12 12 • 

This example is remarkable, as both of the values are posi- 
tive, and answer directly to the enunciation of the question, of 
which the proposed equation is the algebraic translation. 

Let us now take the literal equation 

4a»— 2:ra +2a;r=18a6— 186^ 

By transposing, changing the signs, and dividing by 2, it 

becomes 

x^ — ax=2a^ — 9a&+9ft^; whence, 

a^ 9a' 
completing the square, x* — ax + — =— j 9a6 + 96* • 



extracting the square root, ^=5 ±V -r-— 9ao+9o". 

9a' Sa 

Now, the square root of --j 9a6 + 96", is evidently,— —36. 

4 -•• 

a:= 2a — 36, 



Therefore 3P=5± I "3- — 36), or j __ 



a+9b. 



120 Algebra. 

These two values will be positive at the same time, if 2a>8&, 

and 36 > a, that is if the numerical value of b is greater than 

a 2a 

- andless than— • 

Examples. 

x^ — 7x+ 10=0 .... values \ Zc v > 
1 ^ « 4 . « .^ (a?— 7,12) to within 

fn^x^ 
a' +b* — 2ix-\'X^=i rives 



^—T—TX *»± Va^m'' +b^m^ —a^'n^ ) 
n" — m* \ / 



95. The equation ax^ -\-bx=zc^ can be resolved without di- 
viding by the coefficient of x^^ but the transformations are 
more complicated. The term ax^ can be put under the form 

{x-^ay^ and the term bx is equal to 2xylay.—-j- (multiplying 

and dividing by 2 ^|(i) ; from which it follows that ax^ •\'bx form 

the two first terms of the square of x y/a + ^r-j- ; therefore by 

Zy/a 

(b Y b^ 
I o^T- to both members, the first will become a 

perfect square. 

Effecting this transformation the equation becomes 

. b^ b^ 

ax^ 4-o.r+7-=c + -- 
Aa 4a 

Extracting the root, .r y/a + ^r— r- = ± v c -f — ; 

2, y/a ^ 4a 

Transposing, x y/a= — ^r-7- ±\l c+ --. 

2 y/a 4a 

Dividing the two members by -/a, and observing 

1 * u * , * b 
Ist. that — 77-7-: va= — ^^ , ; = , 

2 y/a ^ 2{y/ ay 2a' 

b^ Ic W 
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b Ic b^ —b±^/Aac + b^ 

we obtain x =—?r-^\'--^T^ or x = 

2a a Aa^ 2a 

This result might have been obtained more easily, by putting 

b c 
the equation under the form x^ H — x=-. 

96. We will now apply the preceding principles to the reso- 
lution of some problems. 

Problem 1st. Find a number such^ that twice its square^ in- 
creased by three times this number, shall give 65. 

Let X be the unknown number,' the equation of the problem 
will be 

2^3+3.r=65, 

3 , /65 9" 3 , 23 
whencez=-^±V2-+T6 = -4^4- 

m.. ^ 3 23 , 3 23 13 

Therefore ;r= — 7 + -r=5, and:r=— - — -= — 77-. 

4 4 4 4 2 

The first value satisfies the question in the sense enunciated. 
For 

2X(5)» +3x5=2x25 + 15=65. 

In order to interpret the second, we will first observe, that 
when X is replaced by — x, in the equation 2a;3+3x=65, 
the sign of the second term 3x only is changed, because 
(— x)«=x«. 

3 23 
Therefore, instead of obtaining j:= — 2^ "7"' ^® would find 

3 23 13 

a:=2=t — , or ^fe=— and x =—5, values which only difier from 



4 4' 2 

the preceding by their signs. Hence, we may say that the ne- 

13 
gative solution — , considered independently of its sign, satis- 

fies the new enunciation, viz. : To find a number suchf that twice 
its squaref diminished by three times this number y shall give 65. 
In fact we have 

.. /13\« ^ 13 169 39 ^^ 

Second problem. A certain person purchased a number of 

yards of cloth for 240 francs. If he had received 3 yards less 

of the same doth^far the same sum^ it would have cost him 4 

francs mare per yard. How many yards did hepwrchflse ? 

16 V 
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press the price per yard. If, for 240 francs, he had received-3 

yards less, that is x— 3 yds, the price per yard in this hypothe- 

240 
sis would have been represented by -. But, by the enuncia- 

tion this last price exceeds the first by 4 francs. Therefore, we 

have the equation. 

240 240 , 
=4 ; 

whence, by reducing x^ — 3x=180, 



3 /§ 
2 ^4 



3±27. 



therefore a:=15, and x= — 12. 

The value a;=I5 satisfies the enunciation ; for, 15 yards for 

240 
240 francs, gives -tt-, or 16 francs for the price of one yard, 

and 12 yards for 240 francs, gives 20 francs for the price of one 
yard, which exceeds 16 by 4. 

As to the second solution, we can form a new enunciation, 
with which it will agree. For, go back to the equation, and 
change x into — Xj it becomes, 

240 240 , 240 240 

=4, or s=4, 



— X — 3 — X X a: + 3 

an equation .which may be considered the algebraic translation 
of this problem^ viz. : A certain person purchased a number of 
yards of doth for 2A0 francs : if he had paid the same sum far 
3 yards more, it would have cost him 4 francs less per yard. 
How many yards did he purchase ? 

Answer, x=12, and x=— 15. 

I 

N. B. Hence the principle of No. 59 is confirmed for two 
problems of the second degree, as it has been for all problems 
of the first degree. (See No. 99.) 

Problem 3d. A merchant discounted tiro notes, one of 8776 
francs f payable in 9 months, the other of 7488 francs, payable 
in 8 months. He paid 1200 francs more for the first than 
the second, ^t what rate of interest did he discount them ? 

Soluiion. To sunplify the operation, denote the interest of 
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100 francs for one month by x, or the annual interest by ISLr ; 
9x and Bx are the interests for 9 and 8 months. Hence 
100 + 9:r and 100 + 8x, represent what the capital of 100 francs 
will be at the end of 9 and 8 months. Therefore, to determine 
the actual values of the note for 8776 francs, and 7488 francs, 
make the two proportions, 

877600 

100 + 9:c: 100 :: 8776 : tt^^t-tT ^ 

100 + 9x 

748800 
100 + 8X : 100 :: 7488 : ——---; 

100 + 8x 

and the fourth terms of these proportions will express what the 
merchant paid for each note. Hence, we have the equation 

877600 748800 

=1200* 

100 + 9x 100 + 8x 

or, observing that the two members are divisible by 400, 

2194 1872 

100 + 9X 100 + 8.T"" ' 
Clearing the fraction, and reducing, it becomes, 

216x3 +4396x= 2200; 

2198 , /2200 (2198)» 
whence x=- ^le" =*^ V oie +"(216)^ ' 

Reducing the two terms under the radical to the same de- 

— 2198 ±V^ 5306404 
nominator, x= — • ^To » 



1.,. t. ... .^ — 2198±\/5306404 

or multiplying by 12, 12x= — • 

lo 

To obtain the value of 12jr to within 0,01, we have only to 
extract the square root of 5306404 to within 0,1, since it is 
afterwards to be divided by 18. 

This root is 2303,5 ; 

2198—2303,5 
hence 12x= ~ ; 

105,5 
and consequently, 123:= =5,86, 

—4501,5 
and 12r= -^=—250,06. 

lo • 
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• The positive value, 12x=5.86, therefore represents the rate 
of interest sought. 

As to the negative solution, it can only be regarded as con- 
nected with the first by an equation of the second degree. By 
going back to the equation, and changing x into — x^ we conid 
with some trouble translate the new equation into an ennncia* 
tion analogous to that of the proposed problem. 

Problem 4th. A man bought a horse^ which he sold after 
some time for 24 dollars. At this sale^ he loses as much per 
cent, upon the price of his purchase, as the horse cost Atm* 
What did he pay for the horse ? 

Solution. Let x denote the number of dollars that he paid 
for the horse, x — 24 will be the expression for the loss he sus- 
tained. But as he lost x per cent, by the sale, he must have 

X 

lost T^ upon each dollar, and upon x dollars he loses a sum 

x^ 
denoted by — - ; we have then the equation 

77^=^ — 24, whence x^—lOOx^^ — 2400. 

and :r=50db ^^2500— 2400=50±10. 
Therefore, ;r=60 and .r=40. 

Both of these values satisfy the question. 
For in the first place suppose the man gave 60 for the horse 
and sold him for 24, he loses 36. Again, from the enunciation, 

. .^ ,,. «^ . . . 60 ^ ^ 60X60 

he should lose 60 per cent, of 60, that is, —z of 60, or , 

which reduces to 38 ; therefore 60 satisfies the enunciation. 

If he paid 40 for the horse, he loses 16 by the sale ; More- 

40 
over, he should lose 40 per cent. of40x— :, which reduces to 

16 ; therefore 40 verifies the enunciation. 

Discussion of the general Equation of the Second Degree, 

As yet we have only resolved problems of the second degree, 

in which the known quantities were expressed by particular 

numbers. To be able to resolve general problems, and interpret 

al/ of the results obtained, by attributing particular values to 
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the given quantities, it is necessary to resume the general equa- 
tion of the second degree, and to examine the circumstances 
which result from every possible hypothesis made upon its coef- 
ficients. This is the object of the discussion of the equation of 
the second degree. 

Previous to this discussion, we will explain another method of 
resolving an equation of the second degree, which will lead to 
some important properties of the values of the unknown quantity. 

It has been shown (93) that every equation of the second de- 
gree can be reduced to the form 

x^-^-px^q .... (1), 

f and q being numerical or algebraic quantities, whole numbers 
or fractions, and their signs plus or minus. 

If, in order to render the first member a perfect square, we 

add ^ to both members it becomes 
4 

or(x+|)'=y+^. 

Whatever may be the value of the number expressed by 

q^—^ its root can be denoted by m^ and the equation becomes 
4 

(x-f|)'=mS or (^+1) — w«=0. 

but as the first member of this equation is the difference between 
two squares, it can (19) be put under the form 

^x+|_wj).(:r+| + m)=0; . . .(2). 

in which the first member is the product of two factors, and the 
second is 0. Now we can render the product equal to 0, and 
consequently satisfy the equation (2) in two different ways : viz. 

By supposing x+|— m=0, whence ^= — |+wi. 
or supposing ^+|+m=0, whence x= — ^T'"^* ^V ' 
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or subsliluling for m its value, < 1 . 

It is evident that we can render the first member of eqaadon 
(2) equal to 0, by substituting such a number for x^ as will caase 
either of its factors to vanish. 

Therefore as equation (2) is a consequence of equation (1), 
and reciprocally, every equation of the second degree adndU of 
two values for the unknown quantity ^ and cannot have any 
more. This method, which is perhaps a little longer than the 
first, has the advantage of showing more clearly that there are 
two values of the unknown quantity, and two only. 

98. These values have some remarkable properties. 

Firstly J since the equation 

x^ +pxz=q, or x^ -^-px-^q^O 
can be transformed into (^-f-^ — wi) (a:+^-f-^)=0,»i being 

equal to v 94--j > it follows, that the first member x* +px— q 

of every equation of th^ second degree^ of which the second 
member is 0, is composed of the product of two binomials of the 
first degree with respect to x, having x for a common term^ 
and the two values of x taken with contrary signs for their 
second terms. 

From this property, by means of which the equation may be 
obtained when the values of the unknown quantities are found, 
these values are called the roots of the equation. 

Thus, the equation x^ -\-2jr — 28=0 being resolved, gives 
j:=4, a;=— 7. The first member results from the product .... 
{x—A) (x + 7) ; for it becomes 

x^ — 4x + 7x— 28=:t'3 -f 3^—28. 

Secondly. If we denote the two roots of the equation by x^ and 
a?", we have from the preceding property 

x^ -^px — q={x — x') {x — x'% 
or by performing the operation indicated, 

x' +px—q=x'' — {x^+x")X'\-x'x'\ 
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By comparing the analogous terms, we find 

Hence, 1st. The algebraic s^itm of the two roots is equal to the 
coefficient of th£ second term of the equation, taken with a con- 
trary sign. 2cl. The product of the two roots is equal to the 
last term of the equation; i. e. the known quantity, when trans- 
paged into the first number. 

These two properties can be verified from the general ex- 
presMons for the two roots. 

For by adding 

we obtain, 

and by multiplying them together, we have 



'^=-^ + ylg + PL tOX"=-|-Vy + ^ 



=?-(r^?)=-.. 



N. B. The preceding properties suppose thSt the equation 
has been reduced to the (6rm,x^-]-pa: — q=0 ; i. e. 1st. That 
every term of the equation has been divided by the coefficient of 
X'. 2d. That all the terms have been transposed and arranged 
in the first member. 

Discussion. 

99. The general equation x^ -\-px=^q being resolved, gives 



=~s±^/7^-^• 



In order that the value of this expression may be estimated, 
either exactly, or by approximation,, it is necessary (85) that 

the quantity under the radical, i. e. q^-z > should be positive. 
Now ~- being necessarily positive, whatever may be the sign of 



V 
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Pj it follows that the sign of 9+ ~- will principally depend upon 

that of ^, or the known term of the equation. 

This being the case, let us first suppose q positive^ then the 
equation will be of the form x^±px=-]-q. It is visible that 
the two values ofx are real, and may be determined exactly, if 

q+^is a perfect square, or to any degree of approximation we 

please, if it is not. The frst of these two values is positive, 
and answers directly to the equation, or to the problem of 
which this equation is the algebraic translation ; for the radical 

P^ • - P 

q+^ being numerically greater than^, the expression . . • 

P I P^ • . 

:f^+\/y-f — is necessarily of the same sign as that of the 

radical. 

For the same reason, ihe second value is essentially negaHwe, 
since it should have the same sign as that with which the radical 
is affected. Considered independent of its sign, it does not 
answer to the equation in the sense in which it was stated, but 
to this equation when x has been replaced by — x ; that is, to 
x^^px=q> In fact, this new equation gives 

values which only differ from the preceding in their signs. 

100. Suppose q essentially negative^ in which case the equa- 
tion is of the form x^±px=—q, and the values ofx are 



2 V 4— Y- 
In order that this root may be extracted, it is necessary that 

g< — . When this condition is satisfied, the two values are real. 

Ip^ P 

Moreover, since VV — 9 ^^ numerically less than ^, it fol- 
lows that these values are both negative, when p is positive in 

the equation ; that is, when the equation is of the form 

X' +/?x=— y ; and they are both positive^ when p is negative; 
that iSf when Che equation is of the form x« — px=— q'. 
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The same consequences would result from the two following 
properties of the equation x^ +px — q=0, viz. : The algebraic 
9Ufn of the roots is equal to the eoejficient of the second term^ 
taken trith a contrary sign^ and their product is equal to 
the last tertOy or the known term transposed into the first 
fnember, ^ 

For suppose q positive in this second member, and consequent- 
ly negative in the first, it follow ■: that the product of the two 
roots is negative ; hence, they have contrary signs* 

Moreover, their sum will be negative or positive according 
as |i is positive or negative ; or the root of the greatest nume- 
rical value will have its sign contrary to that of the coefficient 
p. But when q is negative in the second member, and conse- 
quently positive in the first, the product of the two roots is posi- 
tive ; hence they are of the same sign^ viz. both negative when 
p is positive, and both positive when p is negative, for in the first 
case their algebraic sum is negative, and in the second it is po- 
sitive. 

It might be shown a priori that, when q is negative in the 
second member, and p^ negative in the first, the problem ad- 

mits of two direct solutions, provided ?< x • 

The equation x' — px=: — y, may, by changing the signs of 
both members, be put under the form 

px — x^ =qy or x{p — x)=q. 

Now this new equation is evidently the algebraic translation 
of this enunciation, viz. : Divide a given number p, into two 
iueh parts that their product shall be equal to another given 
number q ; for if we denote one of the parts by x, the other will 
be denoted by p — x^ and their product will be expressed by 
x{p — x). 

This being the case, I say at once, that the enunciation of 
the problem admits of two direct solutions. To prove it, we 
will remark that the equation is always the same, whether x de- 
notes the greater or less part ; therefore when the equation is 
resolved, there is no reason why it should give one part rather 
than the other ; it must therefore give them. both at the same 
time. 

OtkerwisCf the two required parts are such, that their sum 
Jkall be equal to/», and their product equal Xo q. '^OHi^^^'tA 

17 
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relations exist between the roots and coefficients of the equa- 
tion x^ — fx= — qy or x^ — ■px+q=0 ; hence the two required 
parts are equal to the two roots of this equation. 
In the second place, in order that the problem may be po8»- 

ble, we must have a<-r- 

4 • 

For whatever may be the two required parts, their difference 

can be denoted by d ; and as their sum isp^ we will have, by tke 

p d 
theorem (4) • • ^ + «' ^^^ ^^^ greater part ; 

and • • 5— o> for the less part. 
Taking the product of these expressions, we have 

T~4- 

which is essentially less than — , unless the two parts are sup- 
posed to be equal, in which case £{=0, and the product redtt> 
ces to ^. It is therefore absurd to require that the product, 

which is represented by y, should be greater than — . Whence 

we may conclude, that when the hxown qmntity is negative in 
ike second member, bui numerically greater than the square of 
half of the coefficient of the second term^ the proposed question 
is absurd. 

Remark. It also follows, that the greatest product thai can 
be obtained, by decatnposing a number into ttco parts, and mulr 
tiplying these two j)arts together, is thescjuareofkalfoftlie num- 
ber. For we have just seen that this product can be expressed 

p^ d^ v^ 

by -z -, which is less than^, but which becomes equal to 

4 4 4 

it when we suppose d=0, or tlie two parts equal. 

101. 1st. If, when q is negative, Uiatis, when the equation is 

of the form x^ -^px= — q (p having either sign), we suppose q= 

^, the radical part of the two values of x becomes 0,.and 

P 
both of these values reduce to ar= — ^ : ihe two roots areiken 

^td^o be equal. • 
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In fact, by substituting — for q in the equation, it become^ 
«* +jP'2:^=— J-, whence 

:r»+;?:r+^=0, or (^+|) =0. 

In this case, the first member is i\\e product of two equal fac- 
tors. Hence we may also say, that the roots of the equa- 
tion are equal, since in this case the two factors being placed 
equal tQ zero, give the same value for x, 

2d. If, in the general equation, x^ +px=q^ we suppose 

0=0, the two values of :r reduce to x = --^-l-^, ora:=0, and 
^ 2 2 

P P 
toa:=----, orx=-jp. 

In fact, the equation is then of the form x* +px=Oj or 
a: (x+jp)=0, which can be satisfied either by supposing :r=0, 
ora:+j9=0, whence a:= — p. 

3d. If in the general equation a>^ -{-px=q^ we suppose |7=0, 
there will result x^=q, whence x=±y/q; .that is, in ttiis case 
the two values of x are equals and have contrary signsy real 
when g is positive, and imaginary when q is negative. The 
equation then belongs to the class of equations involving two 
terms, treated of in iVo. 92. 

4lh. Suppose we have at the same time |?=0, y=0; the 
equation reduces to a:^=0, and gives two values of jr, 
equal to 0. 

102. There remains a singular case to be examined, which 
is often met with in the resolution of problems of the second 
degree. 

For this purpose, take the equation ax^ +bx=c. This equa- 

— b± -/^^ -f- 4ac 
tion gives x= ^ 

Suppose now, that from a particular hypothesis made upon 
the given quantities of the question, we have a=0 ; the ezpres- 



—b±b 
sion for x becomes a: = — - — , whence 
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The second value is presented under the form odnfini^f and 
may be considered as an answer when the proposed quefCioiii 
will admit of infinite solutions. 

As to the first -, we must endeavour to interpret it. 

In the first place, by examining the equation, we see that 
the h3rpothesis a=0 reduces it to bx=^Cf whence x=jr, zjbdie 
and determinate expression, which ought to be considered as 
representing the true value of - in the present case. 

But to leave no doubt upon this subject, we will resume the 
equation ax^ 4-6a;=c, and suppose x=- ; there will resak 

^ -f -=c, or cya— *j_a=0, ^ 

(by clearing the fraction, and transposing.) 
Now, suppose a=0 ; this last equation becomes ly' — ^=0^ 

and gives two values,y=0,y=— 

c 

Substituting these values in tlie. relation x= -, we have 

1 ^_ C 

1st. x=-, 2d. j:=t* 
o 

If, besides the hypothesis a=0, we have also 6=0, the value 
x=-7 becomes -, or infinite. 

And in fact, the equation cy^ — by — a=0, in this double 
hypothesis reduces to cy^ =0, in which the two values of y are 
equal to ; therefore the corresponding values of a: are 
vifinite. 

If we had at the same time a=0, 6=0, c=0, the proposed 
equation would be altogether indeterminate. 

This is the only case of indeleriniiiatioii that the equation of 
the second degree presents. 

We are now going to apply the principles of this general 
discussion to problems which will give rise to all the circum* 
stances which are commonly met with in problems of the 
second degree. 
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Problem of the Lights. 



C" ^ C B 



x/ 



103. Problem 15. Find upon the line which joins two lights^ 
A and J7, of different intensities^ the point which is equally 
illuminated; admitting the following principle of physics, 
vis. : The intensity of the same light at ttoo different distances 
is in the inverse ratio of the squares of these distances. 

Solution. Let a be the distance A B between the two lights, 
h the faitensity of the light Ay at the units distance, c that of the 
light By at the same distance. Let C be the required pointy 
and make AQ^x^ whence BC=a — x. 

From the principle of physics, the intensity of ^, at the unity 
of distance, being 6, its intensity at the distances 2, 3, 4 • . • ., is 

•Tf Q> Tft • • • •» ^^^^^ ^^ ^^ distance x it will be expressed by 
— • In like manner, the intensity of B at the distance a— or, 

b 7 rr- ; but, by the enunciation, these two intensities are 

(a — xy ^ ^ ^ 

equal to each other, therefore we have the equation 

h c 

x^~'{a — xY* 

Whence, by developing and reducing, 



This equation gives ^= t;;^ =t y jr — - 



a^h 



cY b—c' 



J . a(b± y/bc) 

or reducing, x=^ \ ~ — ^, 



This expression may be simplified by observing, Ist. that 
b± y/bc can be put under the form >Jb. ^b± y/b. VCy or i/b 
{Vb±Vc); 2d. thdLtb—c={y/bY—{VcY={Vh+Vc).{Vb— 
Vc.) Therefore, by first considering the superior sign of the 
above expression, we have 

__ aVb{Vb+ Vc) ay/b 

^^ {Vb+ Vc),{Vb—Vc)^ Vb—Vc' 
In like manner we obtain for the secoi\d \^\\ic^ 
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__ ay/h('^b — Vc) _ a^/h 

These simplified values might be obtained immediately from 
the proposed equations. For the equation 

h c _ {a — a:Y c 

— =7 r-, becomes -^ — --^- =7-. 

«* (a— x)^' x« 6 

Now by extracting the square root of both members, we have 

Whence, by clearing the fraction and transposing, 

aWb — X y/b=z ±x y/c ; therefore, a;= — 77-, — r • 

N. B. The values first obtained were more complicated, be- 
cause the equation of the second degree was resolved by the ge- 
neral method, which is less simple than that just employed. 
We will now discuss the two simplified values. We have 

1st • . • x= ,, . — 7-, i i a — x= 



yfb^ry/c' f from which ) ^b^y/c' 



^j a^b \ we obtain / -^ay/c 



y/b—y/c' ' ^ "^"*'" ylb—yie 

In the first place, suppose that 2r>c. 

n /h 

The first value of x, ., . is positive and less than a, be- 
cause ., . is a fraction ; thus this value gives for the required 

point, a point C, situated between the points A^ and B. We see 
moreover, that the point is nearer to B than A ; for since &>r, 

we have V6-f y/boT2y/b> y/b+ y/c; whence — rz—, — r>;^f and 

y/0+ y/C 2 

a }/b . a 
consequently, ., >^. In fact this ought to be the case, 

since the intensity of A was supposed to be greater than that 
of JB. 

The corresponding value of a — x^ -jz — is positive, and 

less than -, as may easily be verified. 
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The second value of a:, ^^ , , is also positive, but great- , 

^b 
er than a ; because , > 1 • Hence this second value gives 

a second point C\ situated upon the prolongation of ^j&,and to 
the right of the two lights. We may in fact conceive that the 
two lights, exerting their influence in every direction, should 
have upon the prolongation of AB^ another point equally illu- 
minated ; but this point must be nearest that light whose intensi- 
ty is the least. We can discover, a posteriorif why these two 
values are connected by the same equation. If, instead of tak- 
ing AC for the unknown quantity x, we take AC\ there will 

result BC'=x — a ; therefore we have the equation — = 

; r-; Now, as (x — aV is identical with (a — x)^. the new 

equation is the same as that already established, which conse- 
quently should not give A C rather than A C\ 



The second value of a — x^ — 77-^ — r> *s negative, as it should 

yo — yc 

be, since we have x>a; but by changing the signs in the equa- 



^V^ . aVc 

tion a— x=— 77 T" it becomes x — a=T7 r- 5 and this va- 

y/b — Vc y/b — }/C 

lue of X — a represents the absolute value of BC. 

Let6<c. 

The first value ofx^ th^ T *® always positive, but less than 

a 

-, since we have 
2 

7ftH- y/C> y/b-\- y/b>2y/b.. 

The corresponding value of a— x, or -;.-— 7" is positive, 

and greater than -• 

Therefore in this hypothesis, the point C, situated between 
A and liy must be nearer A than B. 

The second value of x, 11 _ ~r ^^ "TZZT/h^ ^^ essentially 
negative. To interpret it, let us resume iVie ecy;ii^\ioTk)Hi\Cv\\\^ 
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comes ..•—: = -7 — ; — rr by replacing x by — x. Now, astf — af 

in the first place expressed the distance from the point J? to tbe 
required point, a-\-x ought now to express this same distancei 
which requires that the point should be to the left of ^, txC' 
for example. In fact, since the intensity of the light JS, if 
greater than that of A^ the second required point ought to be 

nearer A than B. 

_£j ^c a y/c 

The corresponding value of a — x, ^^ -7-, or .. i 

is positive, which it should be, since when x is negativci a^^^ 
is an arithmetical sum. 

Let &=(:. 

a . , 
The two first values of a: and a — x reduce to ^t which gives 

the middle of A B for the first required point. This resdt 
agrees with the hypothesis. 

The other two values reduce to — jt— 1 or infinity \ that is, the 

second required point is situated at a distance from the two 
points A and JS, greater than any assignable quantity. This 
result agrees perfectly with the present hypothesis, because, by 
supposing the difference b — c to be extremely small, without 
being absolutely nothing, the second point must be at a very 
great distance from the lights ; this is indicated by the ex- 
pression ■ the denominator of which is extremely small 

with respect to the numerator. And if we finally suppose 6=c, 
or y/b — \fc=Oj the required point cannot exist, or is situated 
at an infinite distance. 

We will observe, that in the case of 6=c, if we should con- 
sider the values before they were simplified, viz, 

b—c b—c 

The first, which corresponds to a:=— 77 r» would be- 

•y/b — yc 

2ab a y/b 

come -g-, and the second, which corresponds to , 7 -9 
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would become ^. But - would be obtained in consequence of 

the existence of a common factor, -/ft— Vc, between the two 
terms of the value of x. (See No. 72.) 

Let b=€, and a=0. 
The first system of values for x and a — a*, reduces to 0, and 

the second to -. This last symbol is that of irideUrmina' 

Hon ; for, resuming the equation of the problem, ..;•... 
(6 — c)z' — 2abx = —a^bj it reduces in the present hypothesis to 
0^*— ^.x=0, which may be satisfied by giving x any value 
whatever. In fact, since the two lights have the same intensity, 
and are placed at the same point, they ought to illuminate 
equally each point pfthe line A B. 

The solution 0, given by the first system, is one of those solu- 
tions in infinite number s^ of which we have spoken. 

Finally, suppose a=0, b being different from c. 

Each of the two systems reduce to 0, which proves that there 
is but one point in this case equally illuminated, and that it 
ike point in which the two lights are placed. 

Id this case, the equation reduces to (ft — c)x^ =0, and gives 
the two equal values, :r=0, x=0. 

The preceding discussion presents another example of the 
precision with which algebra responds to all the circumstances 
of the enunciation of a problem. 

104. Problem 16. Find two numbers^ such that the difference 
of their products by the numbers a and b, respectively, may be 
equal to a given number s, and that the difference of their 
squares may be equal to another given number, q. 

Solution. Let x and y be the required numbers ; we evidently 
have the two equations, \ ^f "" 'IfZ*' 

Prom the first, we obtain x=— — , which, substituted in 

a 

the second, gives 

{a^—b^)y^—2bsy=s^—a^q (1) ; 

hence, 



bs±ayfs^ — q{a^ — 6«) 

a' ' 
18 
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Substituting the value of^ in the expression for Xf itbecomet 






whence x = ^^ 



a 

a 

(It must be observed here that, in the two values of y and x, 
the superior signs correspond with each other, as also the infe- 
rior signs). 

Discumon. In what follows, we will suppose that a, &, q^ «, 
are absolute numbers ; if they were not, certain terms in the va- 
lues of X and y would change their signs, and it would be ne- 
cessary to make these changes before discussing them. 
Suppose a>b^ whence a' — 6^ ispaniive. 

In order that the two values of x and of y may be real, we 
must have 

y(a«-6«)<««, whence y< ^a_^, > 

Suppose thi$ last condition fulfilled, and let us determine the 
signs with which the two systems of values are affected. 



^as+by/s^ — y(a« — ft«) 

The first system is < , 

^ bsi-avs'—qia^ — 6«) 

The two values of this system are necessarily positive, and 
consequently form a direct solution of the problem in the sense 
in which it was stated. 



as — 6V^«« — q(a^ — b') 

7*==: 

a^—b^ 

The second system is < , , — 

^ ^ ^bs—ays^ — q{a^ — b') 

^^ a^—b^ * 

The value of a; is essentially positive; for a>6 we have 

as>bSf and a fortiori^ as >bVs^ — q{a^ — 6^), since the radical 

is less than s. 

As to the value of 9, it may be positive or negative- 
In order that it may be positive, we must have 
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Whence by squaring 6*«* >a'«* —a^q{a' —ft*) ; 

or, adding a'q (a*— 6*) to both members, and subtracting &'«', 

Whence, dividing by a^ {a' —6* ), y > — • 

Therefore, in order that the second system may be a real and 
direct solution^ it is necessary that 9<-5—|t, but 5r>—, that 

is, that q may be comprised between the two numbers — 

and- 



*2 

The condition q>— might be more easily obtained from the 

a 

equation involving q. 

This equation being {a^ — ft^)y* — 2b8y=:s' — a^y, we see 

that, in the hypothesis a>ft, it will be of the form . . • a;'— ^ 

= — q when a^q>s^ or q>— ; and we know (100) that the two 

t* 

roots are then both positive. If, on the contrary, we had q<i — , 

in which case we would have <7<-i — 7;:i the value of v for the 

•" a^ — 0^ ^ 

second system would be negative^ and this system (considered 

independently of the sign fory) would no longer be a solution 

of the problem, in the sense in which it was stated, but of the 

( ax\hu^=e )* 
problem whose equations would be j , a __ ( » ^^^ would 

only differ from the proposed problem in this, that t would ex- 
press a 9um instead of a difference. Therefore, in the case 
where a >ft, the problem admits of two real and direct mcImt 
tionSy so long as we have 



" -.« 



s 

and it admits of but one when we have <7<— r* 

^ a' 

By taking any absolute numbers whatever, for, a, ft, t, |>ro- 
vided however that a is > ft, and afterward Caking for q^ wx^ 
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number comprised between the two limits — and "T^Tjt ^^ ^"" 

be certain of obtaining ttco direct solutions. 

For example, let a=6, 6=4, «=15, whence we deduce 

s' _22S_ 1 s^ 225 1 
a«"" 36 ""^4' a'—i6>"" 20~ ^4*, 



We can now suppose 9= 10, and we have 

6X15±4 a/225— 20X10 90±20 11 .7 
"^^ 20 =""20~=^ *"^ 2' 

4X 15±6 V225— 20X 10 60d=30 9 ^3 

v= = :^sr and ::. 

^ 20 20 2 2 



11 9 



2'^ 2 



7 3 



The solutions a;=-^, y =5 ^=o> y=0> evidently form two 



2' 



cbrec^ solutions of the equations 

6a:— 4^=15, 
x«— y»=10. 

But if we suppose a=6, 6=4, s=l5, q=5i it will be easily 
ascertained that, of the two systems, the first only will give a 
direct solution. 

Particular cases which are involved in the hypothesis a>6. 

S' 



Let ?= ^a_^a > whence q{a^ — b')=s^, 

Tlie two systems of values of x and y reduce to 

a^ bs 

Therefore, in this hypothesis Uiereis but one sohition of Ae 
problem, and it is direct. 



s 



a 



Again, take q=— ; whence «^=a"5', and s=^a'/q. 



a 



_as-^by/b^qa' 4-6* 



The first system becomes < ^„ , „- g. , 

•^ J ^os+avb^q 2ab 
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nH Aa "~ '^ !f' 

The second ^ , ;,, 

In fact, suppose s^=a^q in the equation involving onlyy ; 

it reduces to (a' — b^)y^ — ^26jy=0, whence we deduce y=0, 

fbs 2ab 

y= a_ra = a^Aa 'v^?' Substituting each of these values in the 

equation x=-- , we have 

s ^ a^+b^ ^ 

a ^' a^ — ^» ^ ^ 



Suppose that a<Cb, whence a^ — b^ is negative. 

The expressions for x and y can be put under the form 



_ —as^:by/s' +y(6^— a' ) 



_ — bs::fa Vs^ +q(b' —«*). 
^ 6« — »« 

All of these values are real, since the quantities under the 
radical are essentially positive. 

With respect to the signs, the first value of z (and that of y 
also) is essentially negative. Therefore these values, inde- 
pendent of their signs, are not answers to the proposed equa- 
tions, but to the equations by — {ix=^Sy x' — y^=^qj in the first of 
which, the order of the difference bettoeein the products ax and by 
is reversed. 

The second Value ofx is necessarily positive, for froin&>a 

we deduce b^s^ +q{b^ — a^)>a*, since the radical is numeri- 
cally greater than s. 

But the second value of y is not always positive. In order 
that it may be, we must have the relation 

whence, by squaring a^s^ +a'g(&'— a* )>&*«*, 

or, transposing a's^ a^q{b'—a^)>{b^ — «*)**f 

s' 

and dividing by a" (6* — a') ?>"7* 

a 

By giving to a, &, «, q, particular values, sucih that we waxy 



142 Algebra. 

have byUf and 9>— , the problem will still be susceptibfe qf0 

direct solution. 

Lcutlffy let a=b; whence a' — 6*s=0. 
In this hypothesis, tlie first system of values becomes 

2a$ 2as 

and the second ^"^^ ^^o' 



But resuming the equation (a'—b^)y — 2%=**— a«y, 
which, when we make a=6, reduces to — 2as3f^i^ — a"y. 



from which we deduce y= — 2*7"' 

by-\-i 
and the expression for x in terms of y, a:= — — -, gives 



a 

^ 208 

(By a procedure analogous to that of No. 102, \i%. making 

y=- in the equation involving only y, we would obtain the same 

z 

results). 
In order that the solution a;= — |--— ,y= — |--- — , maybe 

direct y we must have y>-^' 

Of Inequalities. 

105. In discussing the two preceding problems, we have )^ad 
occasion to suppose several inequalities, and we have performed 
transformations upon them, analogous to those executed upoo 
eqtiolities. We arc often obliged to do this, when, in discussing 
a problem, wc wish to establish the necessary relations between 
the given quantities, in order that the problem may be suscepti* 
blc of a direct, or at least a real solution, and to fix, with the aid 
of these relations, the limits between which the particular values 
of certain given quantities must be found, in order that the 
enunciation may agree with such or such a circumstance. Now, 
although the principles established for equations are in general 
applicable to inequalities, there are ue\eT\\\e\«%%^ln&e1Lfxsfl^CMQW^ 
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of which it 18 necessary to speak, in order to put the beginner 
upon his guard against some errors that he might commit, in 
making use of the sign of inequality. These exceptions arise 
from the introduction of negative expressions into the calculus, 
as quantities. ^ 

In order that we may be clearly understood, we will take 
examples of the different transformations that inequalities may 
be subjected to, taking care to point out the exceptions to which 
these transformations are liable. 

Transformation by addition and subtraction. fVe 
may J without any exception^ add the sanie quantity to^ or sub- 
tract it from^ the two members of any inequality whatever. The 
inequality always subsists in the same sense. 

Thus, take 8 > 3, we still have 8 + 5 > 3 + 5, and 8 — 5 > 3 — 5. 

In like manner, — 3< — 2 gives — 3-f 6< — 2 + 6, and 

— 3 — 6<— 2— 6. This is evident from No. 63. 

This principle serves to transpose certain terms from one 
member of the inequality to the other. Take, for example, the 

inequality a^ -\-b^ >3b^ — 2a^ ; there will result from it 

a* +2a' >'ib^—b\ or 3a^ >2bK 

We can, without exception, add together, member to member j 
two or mare inequalities established in the satne sense; and the 
resulting inequality will subsist in the same sense as the 

proposed* Thus, from a>6, c>d, e?>/ , there results 

a+c-\'e>b-\-d+f. 

But this is not always the case, when we subtract, member 
from member, two inequalities established in the same sense. 

Let there be the two inequalities 4<7 and 2<3, we have 
4— 2 or 2< 7— 3 or 4. 

But if we have the inequalities 9<10 and 6<8, by sub- 
tracting we have 9 — 6 or 3 > 10 — 8 or 2. 

We should then avoid this transformation as much as possi- 
ble, or if we employ it, determine in what sense the resulting 
inequality exists. 

Transformation by multiplication and division. The 
two members of an equality may be multiplied by a positive or 
absolute number, and the resulting inequality will subsist in the 
same sense. 

Thus, from a<b we deduce 3a<3b; aadCtom 
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This principle serves to make the denominators disappear* 
From the inequality — ^-i— > — , we deduce, by moltH 

plying by 6arf, 

3a(a2_ft2) >2d(c» -rf^). 

The same principle is true for division. 

But when the two members of an inequality are mnliipUed or 
divided by a negative quantity ^ the inequality subrigts in a coih 
trary sense. 

Take, for example, 6>7; multiplying by — 3, we have 
-24<-21. 

8 6 1 

In like manner, 8>7 gives — -j or -"«<"«• 

Therefore, when the two members of an inequality are multi* 
plied or divided by a number expressed algebraically, it is 
necessary to ascertain whether the multiplier or divisor is nega- 
tive ; for, in this case, the inequality would exist in a contrary 
sense. 

In the problem of No. 104, from the inequality 

a»gr(a»— *»)>«= (a«—**), 

s^ 
We have been able to deduce q > — , by dividing by • • • • 

a 



a^{a^ — 6^), because we have supposed a>6, or a* — 6*,' 
positive. 

It is not permitted to change the signs of the two members of 
an inequality unless we establish the resulting inequality in a 
contrary sense ; for the transformation is evidently the same as 
muhiplying the two members by — 1 . 

Transformation by squaring. Both members of an inequali- 
ty between absolute numbers can be squared, and the inequality 
will exist in the same sense. 

Thus from 5>3, we deduce 25 >9; from a-f 6>c, we find 
(a+by>c\ 

But when both members of the inequality are not posiHve^ we 
cannot tell before the operation is performed, in what sense ike 
resulting inequality will exist. 

For example, — ^2<3 gives ( — 2)^ or 4<9 ; but — 3> — 6 
^ves, on the contrary, ( — 3)" or 9<( — By or 25. 

We must then, before squaring, ascertain whether the two 
members can be considered as absolute numbers. 
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Transformation by extracting the square root. The square 
root of the two members of an inequality bcttceen absolute mmr 
hers may be extracted^ and the inequality will exist in the same 
sense between the numerical values of the square roots. 

We will observe, in the first place, that it cannot be proposed 
to extract the square root of the two members of an inequality, 
ukleu they are essentially positive^ for otherwise imaginary ex- 
pressions would be obtained. 

But when we have 9<25; we deduce from it ^/% or 
3< V25or5. 

From a' >b' we deduce a>&, if a and b express absolute 
numbers. 

In like manner the inequality a^ >(c — by gives a>c— 6 if 
we suppose c greater than 6, and a > b — c when we suppose that 
b is greater than c. 

When the two members of an inequality are composed of addi- 
tive and subtractive terms, care should be taJcen to uritefor the 
square root of each member^ a polynomial in which the subtrac- 
tions will be possible. 

Problems. 

106. Problem 7. Two merchants each sold the same kind of 
stuff; the second sold ^yards more of it than the firsts and to- 
gether^ they receive 35 crotcns. The first said to the second^ 
I would have received 24 crowns for your stuff; the other re- 
pUedf and I would have received 12^ crowns for yours. How 
many yards did each of them seU9 

C ^ 1st merchant x=l5 x=5, ) 
\^'-2A y=lB°'y=S.\ 

Problem 8. A merchant has two notes out^ one for 6240 /mncf 
payable in 8 months^ the other 7632 francs payable in 9 months. 
He draws in these two notes^ and in place of them gives one for 
l^^SQ francs payable in one year. Whatis the rate of interest 9 

(Ans. 10.33 per cent.) 

Problem 9. A widow possessed 13000 francs^ which she divid- 
ed into two parts J and placed them at interest^ in such a manner ^ 
that the incomes from them were equal. If she had put out the 
first portion at the same rate as the second^ she would have 
drawn for this part 360 francs interest, and if sfce hod ^^UmmI 

19 
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ihe gecandout at thesame rateasthefrrst^ skewaiddhmfe droum 
far it 490 francs ifUerest What toere ihe ttDoraieg ofm^ 
terest? 

N. B. The equation of this problem can be resolved in m 
more simple way than by the general method. 

Problem 10. Find two nctai^les^ knoicing the turn (q) of 
their mrfacet^ the sum (a) of their bases j and also the smfaees 
(p andp') when to the base of each of them tee give the altOude 
of the other. 

Resolve this problem, and discuss it. 

\ Ans. Base of the first, x = ^*- ^^. - ^, . ^ [ 

Problem 11. Divide two numbers a, and b, eoci into two 
parts ^ such thai the product of one part of 9l by a part of h^ 
may be equal to a given number p, and that the product of the 
remaining parts of a andh maybeequal to atiother given mumr 
ber p'. 

Resolve this problem and discuss it. 

Problem 12. Find a number ^ such that its square may be to 
the product of the differences between this number and two 
other numbers, a and b, in the ratio ofp : q. 

This last problem is recommended, not only because its dis- 
cussion presents new applications of the rules for inequalities^ 
but because the formulas obtained from it contain implicitly the 
solutions of a great many analogous questions, the enunciationt 
of which only difier as to the sense of certain conditions. 

Questions of Maximum and Minimum. Properties of TVifio- 

mials of the Second Degree. 

107. There is a certain class of problems, frequently met 
with in the application of algebra to geometry, which refer to 
the theory of equations of the second degree. The object of 
these questions is to determine the greatest or least values that 
the result of certain arithmetical operations effected upon mMi- 
bers may receive. 

Suppose the question proposed is : To divide a given number^ 
2a, into two parts^ the product of which shaU be ike greatest 
possible^ or a maocimum. 
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Denote one of the parts by x, the other will be 2a — x. and 
their product x{2a — x). By giving x different values, thig 
product will pass through- different states of magnitude^ and it 
is required to assign that value to x, which will render this pro- 
duct the greatest possible. 

Denote this greatest product, which is unknown, by^; we 
will have from the enunciation the equation 

x(2li — x) =y. 

Proceeding as though y was known, we find the value of 
X to be 

x=a± 'J a^ — y. 

Now this result shows that the two values of x cannot be real, 
unless we have ^<a^, or at most y ==a' ; whence we may con- 
clude that the greatest value that y, or the product of the two 
parts, can receive, is a*. But by making y=a^j we find xssa* 

Therefore, to obtain the greatest productj it is necessary to 
divide the given number into two equal parts^ and the maxi- 
mum obtained is the square of half of the number^ a result 
which has already been obtained by another method. (No. 100). 

More simple solution. Let 2:r be the difference" between the 

two parts ; since their sum is expressed by 2a, the greater will 

2a+2r 
be represented by — - — , (No. 4), or a+x, the less bya— x, 

and the equation will be (x+a) (x — a)=y ; or, performing the 
operation indicated, a' — x^=y; whence, 

x=±'^a^—y. 

In order that this value of x may be real, it is necessary that 
the value of^ should not.be greater than a^, and making y=a', 
we have x=0, which proves that the two parts must be equal to 
each other. 

This solution has the advantage of leading to an equation of 
the second degree, involving two terms. 

108. N. B. In the above equations, x{2a — x)=yj and . • • 
(a-k-x) {a — ^)=y, the quantity x is called a variable^ and the 
expression x(2a — x), or {a-\-x) (a — x)^ is said to be a function 
of the variable* This function, represented by y, is itself 
mnother variable^ the value of which depends upon that attri- 
buted to the first. For this reason, analysts %ome^tii»i ^*%&^ 
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die first tbe independent variable^ whilst the second, or jr, n^ 
chives values depending upon those attributed to x. 

By resolving tbe two equations x(2a — d7)sy, and »••••• 
(•+x) (a — x)^yi with reference to x, which gives 

and x=±Va«— y, ^.• 

we can consider y as an independent variable f and x as a cerfaia 
function of this variable. 

109. Suppose that it is required to divide a mMMier Sa, into 
two parts, iuch thai the sum of their square roots shaU be a maxi' 
mum. 

Call one of these partsx', the other will be, 2a— x', and the 
espressioB for the sum of their square roots will be x-h 

V2a— X* ; it is requured to determine the moxiaitMi of Ihb' ci* 
.pression. 

Suppose X + V2a — x« =f. 
in order to resolve this equation, it is necessary to get dear 
of the radical. By transposing the term x, into the second 
her, we have 

\^2a— X* =y — X, 
whence, by squaring, 2a — x* =y* — 2jfX+z'f 

or, arranging it with reference to x, 2x* — 2xy=:2a — 5f*, 



'=U'4 ■ "''' 



from which we find x=x iv -r -t 

or,' simplifying, ^ x=^±xV4a— y*. 

Jn order that these two values of x may be real, it is necessary 
that y* should not exceed 4a ; hence 2 y/a is the greatest vahns 
that yean receive. 

But by makingy=2 ^a we find x= \/a, whence x*==a, and 
Za — x» =a. 

Therefore, the given number 2a «7iti«/ ie divided intvtwo equal 
partSy in order that the sum of the square roots of these parts 
may be a maximum. This maximum is moreover equal to fi V^. 

For example, let 72, be the proposed number ; we have 72= 
36 + 36 ; whence V36+ x/36=12 ; this is the maximum of all 
the values that can be obtained for the sum of the square roots 
of the two parts of 72. 
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In fact} decompose 72, into 64 + 8; we baye V^^^^i V8=3 
2+ a fraction ; whence V64+ V8=10+ a fraction ; again 72 
=49+23; we have ^49=7, V23=s4+ a fraction; hence 
V49+ V23=ll + a fraction. 

For a third example we will consider the expression 

7 -T— 9 which it is required to render a minimnm. {m be- 

ing supposed >n.) 

•i^j?* +w* 
Suppose ^—; ■^r-'=^y ; whencem«x* — (m* — n*)ya:=— n* ; 



(ma — iiMv 1 / '- 

we deduce from itx=^^ — 2~^'^2w«"^*^'~^'^'^* — 4«i*n«. 

NoW| in order that the two values of x, corresponding to a 
value of y may be real, it is necessary that (m'^it')'y', should 
not be less than 4m' n', and consequently that y should not be 

less than—;: -. Therefore — ; is the mimmum value 

that the function y can receive. 

But by making y = — j, in the expression for ar, the radi- 

cal will disappear, and the value of x becomes 

m* — n« 2mn n 

2w» wi* — n^ m* 

n 
Hence this value x= — will render the proposed expression 

a mimmum. i 

110. These examples will suffice to point out the course to he 
followed f in the solution of questions of this kind. After ha/v^ 
ing formed the algebraic expression of the quantity which is 
susceptible of becoming a maximum or minimum^ place it equal 
to some letter, as y. If the equation thus obtained is of the se^ 
cond degree in x (x denoting the variable quantity which enters 
into the expression) ^ resolve it with reference to x, then place the 
quantity under the radical equal to zeroj and from this last 
equation find the value of y, which will represent the required 
maximum or minimum. Substitute this value of y in the ex- 
pression for X, afid we will have the value of this variable^ which 
will satisfy tlie enunciation. 
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N. B. If it should happen that the quantity under the radted 

remains essentially positive, whatever value be given to jr, we 

may conclude that the proposed expremon can pan through €00- 

ty possible state of magnitude ; in other words, it woudd ham 

infimtyfor its maximum, and zero for the minimum. 

4i:s+4i? — 3 * 
For another example take the expression ai^x^W ' 

find whether it is susceptible of a maximum ot mimmmm. 

Take - ^.^ . ,, =y, there will result 

8y_l 1 . 

4x« — 4(dy^— l)x=6y +3, whence x^ ^ =*=5^Sjjf* +4» 

Now whatever value is given to y, the quantity under the 
radical will always be positive. Therefore y, or the propoied 
expression, can pass through every state of magnitude. 

In the preceding examples, the quantity under the radical, in 
4b^ value of x^ contained but^ two par^, one affected with y or 
y', and the other entirely known ; and th^ maximium or mini' 
mum of which the function was susceptible was easily obtained, 
but it may happen that the quantity under the radical is a tri- 
nomial of the second degree of the form my^+ny-Vp. In this 
case the question becomes more diCScult, and to be able to re- 
solve it, it is necessary to demonstrate some properties relative to 
these trinomials. 

Properties of Trinomials of the Second Degree. 

111. Every algebraic expression which can be reduced to the 
form my* +ny+j') is called a trinomial of the second d^ee; 
m, n, and p^ being knotcn quantities^ + or — -, y designating a 
variable^ that is, a quantity which may pass through different 
states of magnitude. 

Thus, 

3ya_5y4-7, _9y»+2y + 5, 

(a— ft+2c)y2 +4b*y—2ac' +Sa*b, 
are called trinomials of the second degree. 

Placing the trinomial my^ ^ny+p equal to zero, W(p have 

«y* +»y+P=0, whence ^ =-2^=*=— y/n* ^4mp. 

Three principal hypotheses can be made with respect to the 



. i_^ 
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nature of the values of y. We may have n'— 4mp>0, or 
positive; in which case, the two roots are real and unequal f 
+ or—. 

Or we may have »' — 4mp=0; in which case the two roots 
are real and equal. 

Or, lastly, we may have n* — 4mp<0, or negative ; then the 
two roots are imaginary. 

Therefore the following properties will result from these di& 
ferent cases : 

1st. When a trinomial of the second degree is such, that by 
placing it equal to 0, and resolving the resulting equation, we 
obtain two real and unequal roots, every quantity (positive or 
negative) comprehended between the two roots, and substituted 
for y in the trinomial, will necessarily give a result, with a sign 
contrary to that affecting the coefficient ofy^; but every quantity 
not comprised between the tiDO roots, and substituted for y, 
will give a result with the same sign as that of the coefficient 

ofy'- 

For, lety andy denote the two roots (supposed real) o( the 
equation my^ -f wy+^=0, or/»ly'H — y-4-- 1=0. 

(n p\ 
y^+^-f- I can be put under the 

form (No. 98) m{y — y') (y — y''). Therefore we have the 
identity 

my^ +ny-\'p=m{y—y') (y— y'). 

Let a be a quantity comprised between y' and y", that is, such 
that a > or <y, but a< or >y ; there will result « — y'>or 
<0, but a — y"<or>0; hence the two factors a— y, a — y" 
have contrary signs, therefore their product is negative. Cour 
sequently, m (a — y') (a — y"), or its value, «ia«+na+/?, has a 
sign contrary to that of m. 

If, on the contrary, we suppose at t^e same time a> or <y', 
and a>or<y, whence a — ^y'>or<0, and a — y">or<0, th« 
two factors will have the same sign ; hence their product, .... 
(a— y) (a— y), is positive, and consequently I7t(a — y) (« — y'^)iOr 
ma* +na+|7, is of the same sign as m. 

2d. When the two roots are real and equal, every quantity 
different from that which reduces the trinomial to 0, will, when 
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nbitiMedin the trinomial^ give a rendt of the same $^ a$ ike 
coeffideniofy*. 

For since the two roots are equal, we have the reladon • • • • 

«*— 4inp=0, whence jp='j- ; and the trinomial fl^^ +19+1^1 

/ w p\ . 

or m ^ * 



ly*+-v+ -Icanbe put under the form • • . 

'^(y'+^+£t)=^(y+^)! Now it is evident thai the 
qnantiQr {y-\ — ) will be positive for every vake substitnled 

for y, except — ^. Therefore m^y+^j or my»+iqf+f, 

will be of the same sign as m. 

3d. When the two roots are imaginary, every real positive or 
negative quantity, substituted in the place of y, will give a 
result of the same sign as that of the coefficient of jf*. 

For since the two roots are imaginary, we have the relation 
n* — Amp< 0, whence 4mp > n' ; or (105) dividing by 4m' . • • • 



p «* 

- > 

m 4m^ 



p n 



Take =7— "a+** . . . ., Aj* denoting a quantity essentially 
positive. There will result 

tny* +ny+p, or m (y» +|y +|) = «» {if' +£1'+^. +**) 

which always has the same sign as m, whatever value may be 
substituted for y. 

112. The second case naturally leads us to speak of a propo- 
sition of frequent use in analysis. 

When a trinomial of the second degree^ my' +ny + p, tit a 

perfect square^ there is bettoeen the coefficients the relaOom 
n' — 4mp=0. 

For if this trinomial is a perfect square, and of the form 
(iw'y +»')', by placing it equal to 0, the two roots of the re- 
sulting equation wiU be equal. Now in order that they may be 
equal, the quantity under the radical, or n'^-imp, msui te 
nothing. Therefore we have the relation n' — 4fnp=0. 
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ReeiprocaUy. When there is, between the coefficients the 
relation n*— 4mp=:0, the trinomial is a perfect square ; for 

we deduce from this relation, o= ;— ; whence 

4m 

113. The following examples will show tl^e use of these 
properties in the solution of questions oi maximum and 
minimum. 

Let it be proposed to determine whether, in making x vary, 

x^ — 2a;4-21 / 

the function — rj- may pass through every state of magr 

nitude. 

_ x*— 2x4-21 

Gx— 14 ^y'' '^''^"^ 

x^—2 (3^ + 1)^= -21— I4y. 

From which we have x=3y + l±>^9^» — 8y — ^20. 

In order that x may be real, it is necessary that 

9ya — 8y — ^20 should be positive. Now, placing this equal to 0, 
we have 

y'— ^y— y=0; whence y =2 and y=- — . 

These two values of ^ being real, it follows, from the first of 
the above properties, that by giving^ values comprised between 

2 and — -^j such as 1, 0, — 1, ... the value of the trinomial will 

be negative^ since the coefficient of ^' is positive ; but by giving 

to y values which are not comprised between 2 and — — » as 

3, 4 . • • ., or — 2, — 3, — 4, .,...., the result of the substitu- 
tion will be positive. Hence we perceive that 2 is in absobtie 
numbers^ the minimum value that y should have, in order that x 
may be real. If, in the above expression we make ^=2, the 
radical will disappear, and we find x=7. 
In fact, the expression 

a:«_2:ir4.21 , 49-14+21 56 ^ 

-6^=14- ^'^"^'' 42-14 ==28 ==2^ , 

when «=7. 

• 20 
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The root y= ^ is the maximum value for g in negatke 

numbers; and the value ofx, corresponding to this mazimnm» 

10 7 

ux=3x-- + l = -g. 

When, after having expressed x in terms of y, the coefficient 
of^' under the radical is negative, and the two values of jf 
deduced from the trinomial placed equal to zero, are one posi- 
tive and the other negative, the positive value is a maximim^ 
since every greater value would give a result of the same sign 
as the coefficient of y^ ; and the negative value is a nUmmum 
of all the negative values for y. 

The student may investigate the other circumstances which 
may occur. For example, the case in which, the coefficient of 
y'^ being posiiive, the two values of y are positive ; that in 
which, the same coefficient being positive, the two values are 
imaginary. 

Qiiestions for Practice. 

Divide a given nvmhcr 2a into two partSy such that the sum 
of the quotietvts obtained by dividing them by each other maybe 
a minimu7n. 

(Ans. The two parts are equals and the minimum is 2). 

Let a and b^ be two given numbers, of which a is the greater, 

(a:+a)(x— ft) 
find the greatest possible value for the expression j • 

/ iLV a 

(Ans. Maximum =^"7^^ i ^^^ ^he corresponding value of a: 
. 2aft 



IS 



a—b' 

r md the least possible value for — 



X 



(Ans. Minimum ={y/a+ y/by; x=y/ab.) 

§ III. Of Problems and Equations of the Second Degreejini 
volving two or more unknown quantities* 

114. A complete theory of this subject cannot be given herc» 
because the resolution of two equations of the second degree 
involving two unknown quantities, in general depends upon tht 
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solution of an equation of the fourth degree involving one un- 
known quantity ; but we will propose some questions, which de- 
pend only upon tiie solution of an equation of the second de- 
gree involving one unknown quantity. 

Problem 1. Find two numbers such that the sum of their pro- 
ducts by the respective numbers a and b may be equal to 2s, and 
thai their product may be equal to p. 

Liet X and^ be the required numbers, we have the equations, 

(ix-\'by=2s, 
xy=p. 



Firom the first y= — r — ; whence, by substituting in the sc- 

cond, and reducing, ox' — 2sx=—bp. 

Therefore, x=-±- y^s^ —abp^ 

' a a ^ 

and consequently, y ~ I^ I ^*' —abp. 

This problem is susceptible of two direct solutions, because 

s is evidently > "v^** — abpy but in order that they may be real, it 
is necessary that s^ > or =abp. 

Let a=6=l ; the values of a:, andy, reduce to 

x=s± y/s* —p and y=s^ ^ s* —p. 
Whence we see, that the two values of Xj are equal to those 

ofy, taken in an inverse order ; which shows, that if *+ '^f *■ 



represents the value of x, s — y^s* — p will represent the corres- 
ponding value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in this 

particular case the equations reduce to < * and then the 

question is reduced to j finding ttco numbers of which the sum is 
2Sy and their product /?, or in other words, to divide a number 
2Sf into two such parts, that their product may be equal to a 
given number p. 

It has been seen (100) that the two parts are necessarily con- 
nected together by the same equation of the second degree, 
z''-2sx+j)=0f in whicJi the coefficient of the second term is the 
sum 2s taken with a contrary sign , and the last term is the pro- 
duct p of the tico parts. 
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115. Problem 2. Find four fiumberi in projH)rti^H^knmD^ 
the sum 2s of their extremes^ the sum 2s' of the meemMj and ike 
sum 4c^ of their squares. 

Let Uf X, y^ z, denote the four terms of the proportion ; the 
equations of the problem will be 

fi + z=2# 
x+y=2«' 

At first sight, it may appear difficult to find the values of the 
unknown quantities, but with the aid of an unknowfi auxiUarf 
they are easily determined. 

Let pjhe the unknown product of the extremes or means, we 
have 

1st. The equations < which (rive < , 

^ C UZ=^Py ^ iZ=S VgS y^ 

(See the preceding problem.) 

2d. The equations < which t^ive < . 1- 

( xy=py ^ (y=^-'/^«-p. 

Hence we see that the determination of the four unknown 
quantities depends only upon that of the product j:;. 

Now, by substituting these values of u, x, y, z in the last of 
the equations of the problem, it becomes 

(s+ y/s^ —py -^{s—y^s^^^pY -{-{s' -\- y/V^IZpY 

or, developing and reducing, 

4^3^45'3 — 4^;=4r; hence j!>=«^ +jf'3 — c^. 

Substituting this value (or p, in the expressions for w, a;,y,z, 
we find 



These four numbers evidently form a proportion ; for wc 
have 

MZ = (f + Vc-a— &'a) [s Vr^— .s''')=*3-^r2 +/% 
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This problem shows how much the introduction of an tin- 
known auxiliary facilitates the determination of the principU 
unknown quantities. There are other problems of the same 
kind, which lead to equations of a degree superior to the 
second, and yet they may be resolved by the aid of equations 
of the first and second degrees, by introducing unknoicn 
auxiliaries. 

116. We will now consider the case in which a problem 
leads to two equations of the second degree, involving two un- 
known quantities. 

An equation involving two unknown quantities is said to be 
of the second degree^ when it contains terms in which the sum of 
the exponents of the two unknown quantities is equal to 2. Thus, 
3a:*— 4a:+y"— xy— 5y+6=0, 7;ry— 4a:+y=0, are equations 
of the second degree. 

Hence, every equation of the second degree, involving two 
unknown quantities, is of the form 

a, a^ Cf , . • representing known quantities, either numerical or 
algebraic. 

Take the two equations 

ay' -f ftay + cx' +dy-{-fx\'g=Oy 
a'y 3 4- b'xy 4- c'x' + d'tf -{-f'x 4-g-=0. 
Arranging them with reference to x, they become 

cx« +(fry + /)xH-ay' +dy+g =0, 
c'x^+ib'y+f^x+ay H-rf>+g- =0. 

Now if the coefficients of x* in the two equations were the 
same, we could, by subtracting one equation from the other, 
obtain an equation of the first degree in x, which could be sub- 
stituted for one of the proposed equations ; from this equation 
the value of x could be found in terms of y, and by substituting 
this value in one of the proposed equations, we would obtain an 
equation involving only the unknown quantity y. 

By multiplying the first etjuation by c\ and the second by c, 
they become 

cc'x''+{by-^'f)c'x + (ay^+dy+g)&=0, 
cdx^Jtiyy-^fyx^iay ■Vd'y^-g'y =0, 

and these equations, in which the coefficients of :r' are the same, 
may take the place of the preccdiiijur. 
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Subtracting one from the other, we have 

[(6c'-r% ^./c'-r/Jx + (ac'-co')y =" + {dcf-cd')jf+g<f-egf=^, 
which gives 

_ (ca-ac')y'+{cd'-dc')y-\-cg'-g(f 
(bc'-cby +/&—€/: 

This expression for x, substituted in one of the proposed equa- 
tions, will give a final equation^ involving y. 

But without effecting this substitution, which would lead to a 
very complicated result, it is easy to perceive that the equation 
involving y will be of the fourth degree ; for the numerator of 
the expression for x being of the form my^ +^+/>» its 
square, or the expression for a:^, is of the fourth degree. Now 
this square forms one of the parts of the result of the sub- 
stitution. 

Therefore, in general, the resolution of two equations of the 
second degrecy involving two unknoiSi quantities, depends upon 
that of an equation of the fourth degree, involving one tm- 
known quaidity. 

\ 17. There is a class of equations of the fourth degree, that 
can be resolved in the same way as equations of the second de- 
gree ; these are equations of the form x* -\-px^ +gr=0. They 
are called trinomial equations, because they contain but three 
kinds of terms ; terms involving a:*, those involving x', and 
terms entirely known. 

In order to resolve the equation a:* -f^x'4-y=0, suppose 
x^ =y, we have 



p. Ip^ 
3'^+jRy+x!7=0» yvhence y=—-±'\J—-q; 

But the equation x^=y, gives x=± y/y. 

Hence, a: = W— |±V T""^/' 

We perceive that the unknown quantity has four values, 
since each of the signs + and — , which affect the first radical, 
can be combined successively with each of the signs which af- 
fect the second ; but these values taken ttoo and ttvo are equal, 
and have contrary signs. 

Take for example the equation x* — 25x^ = — 144 ; 
by supposing x^ =y, it becomes y^ — ^25y= — 144 ; 

whence y=16, y=9. 



a^2 • 
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Substituting these values in the equation x^ =^y there will 
result 
flst,:c^=16, whencea:=:±4; 2d. a:*=9, whence:c=±3. 
Therefore the four values are 4-4, —4, +3 and — 3. 
Again, take the equation x* —Ix^ =8. Supposing x^ =y, the 

equation becomes y^ — 7y==^ > whencey=8,y=— 1. 

Therefore 1st. x^=S, whence a:= ±2^2 ; 2d: x^= — 1; 
whence x=± V — 1 ; the two last values of x are imaginary. 
Let there be the algebraic equation x* — (2fec-f 4a*)x* =— 
takingx' =y, the equation becomesy^ — {2bc+4a^)y = — b^c 

from which we deduce y= be + 2a* ±2a y/ be + a*. 
And consequently x=± ^bc -\- 2a* ±2a V be + a*. 

Of the Extraction of the square root of Binomials of the 

form a± Vb. 

118. The resolution of trinomial equations of the fourth de- 
gree^ gives rise to a new species of algebraic operation ; viz. : 
the extraction of the square root of a quantity of the form 
a± y/bf a and b being numerical or algebraic quantities. 

By squaring the expression 3±\/5, we have (3±V5)* = 

9±6a/5+5=14±6a/5; hence r^ciproca/Zy, Vi4±6a/5= 
3± a/5. 

In like manner, (V7± Vll)^=7±2 V^X ^/n + ll 

= 18±2V'7'T. 

Hence reciprocally ^13±2V77= V^i ^11. 

Whence we see that an expression of the form '^a± V^i may 
sometimes be reduced to the form a'±y/b' or 'sjal±.ylb'\ and 
when this transformation is possible it is advantageous to effect 
it, since in this case we have only to extract two simple square 

roots, whereas the expression ^ a±.^b requires the extraction of 
the square root of the square root. 

119. This naturally leads to the following question : Having' 
given a quantity of the form. a± Vb, to ascertain whether it is 
the square of a quantity of the form a'± Vb, or \/a'± \/6', and 
determine this rooU 

^^- Let|yand q represent the two parts of which the' square root 
<rf^i: Vfr is supposed to be composed ; p and q will be irrational 
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•o" 



fnonomials, or one will be a rational, and the other an trm- 
tional monomial. 

We will observe, in the first place, that if we have 

Va-\'Vb=p-\-q (1), 

there will necessarily resnlt 

Va—Vb=^p—q (2). 

These equations multiplied together give 

Va2— 6=^2 — y3 (3). 

Now, since j; and q arc irrational monomials, or one rational 
and the other irrational, it follows tliat^' and q^ are rational; 

therefore, p^ — q^, or its value, v'a^fc, is necessarily a rational 
quantity. 

Whence wc may conclude, that when a± y/b is the square 
of a quantity of the form a'± ^b\ or y/a'± y/b\ the expression 
(i2 — ft will be a perfect square. From this characteristic the 
possibility of the operation may be discovered. 

Therefore, take a' — fr, a perfect square, and suppose 

Va^ — 6=c; the equation (3) becomes 

p3 — q3=zc. 
, Moreover, the equations (1) and (2) being squared, give 

/>■ +y*— 2py=a — ylb\ 
whence, by adding member to member, 

p»+92=a; (4); 

but p^—q'=c (5). 

Hence, by adding these last eq nations, and subtracting 
the second from the first, we obtain 

2p^=a-\-c, 
2q^=a—c ; 

and consequently, y ^ 2 * 

.,_ . la — c 

7=:!:-./ . 

^ 2 

Therefore, yfa^ y/b, or p-\-q=^±yJ -^^\ 



or 
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y/a—y/b, or j>-^=±V^^V^^; 

V^T7B=<V^+V^)----(6). 
Viz:v3 = ±(V^-V^)----(7). 

These two formulas can be verified a posteriori ; for by 
squariDg both members of the first, it becomes 

,, a+c . a — c ^ la^ — c^ , •* 



but the relation y/a^ — 6=c, gives c* =fl*- 
Hence, a+ ^b^a-h ^ a^ — a*4-6=a+ VJ. 



The second formula can be verified in the same manner. 

120. Remurh As the accuracy of the formulas (6) and (7) is 

proved, whatever ihe quantity c or Va* —6 may be, it follows, 
that when this quantity is not a perfect square, we may still 

replace the expressions Va4- y/b and y^a — y/b^ by the second 



members of the equalities (6) and (7)|; but then we would not 
simplify the expression, since the quantities jp and ^ would be of 
the same form as the proposed expression* 

We would not, therefore, in general, effect this transforma- 
tion, unless a^ — b is a perfect square. 

Examples. 

121. Take the numerical expression 94+42V^i which re- 
duces to 94+ V 8820. We have 
a=94, 6=8820, 



whence c= v/a^ —6= \^8836— 8820=4, 

a rational quantity; therefore the formula (1) is applicable to 
this case. 
It becomes 

/ ( /94T4 , /94— 4\ 

^^94+42V5 = ±vV-2"'^^~2"/ 

or, reducing, = ±( 'v/49 + V45) ; 



162 Algebra* 



therefore, y/d4t4-42V5-±('7 + 3y/B). 

In fact, (7 + 37^ + 494- 45 + 42v/5=94 + 42>^5. 
Agsun, take the expression 

■yjnp'\-2m^ — 2my/np+m^ > 
we have ii=i^+2wiS J=4i»*(np+m«), 

whence a* — 6=ii'jp", 

and c or y/a' — b=np ; 

therefore the formula (7) i^ applicable. It gives for the re- 
quired root 



/ l np+2m*+np _ / np 4- 2 w'—ftp \ 



or, reducing, ±(Vf^+w* — m). 

In fact, ( yfnp^m^ -m)* —np + 2w* —2m V np + m». 
For another example, take the expression 

V16 + 30V~1+V 16-30 V^, 
and reduce it to its simplest terms. By applying the preceding 
formulas, we find 

V16 + S0V^^=6+3V^ Vl^-SOV^^^S— 3V^- 

Hence V 16 + 30 V^+V 16—30 VHi =10. 

This last example shows, better than any of the others, the 
utility of the general problem ; because it proves thattmagptiia- 
ry expressions combined together, may produce recd^ and even 
rational results. 

y28 + 10A/3=5+ V3; \/l+4V33=2+\^^, . 
'\lbc+2b'^bc—b^ +ylbc—2bVbc—b'^=±2b; 



CHAPTER IV. 

FarmatiM of Powers^ and ExtracUan of Roots of at^ degree 

whatever* 

Introduction* The resolution of equations of the second 
degree supposes the process for extracting the square root to be 
known ; in like manner the resolution of equations of the third, 
fourth degree, requires that we should know how to ex- 
tract the third, fourth root of any numerical or alge- 
braic quantity. 

The raising of powers, extraction of roots, and the calculus 
of radicals, will be the principal object of this chapter, which, 
with the first, and a part of the third, constitute all the opera- 
tions that are required to be performed upon numbers express- 
ed algebraically. 

Although any power of a number can be obtained from the 
rules of multiplication, yet this power is subjected to a certain 
law of composition which it is absolutely. necessary to know, 
in order to deduce the root from the power. Now, as the law of 
composition of the square of a numerical or algebriuc quan- 
tity, is founded (86) upon the expression for the square of a 
binomiafl, so likewise the law relative to a power of any degree, 
is deduced from the same power of a binomial. We will there- 
fore determine the development of any power of a binomial. 

§ 1. Newton^ s Theorem for the Binomial^ and consequences to he 

derived from it. 

146. By multiplying the binomial x-\-a into itself several 
times, the following results are obtained ; 
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^x+a)*=x* 4-4ax= + 6a'a:' ^Aa^x+a^ 
(x+ay=x^ + 5ax* + 10a^x^ + l0a^x'+Sa*x+a'. 

By inspecting these developments it is easy to discover a iilV 
according to which the exponents of x, and a decrease and 
increase in the successive terms of each of them ; it is not so 
easy to discover a law for the coefficients. Newton discover- 
ed one J by means of which, the degree of a power being given, 
this power of a binomial can be formed, without first obtaining 
all of the inferior powers. He did not however explain the 
course of reasoning which led him to the discovery of it ; bat 
the existence of this law has since been demonstrated in a rigo- 
rous manner. Of all the known demonstrations of it, the most 
elementary is that which is founded upon the theory of comhi' 
nations. However, as it is rather complicated, we will, in or- 
der to simplify the exposition of it, begin by resolving some 
problems relative to combinations, from which it will be easy to 
deduce the formula for the binomial^ or the development of any 
power of a binomial. 

147. We know (Arith. no. 127.) that the product of a num- 
ber 71, of factors, a, &, c, ^ . . . is the same, in whatever order 
the multiplication is performed. Now it may be proposed to 
determine the whole number of ways in which theseletterscanbe 
written one aAer the other. The results corresponding to each 
change in the position of these letters, are called permutationt. 

Thus, the two letters a and b, give a single product oft, bat 
furnish the two permutations ah and ba. 

In like manner, the three letters a^ b, c^ give a single product 
abcj but furnish the six permutations abc, acbj cab, baCf bca^ cba* 

Suppose we have a number f7i, of letters a, 6, c, £? . • • if they 
are written one after the other, 2 and 2, 3 and S, 4 and 4 . . • . 
in every possible order, in such a manner, however, that the num- 
ber of letters in each result may be less than the number of 
given letters, we may demand the whole number of results thus 
obtained. These results are called airangements. 

Thus ab, ac, ad . , . • ba, be, bd, .... ca, cb, cd, . • • are'ar- 
rangements of m letters taken 2 and 2. 

In like manner, abc, abd, • . . bac, bad . . . acb, acdy • • . are 
arrangements taken 3 and 3. 

Finally, when the letters are thus disposed one after the otber 
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2 and 2, 3 and 3, 4 and 4, ... it may be required that no two 
of the results thus formed shall be composed of the same letters, 
that is, that they shall differ from each other by at least one of 
the letters ; and we may then demand the whole number of re- 
sults thus obtained. In this case, the results are called conM- 
nations* 

Thus, aby ac, be . . ., adj bd . . .^ are combinations of the 
letters taken 2 and 2. 

In like manner, abe^ abd . . ., acd, bed • . ., ^re eombinations 
of the letters taken 3 and 3. 

Hence, there is an essential difference in the signification of 
the words, permutations^ arrangementSy and eombinations^ 

Permutations are the results obtained by writing a certain 
number of letters one after the other in every possible order y in 
such a manner that all the letters enter into each resuUy and 
each letter enters but once. 

Arrangements are the results obtained by writing a number m 
of letters one after the other in every possible order y in sets of 
2 and 2, 3 and 3, 4 and 4 . . . n and m ; m being^rty that is, 
the number of letters in each result being less than the whole 
number of letters considered. However, if we suppose n=mf 
the arrangements taken n andn will become simple permutations. 

Combinations are arrangements in which any twowiU differ 
from each other by at least one of the letters which enter them. 

148. Problem 1. Determine the whole nufnber of permuta- 
tions of which n letters are susceptible. 

In the first place, two letters a and b evidently give the two 
permutations ab and ba. Therefore, the number of permutOr 
tions of 2 letters is 2y or 1X2. 

Take the 3 letters a, 6, c. Take any one of them, c, for 
example, and write it to the right of the two arrangements ab 
and ba ; there will result the two permutations of three letters, 
abCy bac. Now, as the same' thing may be done with each of 
the three letters, it follows that the total number of permutations 
of three letters is equal to 2x3, or 1 x2x3. 

In general, let there be a number m of letters ayby Cyd . . ., 
and suppose the total number of permutations of n — 1 letters 
known ; let Q denote this number. 

Take one of the n letters, and write it to the right of each of 
the Q permutations given by the n — 1 remaining letters \ thet^ 
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will result Q permutations of n letters, terminated by the tetter 
first taken. Now, as the same thing can be done with each «f 
the n letters, it follows that the total number of permuUUions tf 
n letters is equal to --Qxn. 

Let n=2. Q will then denote, the number of permutatiooi 
that can be made with a single letter ; hence Q=l, and in this 
particular case we have Qxn = lx2. 

Let 72=3. Q will then express the number of permuta:doni 
of 3—1 or 2 letters, and is equal to 1 x 2. Therefore Q x ft is . 
equal to 1x2x8. 

Let 72 =4. Q in this case denotes the number of permutations 
of 3 letters, and is equal to 1x2x3. HencCi Qxn becomes 
1X2X3X4. 

149. Problem 2. Having given a number m of letien 
a, b, c, d . . ., to determine tlie total number of arrangemattt 
thai may be formed of them by taking them n at a time; m 
being supposed greater than n. 

In order to resolve this question in a general manner, suppose, 
the total number of arrangements of the m letters taken n — 1 at 
a time to be known, and denote this number by P. 

Take any one of these arrangements, and annex to it each of 
the letters which do not enter it, and of which the number is 
m — (n — 1), orm — n+l ; it is evident that we would thus form a 
number m — n + 1 of arrangements of n letters, differing from 
each other by the last letter. 

Now take another arrangement of 72 — ] letters, and annex to 
it each of the m — 7i-^l letters which do not make a part of it; 
we again obtain a number m — n + 1 of arrangements of n letters, 
differing from each other, and from those obtained as above, at 
least in the disposition of one of the n — 1 first letters. Now, as 
wc may in the same manner consider each of the P arrrange- 
ments of the m letters taken ;z — 1 at a time, and annex to them 
successively the m — n+ 1 other letters, it follows that the total 
number of arrangements of 7n letters taken 72 at a time, is ex- 
pressed by 

P(;/t— 71+1). 

To apply this to the particular cases of the number of ar- 
rangements of m letters taken 2 and 2, 3 and 3, 4 and 4, make 
72=2, whence m — 7i+ 1 =^m — 1 ; P will in this case express the 
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total number of arrangements taken 2 — 1 and 2 — 1, or 1 and 1, 
and is consequently equal to m ; therefore the formula becomes 

Let n=3, whence m — n + 1 i=w— 2 ; P will then express the 
number of arrangements taken 2 and 2, and is equi|| to . . • • 
m{m^-l) ; therefore the formula becomes w(m— 1) (wi— 2J. 

Again, taken =4, whence m — n + l=m — 3; P will express 

the number of arrangements taken, 3 and 3, or is equal to 

iii(f»— 1) (m — 2) ; therefore the formula becomes .••...• 
m(in— 1) (ot— 2) {m—3). 

N. B. From the manner in which the particular cases have 
been deduced from the general formula, we may conchide that it 
reduces to 

m{m — 1) (fw— 2) (w/— 3) (m — n-f 1) ; 

that is, it is composed of the pioduct of the n consecutive numbers 
comprised between m aiid m— n + 1 , inclusively. 

From this formula, that of the preceding No. can easily be 
deduced, viz, the developementof the value of Qxn. 

For we have seen (123) that the arrangements become per- 
mutations when the number of letters composing each arrange- 
ment is supposed equal to the total number of letters considered. 

Therefore, to pass from the total number of arrangements of 
m letters, taken n and n, to the number of permutations of n let- 
ters, it is only necessary to make m^n in the above develop- 
ment, which gives 

n(n-l) (n-2) (n-3) 1. 

By reversing the order of the factors, observing that the last 
is 1, the next to the last 2, which is preceded by 3 • • . . , it 
becomes 

1,2,3,4 (n— 2) (w— l)w, 

for the developement of Q x w. 

This is nothing more than the series of natural numbers com- 
prised between 1 and n, inclusively. 

150. Problem 3. To determine the total number of different 
combinations ikai can be farmed ofm kttersy taken n at a 
time. 
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Let X denote the total number of arrangements that can be 
formed of m letters, taken n and n, Y the number of pemmtir 
lions of n letters, and Z the total number of different eoaii- 
natiom taken n and n. 

It is evident that all the possible arrangements of m letters, 
taken n at a time, can be obtained, by subjecting the n letters of 
each of the Z combinations^ to all the permutatiom of whidi 
these letters are susceptible. Now a single combination of i 
letters gives, by hypothesis ^permutations ; therefore Z combi- 
nations will give Yx Z . . . arrangements, taken n and n ; and 
as X denotes the total number of arrangements, it follows that 
the three quantities X, F, and Zj give the relations X= Y x 2; 

But we have (No- 149.) X= P{m—n +1) 
and (148) Y^^Xn 

Therefore, Z= ^^ — ^ = 77 X . 

Qx;i q n 

Since P expresses the total number of arrangements, takes 
n — 1 andn— 1, and Q the number of permutations of n — llct- 

P 

ters, it follows that j^ expresses the number of different combi- 

nations of m letters taken n — 1 and n — I. 

To apply this to the particular case oC combinations of i» let- 
ters taken 2 and 2, 3 and 3, 4 and 4 . . . 

p 

Make n=2, in which case^j expresses the number of combi- 

nations of the letters taken 2 — 1 and 2 — 1 or 1 and 1, and is 

1 11^,, *» — 1 m(i»— 1) 

equal to m ; the above formula becomes mX — — or — yo r* 

P 

Let n=3, ^ will express the number of combinations taken 

2 and 2, and is equal to — ~-;r— ^ ; and tlie formula becomes 

1.2 

m{m — l)(7/i— 2) 
1.2.3 
In like manner, we would find tlie number of combinations of 



m 



. ' ^ _ ^ , m{m — iVm — 2){m — 3) _. 
letters taken 4 and 4, to be — ^^ , ^ ^ ' •■ ; andmge- 
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neral the number of combinations of m letters taken n and it 
is expresssed by 

m{m — l)( m— 2)(m — 3) .... (m — w + i) ^ 
r.2.3.4 (n-l).7i ' 

which 18 the development of the expression — ^JZ • 

Demonstration of the Binomial Theorem^ 

151. In order to discover more easily the law for the deve- 
lopment of the filth power of the binomial a:+a, we will ob- 
serve the law of the product of several binomial factofs x+Uf 
x-{-by x+Cf x-\-d , . . . of which the first term is thesame in 
each, and the second terms different. 



1st. product 



X -\- a 

x + b 

x^-\- a 

+ b 

x + c 



2d. 



x^-{- a 
+ b 
+ c 

X + d 



X 


+ 


ab 


X' 


' + 


ab 




+ 


ac 




+ 


be. 



X + abc 



x*-f a 
+ b 
+ c 
4 d 



x^'\- ab 

+ ac 

+ ad 

+ be 

-f bd 

+ cd 



x^ -i- abc 
+ abd 
+ a>cd 
+ bed 



X + abed 



From these products, obtained by the common rule for alge- 
braic multiplication, we discover tho following laws : 

1st. With respect to the exponents ; the exponent of x in the 
first term is equal to the number of binomial factors employed. 
In the following terms this exponent diminishes by unity to the 
last term, when it is 0. 

2d. With respect to the coefficients of the diflkrent powers of 
X : that of tlic first term is unity ; the coefficient of the second 
term is equal to the sum of the second terms of the binomials ; 
tlie coefficients of the third term is equal to the sum of the pro- 
ducts of the different second terms taken two and two ; the co- 
efficient of the fourth term is equal to the sum of their diffiircnt 
products taken three and three. Reasoning from analog;s^^^ 

22 
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may conclude that the coefficient of the term which has n temtf 
before it^ is equal to tlie sum of the different products of the m 
second terms of tlie binomials taken n and n. The last term 
is equal to the continued product of the second terms of the bi- 
nomials. 

In order to be certain that this law ef composition is gene* 
ral, suppose that it has been proved to be true for a number m 
of binomials, and see if it be true when a new (actor is iotro* 
duccd into the product. 

For this purpose, suppose 

x^+Ax"^^ +BX™-* -f Ca:*-3...+a|x"--"+'+Njr"-«+.,.+U, 

to be the product of m binomial factors (Nx*"* representing 
the term wliich has w' terms before it, and Mx**~"*' that whicb 
immediately precedes it). 

Let x+khe the new factor, the product when arranged ac- 
cording to the powers of x, will be 



+ K 



Xr^ + B 

+ AK 



4-BK 



+ MK 



+UK. 



From which we perceive that tlie law of ilie exponents is e\d- 
dentlythe same. 

With respect to the coefficients, 1st. That of the first term i$ 
titiity. 2d. A+K^ or the coefficient of x", is also the^m of 
tlie second terms of the m + 1 binomials. 

3d. B is by hypothesis the sum of the different products of 

the second terms of the m binomials, and A K expresses the 

sum of the products of each of the second terms of the m first 

binomials, by the new second terra AT; therefore D-VAK isihe 

sum of the dijfereut products of the second terms of the mi- 1 

binomialsy tukcn two and tico. 

In general, since JNT expresses the sum of the products of the 
second terms of the m first binomials, taken n and n ; and as 

MK represents the sum of the products of these second terms, 

taken «— 1 andti — 1, multiplied by the new second term JST, it 

follows that Ni-MKf or the coefficient of the term which has ft 

terms before it, is equal to tlie sum of the different products of 

die second terms of the 7n + 1 binomials, taken n and n. The 

last term is equal to the continued product of the m+ 1 second 

terms. 

Therefore, the law of composidon, supposed true for a num- 
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herm of binomial factors, is also true for a number denoted by 
i» + 1. It is therefore general. 

Let us suppose, that in the product resulting from the multi- 
plication of the m binomial factors, x+a, a;+6> x + c,x-\-d . . .* 
we mzke a=b=c=d . . . ., the indicated expression of this pro- 
duct, (x+a) (x+b) {x-^c), will be changed into (^+a)*. With 
respect to its development, the coefficients heing a + b+c+d . . ., 
ab+ac+ad-h . . ., abc+abd+acd+ . . ., the coefficient of 
a^S or a+b+c+d . • ., becomes a+a+a+a+ . . ., that is, 
a taken as many times as there are letters a, i, c . • ., and is 

therefore equal to ma. The coefficient ofx^^^y or 

ab-{-ac-\-ad-^ . . ., reduces to a* +a= +a' . . ., or to as many 
times a^ as we can form different combinations with m letters, 

m — 1 
taken two and two, or (250) to m. — — a'. 

The coefficient of :c*~' reduces to the product of a', multi- 
plied by the number of different combinations of m letters, taken 

fn — 1 771-^2 
3 and 3, or to nu—^ • —q— ^^> 8^c. 

In general, if the term which has n terms before it is denoted 
by JVar*""", the coefficient, which in the hypothesis of the second 
terms being different, is equal to the sum of their products, 
taken n and n, reduces, when all of the terms are supposed equal, 
to a*, multiplied by the number of different combinations that 
can be made with m letters, taken n and n. Therefore (ISO) 

Qxn 
From which we have the formula 

(x+a)'*=x«-hwuw:""" +«i. — ^—a^af^' 



fn—l m—2 P(m— n+1) 

2 3 Q.n 

152. By inspecting the different terms of this development, a 
simple law will be perceived, by means of which the coefficient 
of any term is formed from the coefficient of the preceding 
term. 

The coefficient of any term is formed by tntc^tif Zi|<ug tike 
coefficient of the,preMling term by {he exponent of ii va <^<A 



172 Algebra. 

term, ami dividing the product by the number ofiermi which 
precede the required term. 

For, take the general term — yz -a^ocmr^, (Tms is 

called the general term ^hec^use by making n =2, 3, 4 . • ., all of 
the others can be deduced from it). The terngi which imme- 

P . P 

diately precedes it, is evidently yra*~'a:*~"*",since(l50)^cx- 

presses the number of combinations of m letters taken n^l and 

, . /v. . Ph^^ — «+l). 
n— 1. Here we see that the coemcient — -77 is eqaal to 

P 

the coefficient -j^ which precedes it, multiplied by m — »+ 1, the 

exponent of x in this term, and divided by n, the number of 
terms preceding the required term. This law serves to develope 
a particular power, without our being obliged to have recourse 
to the general formula. 

For example, let it be required to develope (x+a)". From 
this law we have. 

After having formed the two first terms from the terms of the 
general formula a:'"-f waa:"*~'+ . . ., multiply C, tlie coefficient 
of the second term, by 5, the exponent of x in this term, then 
divide the product by 2, which gives 15 for the coefficient of 
the third term. To obtain that of the fourth, multiply 15 by 
4, the exponent of x in the tliird term, and divide the product 
by 3, the number of terms which precede the fourth, this gives 
20 ; and the other terms are found in the same way. 

In like manner we find 
(x+a)'«=x'» + 10aa;9 + 45a3:r8-f 120fl3.r''+210a*a:% 

-\-252a^x^ +2l0a«x* + 120a'a:=^ ^-ASa^x^ 4 lOa'x+a' •. 

Consequences of ilic binomial formula, and theory of Com- 

binations. 

153. First. The expression (.r+ a)"* being such that a? may 
be substituted for a and a for x without altering its value, it fol- 
lows that the same thing can be done in the development of it ; 
therefore if this development contains a term of the form 
Ka"*p*""", it must have another equal to K^r/'a*""** or Ka^'^o:*. 
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These two terms are evidently at equal distances from the two 
extremes, in tlie development ; for the number of terms which 
precede any term, being indicated by the exponent of a in that 
term, it follows that the term Ka"x"'~",has n terms before it, and 
that the term Ka^'^x^ has m — n terms before it, and conse- 
quently n terms after it (since the whole number of terms is de* 
noted by m+1). 

Therefore, in the ^velopmcnt of any'yower of a binomial ^ 
the coefficients at equal distances from the ttoo extremes are 
equal to each other. 

N. B. In the terms Ka"x'"~*, Ka'^-^ar^Jthe coefficients ex- 
press the number df different combinations' that can be formed 
with m letters taken n and n and m — n and m — n ; we may 
therefore conclude that tlie number of different combinations of 
m letters taken n ajul n is equal to the number of combinations 
ofm quantities taken m-n and m— n. 

For example, iicdve quantities combined 5 and 5, give the 
same number of •combinations as these twelve quantities taken 
12 — 5 and 12—5, or 7 and 7. Five quantities combined 2 and 
and 2, give the same number of combinations as five quandties 
combined 5—2 and 5—2, or 3 and 3. 

154. Second. If in the general formula, 

(ar-f a)'*=x"« + wa:c~"' +m — ;r— a^x*-^ +&c. 
' 2 

we suppose 2:=!, a=l, it becomes 

m — 1 m — I m — 2 ^ 
(1 +1)* or 2'«=l+w + wi— ^+w— ^.— ^ + &ic. 

That is, the sum of thd coefficients of the different terms of 
the formula for the binomial^ is equal to the mth power of 2. 
Thus, in the particular case 

{x+a)'=x'^'^5ax'^-\-l0a^x^-\-10a^x^-{5a*X'\-a^^ 

the sum of the coefficients 1+5 + 10+10 + 5 + 1 is equal to 2* 
or 32. In the 10th power developed in No. 152, the sum of 
the coefficients is equal to 2' ^ or 1024. 

155. Third. In a series of niunbers dccrcasinf^ by unity j of 
which the first term is m and the last m — p (m and p being en- 
tire numbers,) tlie continued product of all these numbers is di- 
visible by the continued product of all the natural numbers from 
Ito p + 1 inclusively. 
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, . m(fn—l){m—2){in—3)...{m—p). . . _ 

that IS -r — o cy — -^ — / . , 7-^ IS a whole number. 
1.2. 3 . 4 {p-\-l) 

For, from what has been said in No. 150. this expression repre- 
sents the number of different combinations that can be formed 
of m letters taken p-^l and |;+1. Now this number of com- 
binations is, from its nature, an entire number ; therefore the 
above expression is necessarily a whole number. 

<^ IL Of the extraction of the Roots of particular numbers. 

156. The third power or cube of a number, is the product of 
this number multiplied by itself twice ; and the third or cube root 
is the number which, raised to the third power, will produce the 
proposed number. 

The first ten numbers being 

1,2, 3, 4, 5, 6, 7, 8, 9, 10, 
their cubes are 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

Reciprocally, the numbers of tlie second line have the num- 
bers of the first line for their cube roots. * 

By inspecting these lines, we perceive that there are but nine 
perfect cubes among numbers composed of one, two, or three 
figures ; each of the others has for its cube root a whole num- 
ber, plus a fraction which cannot be expressed exctctly by means 

a 

of unity. For suppose that the irreducible fraction j can have 

the whole number N for its root, it would follow that the cube of 
r» ^^7i;» would be equal to N. Now this is impossible, for 
a and b being prime with respect to each other, a' and 6' will 
also be prime with respect to each other; therefore -j- cannot 

be equal to an entire number. 

157. The greater tlic roots of two consecutive perfect^ cubes 
are, the greater will be the cliffercnce between these cubes. 

Let a and a+1 be two consecutive whole numbers; we 
have (127) 

(a+ 1)3=^3 4-3^2 +3a4-l; 
whence (aH-l)^— a^=3a*+3a+l. 

That is, the difference between the cubes of two conseeuiive 
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whole numbers is equal to three times tlie square of the least 
number y plus three times this number ^ plus 1 . 

Thus, the difference between the cube of 90 and the cube of 
89, is equal to 3(89)^ -f 3 x 89 + 1 =24031 . 

158. In order to extract the cube root of an entire number, 
we will observe, that when the number does not contain more 
than three figures, its root is obtained by merely inspecting the 
cubes of the nine first numbers. Thus, the cube root of 125 is 
5 ; the cube root of 72 is 4 plus a fraction, or is within one of 4 ; 
the cube root of 841 is w ithin one of 9, since 841 falls between 
729, or the cube of 9, and 1000, or the cube of 10. 

When tlie number contains more than three figures, the 
process will be as follows. Let the proposed number be 
103823. 



103.823 


47 




64 


48 




398. 23 






48 


47 


48 


47 


384 


329 


192 


188 


2304 


2209 




48 


47 


18432 


15463 


T 


9216 


8836 


10592 


103823 



This number being comprised between 1000, which is the 
cube of 10, and 1000000, which is the cube of 100, its root 
must be composed of two figures, or of tens and units. Denoting 
the tens by a, and the units by &, we have (46) 

(a+6)'=a»+3a=ft+3a6=-l-6^ 

Whence it follows, that the cube of a number composed of 
tens and units, contains the cube of the tenSj three times the pro- 
duct of the square of the lens by the Mnits, three times the pro- 
duct of the square of the units by the tens, plus the cube of 
tlie units. 

This being tlie case, the cube of the tens, giving at least, 
thausandSj the three last figures to the right cannot form a 
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part of it, the cube of the tens must therefore be found in tbe 
part 103 which is separated from the three last figures by a 
point. Now the root of tiie greatest cube contained in 103 
being 4, this is the number of tens in the required root ; for 
103823 is evidently comprised between (40) ' or '64000, and 
(50)^ or 125,000 ; hence the required root is composed of 4 
tens, plus a certain number of units less than ten. 

Having found the number of tens, subtract its cube 64 from 
from 103; there remains 39, and bringing down the part 82S| 
we have 39823, which contains three times the square of the 
tens by the unitSy plus the two parts before mentioned. Now as 
the square of a number of tens gives at least hundreds, it fol- 
lows that three times the squares of the tens by the units, must 
be found in the part 398 to the left of 23, which is separated 
from it by a point. Therefore, dividing 348 by three times the 
square of the tens, which is 48, the quotient 8, will be the unit 
of the root, or something greater, since 398 hundreds is compos- 
ed of three times the square of the tens by the units, together 
with the two other parts. We may ascertain whether the figure 
8 is too great, by forming the three parts which enter in 39823, 
by means of the figure 8 and the number of tens 4; but it is 
much easier to cube 48, as has been done in the above table. 
Now the cube of 48 is 110592, which is greater than 103823; 
therefore 8 is too great. By cubing 47 we obtain 103823; 
hence the proposed number is a perfect cube, and 47 is the 
cube root of it. 

N. B. The units figures could not be obtained first ; because 
the cube of the units might give tens, and even hundreds, and 
the tens and hundreds would be confounded with those which 
arise from other parts of the cube. 

Again, extract the cube root of 47954 



47.954 


36 




27 


27 




209 




36 




36 


47954 


216 


46G5G 


108 


1298 


1296 




36 




inis 


• 


• 


3886 



46656 
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The number 47954 being below 1000000, its root contains 
only two figures, viz. tens and units. The cube of the tens is 
found in 47 thousands^ and we can prove, as in the preceding 
example, that 3, the root of the greatest cube contained in 47, 
expresses the tens. Subtracting the cube of 3 or 27 from 47 
there remains 20 ; bringing down to the right of this remain- 
der the figure 9 from the part 954, the , number 209 hundreds is 
composed of three times the square of the tens by the units, 
plus the number arising from the other two parts. Therefor^ 
by forming three times the square of the tens, 3, which is 27, 
and dividing 209 by it, the quotient 7 will be the units of the 
root, or something greater. Cubing 37, we have 50653, which 
is greater than 47954; then cubing 36, we obtain 46656, which 
subtracted from 47954, gives 1298 for a remainder. Hence the 
proposed number is not a perfect cube ; but 36 is its root to 
within unity. In fact, the difference between the proposed 
number and the cube of 36, is, as we have just seen, 1298, 
which is less than 3(36)' +3x36+1, for in verifying the re- 
sult we have obtained 3888 for three times the square of 36. 

159. Again, take for another example, the number, 437256S8 
containing more than 6 figures. 



Rem. 



• . 



43.725.658 


352 


1 




27 


27. 


3675 




167 


35 
35 


952 
352 


43 725 
42 875 

8506 




175 
105 

1225 
35 


704 
1760 
1056 

123904 


48725658 
43614208 ' 

. 111450 




6125 
6675 

42875 


352 

247808 
619520 
371712 

43614208 



Whatever may be the required root, it contains more than 
one figure, and it may be considered as composed of units and 
tens only, (the tens being expressed by one or more figures.) 

Now the cube of the tens gives at least thous^wdA \ \\. tol\x%X 
therefore he found in the part which is to tVie \eft. ot ^e i8Kt^^ 

23 



178 Algdnra. 

last figures 658. I say now that if we extract the root of the 
greatest cube contained in the part 43725, considered with re- 
ference to its absolute value, we will obtain the whole number of 
tens of the root ; for let a be the root of 43725, to within unity, 
that is, such that 43725 shall be comprised between a' and 
(a+1)'; then will 43725000 be comprehended between 
a' X 1000 and (a+ 1) ' X 1000 ; and as these last two numbers 
differ firom each other by more than 1000, it follows that the 
proposed number itself, 43795658, is comprised between 
a' X 1000 and (a+ 1)^ x 1000 ; therefore the required root is 
comprised between that of a' X 1000, and (a+ 1)' X 1000, that 
18, between ax 10 and (a+ 1) X 10. It is therefore composed of 
a tens, plus a certain number of units less than ten* 

The question is then reduced to extracting the cube root of 
43725 ; but this number having more than three figures, its root 
will contain more than one, that is, it will contain tens and 
units. To obtain the tens, point off the three last figures, 
725, and extract the root of the greatest cube contained in 43. 

The greatest cube contained in 43 is 27, the root of which is 
3 ; this figure will then express the tens of the root of 43725, 
(or the figure in the place of hundreds in the total root). Sub- 
tracting the cube of 3, or 27, firom 43, we obtain 16 for a re- 
mainder, to the right of which bring down the first figure 7, of 
the second period 725, which gives 167. 

Taking three times the square of the tens, 3, which is 27, 
and dividing 166 by it, the quotient 6 is the unit figure of the 
root of 43725, or something greater. It is easily seen that this 
number is in fact too great ; we must therefore try 5. The cube 
of 35 is 42875, which, subtracted from 43725, gives 850 for a 
remainder, which is evidently less than 3X (35)' +3x35 + 1. 
Therefore 35 is the root of the greatest cube contained in 
43725 ; hence it is the number of tens in the required root. 

To obtain the units, bring down to the right of the remainder 
850, the first figure, 6, of the last period, 658, which gives 8506 ; 
then take 3 times the square of the tens, 35, which is 3675, and 
divide 8506 by it ; the quotient is 2, which we try by cubing 
352: this gives 43614208, which is less than the proposed 
number, and subtracting it from this number, we obtain 111450 
for a remainder. Therefore 352 is the cube root of 43725658, 
to within unity. 
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General Ride. 

In order to extract the cube root of an entire number, divide 
It into periods of three figures each, commencing on the right, 
until you arrive at a period containing but one, two, or three 
figures ; extract the root of the greatest cube contained in the 
first period on the left, and subtract this cube firom the first 
period ; bring down to the right of the remainder the first figrure 
of the second period, and divide the number thus formed by 
three times the square of the figure already found in the root ; 
write the quotient to the right of this figure, and cube the 
number thus formed ; if this cube is greater than the number 
expressed by the two first periods, diminish the quotient by one 
or more units, until you obtain a number which can be sub- 
tracted from the two first periods. After performing the' sub- 
traction, bring down to the right of the remainder the first figure 
of the third period, then divide the number thus formed by 
three times the number expressed by the two figures already 
found ; the quotient, if it is not too great, will be such that in 
writing it to the right of the two figures of the root, and cubing 
the number thus formed, the result can be subtracted firom the 
number expressed by the three first periods. After this subtrac- 
tion, bringdown to the right of the remainder the first figure of 
the fourth period, and continue the same operations until you 
have brought down all of the periods. 

Remark, In the course of the operation, we may suspect 
that the quotient of which we have just spoken is much too 
great, and would wish to diminish it at once by two or more 
units ; but in cubing the root already found, prefixed to this 
figure, and subtracting this cube from the number expressed by 
the periods already considered in the given number, we might 
obtain a very great remainder, which would lead us to suppose 
that the last figure of the root Ms too small. But if this is the 
case, then (157) the remainder must be equal to^ or greater than 
three times the square of the root dhtainedy plus three times this 
same root, plus one. In this case the root must be increased by 
one or more units, of the order of the last figure obtained. 



180 Algebra. 

Examples* 
V483249=78| with a remainder 8697 ; 



V916a2508641 =4508, with a remainder 20644129 ; 



V3297734021 8432 = 32068. 

To extract the n^ root of a whole mmber. 

160. In order to generalize the process for the extraction of 
roots J wf will denote the proposed number by iV, and the degree 
of the root to be extracted by n« When N has not more than s 
figures, its root has but one, and it is obtained immediately by 
forming the n^ power of each of the whole numbers comprised 
between 1 and 10, of which the n^ power is 10", or the smallest 
number which contains n+ 1 figures. 

When N contains more than n figures, its root has more than 
one figure, and may then be considered as composed of tens 
and units. Designating the tens by a, and the units by &, we 
have (151) 

w— 1 

that is, the proposed number contsdns the n^ power of the ienff 
plus n times the product of the n— -1 power of the tens hf like 
units^ plus a series of other parts which it is not necessary to 
consider. 

Now as the vf^ power of the tens cannot give units of an order 
inferior to unity followed by n ciphers, the n last figures on the 
right cannot make a part of it. They must then be pointed off, 
and the root of the greatest n^ power contained in the figures 
on the left should be extracted ; this root will be the tens of the 
required root* 

If this part on the left should contain more than n figures, the 
n figures on the right of it must be separated from it, and the 
root of the greatest n^ power contained in the part on the left 
extracted, and so on. 

After havings in this manner^ divided the number N inio 
periods of n figures each^ extract the root of the greatest n* 
power contained in the left hand period ; this gives the units of 
the highest order contained in the total root, or the tens in the 
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root of the number formed by the two first periods on the left. 
Subtract the vf^ power of this figure from the left hand period; 
the remainder, followed by the second period, contains n times 
the product of the n — 1 power of the figure found into the fol- 
■ lowing figure, plus a series of other parts; But it is evident 
that this first part cannot give units of an order inferior to 10" " * ; 
therefore the n—l last figures of the second period cannot make 
a part of it. Hence it is only necessary to bring down to the 
right of the remainder correspoTuling to the first period^ the 
first figure of the second period; and if after having formed n 
times the n — 1 power of the first figure of the rooty we divide by 
this result^ the remainder ^ followed by the first figure of the 
second periody the quotient will be the second figure of the root, 
or something greater. To ascertain whether it is too great, 
we should write it to the right of the first figure, and raise the 
number thus formed to the n^ povyer ; then subtract this result 
from the two first periods^ which will give a new remainder^ to 
the right of which bring down the first figure of the third 
period ; then divide the number thus formed by n times the 
D — 1 pouter of the two figures of the root already found. 

This operation is continued until all the periods are brought 
down. 

Ir61. Remark. When the degree of the root to be extracted 

jg a multiple of two or more numbers, as 4, 6, , the root 

can be obtained by extracting the roots of more simple degrees ^ 
successively. To explain this, we will remark that 

(a*)*=^a3Xa3xa'xa'=a3+3+3+3=a3^*=a". 

and that in general (a'*)«=a"' X a" x a** x a*...=a'"^*(16). Hence 
the n^^ power of the m^^ power of a number ^ is equal to the 
mnth power of this number. 

Reciprocally, the mn*** root of a number is efpud to the n*** 
root of the m^^ root of this number, or algebraically 



• • • • 



'/^=-V -/fit- 
It 

For, let . . .^J '^a^a\ raising both members to the n** pow- 

m 

er there will result -/«=«'"; (for from the dc- 

II 
finition of a root (2), we have ( VK)* =K)., 
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' Agfidn, by raising both members to the mth power, we obtua 
a=:(a"')*=a'**. Extracting the m»** root of both members, 



mn I m mn j m 

^a^d ; but we already Jiave -y 'sja^d ; hence -/«= y ^a. 
By this method we find that 

V256=V ^256 = ^16=4; . 

3 

V2985984=V V 2985984= ^1728=12 ; 

3 

^1771561= V V1771561 =11 ; 

^ 1679616 = Vl296=V V^l^=6. 
N* B* Ahhough the successive roots may be extracted in 
any order whatever, it is better to first extract the roots of the 
lowest degree, for then the extraction of the roots of the high- 
er degrees, which is a more complicated operation, is efiected 
upon numbers containing fewer figures than the proposed num- 
ber. 

Hxtraction of Roots by approximation* 

162. When it is required to extract the itth root of a number 
which is not a perfect power ^ the method of No. 160 will give 
only the entire part of the root, or the root to within unity. As 
to the fraction which is to be added in order to complete the 
root, it cannot be obtained exactly ; for the nth power of a firac- 

a /a*\ 

tion ^, Yjzh cannot be reduced to a whole number, but we 

can approximate as near as we please to the required root. 
Let it be required to extract the nth root of the whole num« 

ber ay to within a fraction - ; that is, so near it, that the error 

• p 

shall be less than «• 

P 

We will observe that a can be put under the form — —. If 
we denote the root of ap^ to within unity, by r, the number 
— — or a, will be comprehended bctwecu "^^^^^ ^ — JT^ ^ 



Formatien of Powers ^ and Eztr auction of Roots. 183 

n 

therefore the y/a is comprised between these two numbers, that 

r ' r+1 , r . 

is, between - and .' Hence - is the required root, to within 

P P P ^ 

the fraction -. 
P 
Rule. To extract the root of a whole number to within a 

fraction -, multiply the number by p* ; extract the m*** root of 

the product to within unity y and divide the result by p. 

163. Again, suppose itis required to extract the n^ root of the 

fraction -j. 



Multiply each term of the fraction by &*~"' ; it becomes - = 

oft*"' 
j. ■* Let r denote the n** root of oJ*""', to within unity; 

dbr-^ a r" (r+1)* 

— jrj— or j\ will be comprised between ^-^ and ■ ^ 

Therefore, after having made the denominator of the fraction a 
perfect pou>er of the \v}^ degree, extract the n*** root of the nur 
meratorj to within unity y and divide the result by the root of 
ike new denominator. When a greater degree of exactness is 

required than that indicated by ~, extract the root oi abi^^ to 

1 fn J 

within any fraction -% designate this root by ^+-,^0 

IT Jr. 

P ... 1 

— T — will represent the required root to within a fraction -j. 

164. Suppose it is required to extract the cube root of 15, to 

within ^. We have 15 x 12»=15 xl728=l5920. Now the 
l«l 

cube root of 25920, to within unity, is 29 ; 4ieQce'the required 

29 5 
root is — or 2~. (See No. 162.) 
Iz 12 

. . 1 

Again, extract the cube root of 47, to within ^r . 

We have 47XJ20* =47X8000 =316000* l^wi ^^ o&fc 



\ 
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3 72 12 

root of 376000, to within unity, is 72; hence -/47=— =8--, 

to within — . 

3 _ 

Find the value of ^/25 to within 0,001. 

To do this, multiply 25 by the cube of 1 000, or by 1 000000000, 
which gives 25000000000. Now, the cube root of this num- 
ber, is 2920; hence ^25 =2, 920 to within 0,001. (See No. 
162). 

In general, in order to extract the cube root of a tchole number 
to within a given decimal fra^^tion, annex three times asnumg 
ciphers to the number ^ as there are decimal places in the required 
root; extract the cub^ root of the number thus formed to wiMn 
unity ^ and point off from the right of this root the required mmh 
ber of decimals. 

165. We will now explain the method for extracting the cube 
root of a decimal fraction. Suppose it is required to extract 
the cube root of 3,1415. 

As the denominator 10000 of this fraction is not a perfect 
cube, it is necessary to make it one, by multiplying it by 100, 
which amounts to annexing two ciphers to the proposed decimal f 
and we have 3,141500. Extract the cube root of 3141500 
(thatis,of the number considered independent of the'comma,) to 
within unity ; this gives 146. Then divide by 100, or 

VIOOOOOO, and we find ^3.1415=1,46 to within 0.01. 

If it be required to approximate still nearer, annex three times 
as many ciphers more, as there are additional decimal places 
required in the toot. 

To extract the cube root of a vulgar fraction to within a ^ven 
decimal fraction, the most simple method is to reduce the prO' 
posed fraction to a. decimal fraction^ continuing the operation 
until the number of decimal places is equal to three times the 
number required in the root. The question is then reduced to 
extracting the cube root of a decimal fraction. 

166. Suppose it is required to find the sixth root of 23, to 
within 0,01. 

Applying the rule of No. 162 to this exaxa^k, we multi^^y 
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23 by 100 *, or annex twelve ciphers to 23, extract the sixth 
root of the number thus formed to within unity, and divide this 
root by 100, or point off two decimals on the right. 

In this way we will find that ^/23= 1,68, to within 0,01, 

Examples. 

3 155 3 

V473, to within iV= 20 > ^/79=4,2908, to within 0,0001 j 

V 13 = 1,53, to within 0,01 ; >^3,00415=l,4429,to withinO,0001i 

'/ /14 

V0,00101=0,01, to within 0,01 ; ^25=^»824, to within 0,001* 

^ ill. Formation of Power s^ and Extr auction of Roots of Alge^ 
braic Quantities. Calculus of Radicals. 

We will first consider monomials. 

167. Let it be required to form the fifth power of 2a'&'. We 
have (No. 2) 

{2a^b'y =2a^b^ x2a^b^ x2a^b^x2a^b^ xSa'tS 

from which it follows, 1st. That the coefficient 2 must be multi- 
plied by itself fouB times, or raised to the fifth power. 2d. That 
each of the exponents of the letters must be added to itself four 
times, or multiplied by 5. 

Hence, (2^363)5-25. a^^»6«^«=32a*«6>*- 

In like manner, (8a*6'c)3=8^a>^'6'>^'c3=512a•ft»c^ 

Therefore, in order to raise a monomial to a given power^ 
raise the coefficient to this power ^ and multiply the exponent of 
each of the letters by the exponent of the power. 

Hence, reciprocally, to extract any root of a monomial, 
1st. Extract the root of the coefficient. 2d< Divide the eajNH 

newt of each letter by the exponent of the root 

» 

3 4 1 _ 

V64a.»63c*=4a36c2 ; Vl6a"6'^c*=*=«**^^' 

From this rule, we perceive, that in order that a monooiial 
may be a perfect power of the degree of the root to be extxBK.\ft&^ 
its coefficient must be a perfect power, and the ex^xietil ol ^% 
letters musi be divisible by the exponent or index oi litafc xw3X\» 

24 
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be extracted. It viill be sbown hereafter how the expressm 
for the root of a quantity whicli is not a perfect power is reduced 
to its simplest terms. 

168. Hitherto we iiave not paid any attention to the sign 
with which the monomial may be affected ; but if we observe, 
that whatever may be the sign of a monomial, its square is alttags 
^ positive^ and that every power of an even degree, 2ii, can be 
considered as the n'* power of the square, that is, a'"=(a')", 
every power of a quantify ^ of an even degree ^ whether positive or 
negative^ is essentially jfositivc. 

Thus, {±2a'b^cy = 4- 16a»6' »c«. 

Again, as a power of an uneven degree, 2n+ 1, is the product 
of a power of an even degree, 2ii, by the first power, it follows 
that every potDcr of an uneven degree of a monomial^ is affected 
with the same sign as the monomial. 

Hence, ( + 4a»fe)3 = +64a«63; (— 4a»6)'=-64a«4». 

From this it is evident, 1st. That when the degree of the root 
of a monomial is uneven, the root will be affected with the same 
sign as the quantity. 

Therefore, 



3 :i 



V-f 8a^ = 4-2a; V— 8a= = -2a; V_32a»*^6* = — 2a^i. 

2d. Wiien the degree of the root is even, and the monomial 
a positive quantity, the root is affected with either +or— . 

4 6 

Thus, VQla'b'^ = ±3ab^; VG4a'' = ±2a^ 

3d. When the degree of the root is even, ami the monomial 
uneven, the root is impossible ; for there is no quantity whicb, 
raised to a power of an even degree, can give a negative 



result.. Therefore >/ — ay ^ — b, ^ — c, are symbols of opera- 
tions whidh it is impossible to execute. They are, like */ — a, 

y/ — 6, (No. 85) imaginary exprcssioiis. 

169. It has already been seen in what manner a binomial a? +<3i 
is raised to a power of any degree whatever ; but it may happen 
that the terms of tlic binomial are afiected with coefficients and 
exponents. 

Let it be required, for example, to develope(2a' +3a6)'-» 
Take 2a^ ^x, and '3ab=^y^ we have 

(2a' + 3aby =(x+ jV ,=zx}^\'^y\Zx^'' -Vij*- 
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Sabstitating2a^ and 3aA, for x andy, we have 

(2a« +3aJ)3=(2a»)3 + 3(2a»)3.(3aA) + 3(2a»).(3tfft)« +(3fli)S 

or performing the operations indicated, by the rules given in 
No. 167, and those for the multiplication of monomials, 

(2^3 +3a7i)3=8a« +36a*ft+54a^63 +27a'6^ 
In like manner, we will find 

(Aa^b — 3afic)*=(a:-fy)*=a:* +4a;3y + 6x»y3 +4jy'+y* 
=(4a«6)*+4(4a»6)3(-3aftc) + 6(4a»6)»(— 3a6c)» 

•f4(4a^6) (— 3a6c)' + (-3a&:)* 
=256a«6*-768a^6<tf+864a«6*c» — 432a«6*c3 + 81a*6*c*. 

(The signs are alternately positive and negative.) 

In order to develope {x-\-y-\-zYy we will take a:+y=w, and 
we have 

or, replacing u by its value x +y, 

and performing the operations indicated, 

(a:+y+z)»=a;3+3:c^y+3xy«+y^+3:p'2+3a:z2+6ayz+3y»« 

+3yz»-fz^ 

This expression is composed of the cubes of the three terms^ 
plus three times the square of each term by the first potcers of 
the two others y plus six times the product of all three terms » It 
is easily proved that this law is true for any polynomial. 

To apply the preceding formula to the development df the 
cube of a trinomial, in which the terms are affected with 
coefficients and exponents, designate each term by a single 
letter y then replace the letters introduced^ by their values^ and 
perform the operations indicated. 

From this rule, we will find that 

(2a»— 4ai+36»)=»=8a«— 48a«6+132a*6^— 208a»fc^ • 
+ 198a»6*— 108aft^+276«.^. 

The fourth, fifth, &c. powers of any polynomial can be de- 
veloped in an analogous manner. 

170. As to the extraction of roots of polynomials^ it ¥r\ll 
be sufficient to explain the method for the cuAae tooV, vXN«rJ\ 
BAerwards be easy to generalize* 
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Let N be the polynomial, and R its cube root. Concrife 
the two polynomials to be arranged with reference to some 
letter, a, for example. It results from the law of compositioo 
of the cube of a polynomial, (169), that the cube of A contaiu 
two parts, which cannot be reduced with the others; these are, 
the cube of the first term, and three times the square of the 
first term by the second. For it is evident, that these two terms 
contain the letter a, with an exponent greater than the exponent 
of this same letter in three times the square of the second term 
by the first ; or in the cube of the second, three times the square 
of tlie first term by the third, &c. Hence these two parts neces- 
sarily form the first and second terms of JV. Therefore, 2y eap- 
tractingihe cube root of the first term ofN^ we obtain the first- 
term of R ; then dividing the second term ofNbyS times the 
square of the first term of R, we obtain the second term of R. 
Knowing the two first terms of R, roe can form the adfe of 
the binomialy and subtract it from N. The remainder i\P con- 
tains the product of three times the square of the first term id 
jR, by the third, plus a series of other terms, involving a with i^ 
less exponent than it has in this product, which is coiltoquently 
the first term of the remainder N\ Hence, bjf dividing the first 
term of N' by three times the square of the first term of R^we 
will obtain the third term of R. Cubing the trinomial fowsd 
in the root, and subtracting this cube from N, we will obtain 
a new remainder^ N'', upon which we can operate in the same 
manner as we did upon N' ; and so on. 

By connecting those parts of the preceding demonstration, 
which are written in italics, we will form a general rule for ex- 
tracting the cube root of any polynomial, and can apply it to 
the polynomials in Nq. 1G9, 

Calculus of Radicals. 

171. When it is required to extract a certain root of a rao^ 
nomial or polynom^il which is not a perfect power, it can only 
be indicated by writing the proposed quantity after the sign •, 
placing over this sign the number which denotes the degree of 
the root to be extracted. This number is called the index of 
tJie radicaL 

Radical expressions may be redaced to their simplest terras 
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by observing (84) that, the n^^ root of a product is equal to 
the product of the n'** roots of its different factors. 
Or ill algebraic terms : 



Vabcd=y/aXy/hXy/cX ^d* 

For raising both members to the n^ power, we have for the 
first 

n 

( y^abcd)^ =abcd..y and for the second 

(Vax VhX y/cx y/d...Y={y/ay.{Vhy'{y/c)\{Vd)n...=abcd. 

Therefore, since the n*^ powers of these quantities are equal, 
the quantities themselves must be equal. (No. 176) 

This being the case, take the expression V54a*b^c^9 which 
cannot be replaced by a rational monomial, since 54 is not a 
perfect cube, and the exponents of a and c are not divisible by 
3, we have 

3 3 3 3 

y54a*6'c» = V^27a363- V2ac» =Sa6 ^2ac* 

I 

3 3 4 4 

In like manner, V8a«=2v'aa; V48a«6*c*=2a6*cV3ac* ; 
Vi92a'6c'»=V64a«c'»X V3aft=2ac» Vsafe. 

3 3 3 

In the expressions, Sab A^2ac, 2 ^a», 2ab^c Vsac', the quan- 
tities placed before the radical, with the sign of muUipUcaiion, 
are called coefficients of the radical. 

172. The rule of No. 161 gives rise to another kind of sim- 
plification. 

Take for example the radical expression, A^4a'; from this rule 

3 

we have, ^4a^ = V Via^, and as the quantity afiected witli the 
radical of the second degree V) is a perfect square, its root can 
be extracted, hence 

^4aa = V2a. 
In like manner, \^36a»6« = V V36a«6« = \^6a6» , 
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mn 



Va*= V« ; that IS, when the index of 
a radical is multiplied by a certain number x, and the quantity 
under the radical sign is an exact n^^ power, toe can^ wUhaid 
charging the value of the radical j divide it f index by n, and ex- 
tract the n^^ root of the.qtiantitytmder the rign. 

This proposition is the inverse of another, not less important, 
viz. we can multiply the index of a radical by a certain nimifer, 
provided we raise the quantity under the Hgn^ to a power of 
which this number denotes the degree. 



mn 



Thus, 'v/a= a/ A"* For a is the same tiling as V^" ; hence, 

« 

This last principle serves to reduce two or more radicals to 
the same index. 

For example, let it be required to reduce the two radicals 

3 4 

"^2^ and V(a + 6) to the same index. 

By multiplying the index of the first by 4, the index of the 
second, and raising the quantity 2a to the fourth power; then 
multiplying the index of the second by 3, the index of the first, 
and cubing a +69 the values of the radicals will not be changed, 
and they will become 

3 13 13 4 13 



V2a=V2*a* = A/l6a*; -/(« + &)= V(a-i- 6) ^ 

General Rule for Reducing Radicals to a Common Index. 

Multiply the index of each radical by the product of tlie 
indices of all the other radicals, and raise the quantity under 
the sign to a power denoted by this product. 

This rule, which is analogous to that given for the reduction 
of fractions to a common denominator, is susceptible of some 
modifications. 



8 



For example, reduce the radicals ^/a, ^/5b^ v^a*+fr*, to the 
same index. 

As the numbers 4, 6, 8, have common factors, and 24 is tlie 
most simple multiple of the three numbers, it is only necessary 
to multiply the first by G, the second by 4, and the third by S, 
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provided we raise the quantities under each radical sign to the 
6th, 4th, and 3d powers respectively, which gives 

4 _ 3 4 • 2 4 8 2 4 

In applying the above rules to numerical examples, beginners 
very often make mistakes similar to the following, viz. : In 

3 

reducing the radicals V^ sind V3 to a commoh index, after 
haying multiplied the index ofthe first (3) by that of the second, 
.(2), and the iudcx of the second by that of the first, then, instead 
of multiplying the exponent of the quantity under the first sign 
by 2, and the exponent of that under the second by 3, they often 
multiply the quantity under the first sign by 2, and the quantity 
under the second by 3. Tlius, they would have 

3 6*6 6 

^2=V2X2=V4, and V3=V3x3=V*9. 
Whereas, they should have, by following the rule, 

3 _ fl 6 6 8 

V2= \/(2)3 = V4, and V3='/(3)3 = V27. 

3 5 

Reduce ^/2, \/4, V^, to the same index. 

Addition and Subtraction of Radicals. 

173. Two radicals are similar y when they have the same 
index, and the same quantity, under the sign. Thus, 3 y/ab 

3 3 

and 7 y/ab^ are similar radicals, as also 3a^ y/b*^ and 9c ^ y/b^, 

Tlierefore, to add or subtract similar radicals, add or sub* 
tract their coeJJicientSy and prefix the sum or difference to the 
common radical. 

Thus, Q^y/b'\-2Vb=5^b, 2Vb—2^b=^Vb, 

Sa Vb±2c y/b={3a±2c) ^b. 

Sometimes when two radicals are dissimilar, they can be re- 
duced to siiftilar radicals by Nos. 171 and 172. For example, 

y/^Bab^ +6 y/l5a=:^y/3a+5by/3a=Qby/3a. 

3 __, 3 3 3 

v^8a'6-f-16a*— \/6* +2a6==2aV6+2a— * v6+2a 

3 

=(2a— 6)V6-f2a; 
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* 3 3 3 3 

3\/4a«+2 V2a=3V2a+2V2a=:5V'2a- 
When the radicals are dissimilar, tbey cau only be added or 
subtracted by means of the signs + or — • 

Multiplication and Division. 

174. We will first suppose that the radicals have a cfmimoD 
index. ^ 

Let it be required to multiply or divide Va by V&« ^k have 






« n u » n 1^ 

y/aX y/b= Vabf and V« : V6=Vt» 



n n 



For by rsusiug y/a. V& and y/ab to the n^ power, we obtain 
the same result ah ; hence the two expressions are equal. 

In like manner, — — and -y/ r raised to the n** power irive - : 

hence these two expressions are equal. Therefore we have the 
following , 

Rtde for the Multiplication or Division of Radicah having a 

common Index. 'j|[ 

MuUipfy or divide the quantities under the sign bjf each 
other f and give to the product^ or quotient^ the common radical 
sign. If they have coefficientSy first multiply or divide them se- 
parately. 

Thus, 

c a "^ ca 

or, reducing to its simplest terms, 

6a^{a^+b^) 

y/cd • * 

4 4 |4 (4 

3aVsa^x2by/4a^c=^abV62a*c=^l2a^by/2c. 

3 
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When the radicals have not a common index, they should be 
Induced to one if possible. 

d • 4 2 4 

For example, Qa^/bx5by/2c = 15ab^Sb*€^. 

Examples. 

Multiply ^2x73, VjxV^. 

2Vl5by8^/10, 4^/|by2^/f. 
Divide 3^4 by 7 x/6,* 2v^ibyiv^|. 

Reduce — ^ to its simplest terms. 

iv'2x x/S 



/ 



Reduce . / — ^^ to its simplest terms. 

4v^2x 73 

FornuUion of Powers , and Extraction of Roots. 



175. By raising y/a to the n'* power, we have 



WW "» 



( V«)"= V<»X Vfl^ X -/a.... = Va'*, by the rule just given for the 
multiplication of radicals. Hence the rule for raising a radi- 
cal to any power. 

Rtde. 

Raise the quantity under the ^ign to the given power ^ and af- 
fect the result with the radical sign, having the primitive index. 
If it has a coefficient, first raise it to the given power. 

4 4 4 4 

Thus {^ Aa^Y - "^ {Aa'^y ^ V^l6a*=2ava« ; 

3 a 



(3 V2a)5 =3*. V^(2a)* =243 v^32a« =46a '/4a^ 

When the index of the radical is a multiple of the power 
formed under the radical^ the result can be reduced. 

Thus, in squaring y/s^, since (161) V2a=N >> aa/vDL ^T^«t 
to square this lastf it is only necessary to suppie^s i8afc toX^^&r 

25 
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4 

cal sign ; therefore we havev 'v^2a)' — '^2a. 

e • / 3 

Again, squaring Vsft, we have a/36=v ^36; hence 

6 3 

(V36)^=V^3ft. 

Consequently, when the index of the radical is divisible by 
the exponent of the potcer, perform this division^ leaving the 
quantity under the radical as it was. 

To extract the root of a radical, multiply the index of the 
radical by the index of the root to be extra^ctedf leaving the 
quantity under the sign as it was. 



^J V3c= v^3c ; V '^5c = '^^^• 



Thus, 

This rule is nothing more than the principle of No. 161, 
enunciated in an inverse order. 

When the quantity under the radical is a perfect power of 
the degree of the root to be extracted, the result can be re- 
duced. 

3 4 

Thus, -y y/Sa^ being equal to V Vsa^ it reduces to '^2n. 



s 



In like manner, V '^Qa^ =V '^Qa* = VSa. 



m 



It is evident that ^] yfa=^ ^ ^a\ because both expressions 

mit 

are equal to -/a. (161.) 

176. The rules just demonstrated for the calculus of radicals, 
principally depend upon the fact that the n** root of the product 
of several factors is equal to the product of the n'* roots of these 
factors ; and the demonstration of this principle depends upon 
this: When the powers (of the same degree) of two expressions 
are equals the expressions are also equal. Now this last propo- 
sition, which is true for absolute numbers, is not always true for 
algebraic expressions. 

To prove this, we will show that the same number can have 
more than one square rooi^ cube root^ fourth rootf 8fc. 
. For, denote the general expres&iou ot \);\^ ^^^dx^ xo^x ^^ a>a^ 
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^, and the arithmetical value of it by^; we have the equation 
ar3 =a, or a:*=j9^, whence x=±p. Hence we see that the 
square o{p (which is the root of a) will give a, whether its sign 
be + or — . 

In the second place, let x be the general expression of the 
cube root of a, and^ tlie numerical value of this root ; we have 
the equation 

a'=a, or x^=p^. 

This equation is satisfied by making x=p. 
. Observing that the equation x^=p^ can be put under the 
form ,r 3—^^=0, and that the expression x^—p^ is divisible 
(31) by X — p, which gives the exact quotient, x'+px+p^, the 
above equation can be transformed into 

{x-j)) (x^ +px-\-p^)=0, 

which can be verified by supposing x — ;p=0, whence x—p; 
or by supposing 

x^ +px+p^=Oj 

from which we have 

Hence, the cube root of a admits of three different algebraic 
values, viz. 

/-i+y-3\ , / -I— v-3\ 

Again, resolve the equation x*ssp*^ in which J? denotes the 

4 

arithmetical value of y/a. This equation can be put under the 

forma:* — p*=0. Now this expression reduces to (19) 

{x^ — p^) {x^ +p^)' Hence the equation reduces to 

{x^ — p^) {x^ -{-p^)=0^ and can be satisfied Ijy supposing 
jr.a__p2--Q^ whence x=±p; or by supposing x^-\-p^=Of 

whence a:= ± 'v^ — p^ = ±py/—l. 

We therefore obtain four different algebraic expressions for 
the fourth root of a. 

For another example, resolve the equation a:*=|>*, 

which can be put under the form «• — p* =0* 

Now x^—p^ reduces to {x^ — p^^(^x^ ^P'^^** 

therefore the equation becomes {x^ — p^"^ <^x^ •VTP*^^^^ 
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Butx^ — p'=0, gives 

x=py and x^py ^. 

And if in the equation a:^-hjp3=0, we make f^^pT, it 
becomes x^ — y'^=0, from which we deduce xz=pl^ and 

^'^V 2 J' 

or, substituting for pf, its value, — y. 

Therefore tlie equation x^ — p^ =0, and consequently the 6** 
root of a admits of six values, jp, op, a'p, — j>, — «/> — «'|^ 
by making 

-14.7-3 _i-7-3 

a= ^;i , a'= . 

2 ' 2 

We may then conclude from analogy, that every equation of 
the form a:"-;— a=0, or x" — ;p*=0, is susceptible of m different 
values, that is, the wf^ root of a number admits of m different 
algebraic values: 

111. If in the preceding equations and the result* correspond- 
ing to them, we suppose as a particular case a=l, whence p^lj 
we will obtain the second, third, fourth, &lc. roots of unity. 
Thus 4- 1 and — 1 are the two square roots of unity ^ because 
the equation x* — 1 =0, gives :rt=±l. 

, ,., -1+V^_3 -1-73 

In like manner +1> , — , are the three 

cube roots of unity, or the roots of x' — 1=0. 

+ 1, — 1, +V — I, — ^/ — 1, are the four fourth roots of 
unity, or the roots of x^ — 1 =0. 

178. It results from the preceding analysis, that the rules for 
the calculus of radicals which are exact wlien applied to abso- 
lute numbers, are susceptible of some modifications^ when ap- 
plied to expressions or symbols whidi are purely algebraic; these 
are more particularly necessary wlicn applied tp imaginary ex- 
pressions^ and are a consequence of what has been said in No. 
176. 

For example, the product of V— a b^ Uie rule of No. 174, 
would be 
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Now, Va^ is equal to ±a (No. 176.); there is, then, appa- 
rc Dtly, an uncertainty as to the sign with which a should be af- 
fected. Nevertheless, the true answer is —a ; for, in order to 
square y/m^ it is only necessary to suppress the radical ; but the 

V — aX V — a reduces to (^^ — a)^, and is therefore equal to 
—a. 

Again, let it be required to form the product V — aX v — ft, by 
the rule of No. 174, we will have 

VH^ X V — 6= y/ -\-ab. 

Now, Vab=±p (No. 176), p being the arithmetical value of 
the square root of ab ; but I say that the true result should be 

— p or — yab, so long as both the radicals 'v^ — a and '^ — b 
are considered to be affected with the sign + . 

For, V — a= V^a. ^Z — 1 and a/^= y/b. VZIi ; hence 

=jiabx — 1= — Va6* 

Upon this principle we find the different powers of V — 1 to 
be, as follows : 

^/-1 = V-1,(a/-1)^=-^1, 
and (V— 1)*=(V— 1)».(V— !)*=— IX— 1 = + 1. 



Again, let it be proposed to determine the product of V 



4 _ 



by the V — b which, from the riile, will be V+a5, and conse- 
quently will give the four values (No. 176). 

4 4 4 4 - 

-\- Vaby — y/abf + Vab.yZ — l^ --y/ab.'v — l. 
To determine the true product, observe that 

*, 4 4 4 4 4 

V— a=Va.A/— 1, V— 6=V6.y-l 



.1)3 = (V V'_i)« = V— 1 



But ^— IX V— 1=(V— 1)^ = (V v_l)= 

4 4 4 

hence V — a. V — 6=Va6*V — l. 



We win apply the preceding calculus to lYvc Ncn^caSaoii ^^ 
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the expression , considered as a root of the eqoa- 

tion x»— 1=0, that is, as the cube root of 1. (See No. 177.) 
From the formula (a+6)'=a' +3a»6+3aft» +6% 



(=i^) 



we have 



(— 1)^-|-3(— D'.y— 3-f3(— 1).(^^— 3)«-l-(V— 3)» 
= . 

-1+3V^^^^3— 3x-3-3V^ 8 

"" 8 "S"^' 

— 1 — V — 3 
The second value, , may be verified in the same 

manner. 

'^ IV. Theory of Exponents. Of Series. 

179. In extracting the n** root of a quantity a*, we have 
seen that when m is a multiple , of n, we should divide the ex- 
ponent m by the index of the root n ; but when m is not divisible 
by rt, in which case the root cannot be extracted algebraically, 
it has been agreed to indicate this operation by indicating the 
division of the two exponents. 

«• !? 

Hence \/a*=a*, from a convention founded upon the rule 

for the exponents^ in the extraction of the roots of numomials. 

Therefore, V««=o'; Va''=a^. 

In like manner, suppose it is required to divide o" by a\ We 

know that the exponent of the divisor should be subtracted from 

the exponent of the dividend, when wi>n, which gives .... 

a^ 

— =a"'~". But when m<n. in which case the division cannot 

a" 

be effected algebraically, it has been agreed to subtract the ex- 
ponent of the divisor from that of the dividend. Let^ be the 
absolute difference between n and m; then will n=m+Pf 

a* a* ^ 1 1 

whence -zT-=a~* ; but -—r^ reduces .to—- : hence ar^ =-r • 

Therefore the expression ar^ is the symbol of a division 
which it has been impossible to p^i(oim\ ^xv^Sx^ \x>i<& v^ue is 
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the quotient represented by unity divided by the letter a, 
affected with the exponent p, taken positively. Thus, 

-3 ^ -5 ^ 

a' ' a* 

The notation of fractional exponents has the advantage of 
giving an entire form to fractional expressions. 

From the combination of the extraction of a root, and an 
impossible division, there results another notation, viz. negative 
fractional exponents. 

In extracting the n^ root of -—, we have first — = a~*, 

a"" aw 

VI « _« 
~^—^a~^=a ", by substituting the fractional ex- 

ponent for the radical sign. 

Hence a", a"^^ a *, are conventional expressions ^ founded 

« 1 /I 

uponpreceding rules, and equivalent to ^/a^, — * -J — . 

We may therefore substitute the second for the first, or reci- 
procally. 

As o^ is called a to the p power, when j? is a positive whole 

— — — fn 

number, so by analogy, a**, a~^, a ", is called a to the - 

power, a to the —p power, a to the power, which has induced 

algebraists to generalize the word power ; but it would, per- 

... ^ 

haps, be more convenient to say, a, exponent — , exponent — p, 

exponent , using the word power only when we wish to 

designate the product of a number multiplied by itself two or 
more times. (See No. 2.) 
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180. Multiplication of Quantities affected with amy ExpaneHU 

whatever. 

3 2 , 

In order to multiply a^ by a ^, it is only necessary to add 
the two cxpomntSj and we have 

3 S ' 3j.S 1 

a^Xa^^a^ ^=a^^. 

3 5 3 3 

ForbyNo. 179, a*= V«' ; flf^=Va*; / 

3 2 5 3 • 

hence, « * xa^= y/a^ x Va*; 

or, performing the multiplication by the rule of No. 174, • 

3 2 15 19 

Again, multiplying a" 4 by a^, we have 

-3 * - , 6 

fora *=:^/— , a'^=\^a*; hence 

-7 I */ 1 « '2/1 1' . 13/£{1» 12 « 






In general, multiplying a by a^ ; we have 

Therefore, in order to multiply two monomials affected with 
any exponents whatever, add together the exponents of the same 
letters ; this rule is the same as that given in No. 16, for quanti- 
ties affected with entire exponents. 

From this rule we will find that 

3 _ 1 33 i_i ' 2 

a^b ^c"' xa^b^c^^a * b^c"^; 

« 

Division. 

To divide one monomial by another when both are affected 
with any exponcni whatever, foWw \Vi^ t>a\ft ^vn^w vcl'S^* ^t£l&t 
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quantities affected with entire and positive exponents ; that is, 
subtract the exponent of the letters in, the divisor from the expo- 
nents of the same letters in the dividend. 

For the exponent of each letter in the quotient must be such, 
that added to that of the same letter in the divisor, the sum will 
be equal to the exponent of the dividend ; hence the exponent 
of the quotient is equal to the difference between the exponent 
of the dividend and that of the divisor. 

Examples. 

2 3 — » "^ 9 1 

a'Xb* : a ^6^=aTiFj- f. 
Formation of potoers. 

To form the n^ power of a monomial affected with any expo- 
nent whatever, observe the rule given in No. 167, viz. multiply 
the exponent of each letter by the exponent m of the power ; for, 
to raise a quantity to the m^ power, is the same thing as to 
multiply it by itself m — 1 times; therefore, by the rule for mul- 
tiplication, the exponent of each letter must be added to itself 
m — 1 times, or multiplied by m. 

Thus \a^) =a ^ ; \a^) =a^ =a» ; 



\2a-h^y=e4a''''b^; («"*)'=«"" 



1 • 



Extraction of Roots. 

To extract the n^ root of a monomial, follow the rule given 
in No. 167, viz. divide the exponent of each letter by the expO" 
nent of the root. 

For the exponent of each letter in the result should be such, 
that multiplied by n, the exponent of the root to be extracted, 
it will reproduce the exponent with which the letter is affected in 
the proposed monomial ; therefore, the exponentt m Ahft t^iwiiX 
most be respectively equal to the quotients axuvaf^ttoxu^^ ^** 



i02 Algebra. 

Tision of tbe exponents in the proposed monomial, by n, tha 
exponent of the root. 



Thns 



yj=a^ ; Va"=aTT ; V a" ^^a"* ; 



^|J 



3*2 1 S 

The three last rules have been easily deduced from the rule 
for multiplication ; but we might give a direct demonstration 
for them, by going back to the origin of quantities affected 
with fractional and negative exponents. 

* We will terminate this subject by an operation which con- 
tains implicitly the demonstration of the two preceding rules. 

— f 

Let it be required to raise a* to the — power ; 



I say that 



an/ =a* ' =a «•. 



For by going back to the origin of these notations, we find 
that 

r 

(J) 1 / ' '/J— = V__L 






9 n 



The advantage derived from the use of exponents consists 
principally in this : The operations performed upon expressions 
of this kind require no other rules than those established for tbe 
calculus of quantities affected with entire exponents. Besides, 
this calculus is reduced to simple operations upon fractions, with 
which we are already familiar. 

181. Remark. In the resolution of certain questions, we will 

be led to consider quantities affected with incommensurable 

exponents. Now, it would seem that the rules just established 

/or commensBrabh exponents, ought to b« demonstrated for tbe 
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case in which the exponents were incommensurable; but we 

3 

will observe, that an incommensurable, such as \/3, VH^ is by 
Its nature composed of an entire part, and a fraction which 
cannot be expressed exactly, but to which it is possible to ajh 
proximate as near as we please^ so that we may always conceive 
the incommensurable to be replaced by an exact fraction, 
which only differs from it by a quantity less than any given 
quantity ; and in applying the rules to the symbol which desig- 
nates the incommensurable, it is necessary to understand that 
we apply it to the exact fraction which represents it approxi- 
mately. 

Examples. 

2v^2x(3)^ 
Reduce — p-r^ — to its simplest terms. 



( 2 V2 (3)^ ) 




simplest terms. 



r c to its simplest terms. 

Demonstration of the Binomial Theorem in the case of any 

Exponent whatever. 

182. Since the rules for the calculus of entire and positive 
exponents may be extended to the case of any exponent 
whatever, it is natural to suppose that the binomial formula, 
which serves to develope the wi** power of a binomial when m is 
entire and positive, will also effect this when m is any exponent 
whatever. In fact, analysts have discovered that this is the 
case, and they lidve deduced important consequences from it, 
both for the extraction of roots by approximation^ and the de- 
velopment of algebraic expressions into series. 

The following is a modification of Euler's demonstration. 

We will remark, in the first place, that the binomial x+a can 

be put under the form 2:1 1 +-) ; wheuce tJaete tevoXu 
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IH — I =jf*(l+z)*, by making -3sz» 

Therefore, if the formula 

m — 1 m — 1 m — 2 

(l-l-z)«=l+mz+m— ^ «>+!».— ^ — —z^-k-kjc. (A) 

is proved to be correct for any value of fn, we may consider the 
formula 

m— I m—2 « .« ^ 

4- f».— 2" .— — a \r«- ' 4- fee. (B) 

exact for any value of m. For by substituting - for z in the 

•I 

formula (A), and multiplying by x", we obtain 

from which, by performing the operations indicated, we obtain 

the formula (By. « 

Now, when w is a whole number, we have 

m — 1 „ m — 1 m — 2 
(1 +z)" = l +mz + »i.— g— « +^- — 2 o— 2r» + &c. 

but m being a fraction -, we do not know from what algebraic 

expression the developement 

m — 1 f»— 1 m — 2 „ . , . , 

1 +^z + wi — o~^' +wi. — ^-. — o— ^' + ^c. ... IS derived. 

Denoting this unknown expression by y ; we have the equa- 
tion 

m — 1 m — 1 m — 2 „ , ^ 

y=H-W2-M».— ^z^+m.—^-.-— ^-z'4- &c (1). 

If m' is another fractional exponent, we will have in like 
manner, 

,m'-\-] m'—l m'—2 

y'=zl-\'m'z-{-m'.—-r-.z^^m'. — ^;— X — -— z^+fcc (2). 

•^ *2 2 3 ' 

Multiplying the equalities (1) and (2) member by member, 

we will have for the first member of the result yy'. As to the 

second, it would be very difficult to obtain the true form of it, 

by the common rule for the mu\Ap\\caV\oii o? ^oVsTv^tBiai& \ Wt 
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by observing that the form of a product does not depend upon the 
particular values of the letters which enter in the two factors 
of this product^ (No. 20) we see that the above product will be 
of the same form as in the case where m and m' are positive 
whole numbers. Now in this case we have 

m — I 
1 ^mz->tm.—^z^ + . . . =(I -f-2)«, 

m' — 1 , , , ■ 

l+m'z-^m'.—^-z^-b . . . =(l+z)"". 

whence 

/ m—l \/ , ,m'—\ \ 

I 1 ^-mz^-m, — —z^ -f- ...III +m'z4-w. — ^"""^ "^ .... I 

=(1 4-2r+"'^=l +(w-f m>4-(ffl-^0 ^"^^~ z^ + . • • ; 

Therefore this form is true in the case in which m and m* are 

any quantities whatever, and we have 

.^m-^-m' — 1 ^ ^ 

yy'=\ + {m-\-m')z^{m-\-m) .z^-f . . . (3); 

Let mf' be a third positive fractional exponent, we will have 
y" = \-\-m"z-\^m" — - — z« + . .. 

Multiplying the two last equations member by member, we 

will have 

tit -f" tn! -f- tn^' "" 1 
yyy= 1 4- (^ + m' H- m!')z -\-{m-\-m'-V m") z« + . . 

In general, let q denote the number of exponents m, m'y m'\ 

p 
m'" ..... o being the denominator of the fraction - which we 

suppose equal to m ; we will have, by making r equal to the 
sum of the exponents m+m +m" -{-m"' -^ . . . 

yy'yY'=l -{-rz + r.'^z^ ^r!^!-^z^ + (4). 

And by supposing m=m'=m"=m"' .... in which case 

r=wi-fw4-fw4- . . . =^mqy 
the equation (4) becomes 

mq — 1 mq — 1 tnq — 2 . 

^=\ -\-mq.z — mq.—^ — z^ +^y--^2 — '"3 — "*" ' " 

P 
Now we have by hypotfaesisi m=^, or mq=p \ 
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«— 1 « — 1 p — 2 

hence y^l+i/z+l^.^-y-z^ ^ -P- 2~' aT"^'"^ * • ' 

but |i is a whole number, therefore the second member of this 
equation is the development of (1 +2)', which gives y*=s(l +z)', 

whence y=(l +z)' =(1 +z) ;" Consequently 

wi — I m — 1 m — 2 

(1 +z)'*=l 4-fMr +w— y-z^ +in — 2"'~3~^' + • • • 

m being any positive fraction. 

To demonstrate this formula, for the case in which m is a ne-. 
galii^e fraction or whole number, it is only necessary to suppose, 
f9i'=— -m, in the equation (3) obtained from the equations (1) 
and (2), for when I7j+m'=0, the equation (3) reduces to 

5{y'=l; whencey = —. 

But since m is negative by hypothesis, fn! or ^m, must be po- 
sitive, and we have 

y=(l + z)-', hence y^ ^y\^y. =(1 + ^Y "'=(1 + ^)-, 
and consequently 

' 2 

183. Application of the binomial theorem to the extraction of 
roots by approximation. 

If in the formula (a:4-a)'"= 

^/ a m — 1 a^ m—l m — 2 a* \ 

^1 l+w.-4-m.— ^— . _ -f ;w. — -— . -— — . — -f . . . I 

\ X 2 x^ 2 3 x^ / 

1 . 



we makein=-, it becomes (:c4-a)*or Vx + a= 



i-l . . l_i 1^2 



iA 1 « , 1 n a^ I n n , \ 

\^nxn2x^n2 3 / 



or, reducing, Vx-fa=s 

^A 1 aj. n— 1 a» 1 n— 1 2n-l a» \ 
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The fifth term can be found by multiplying the fourth by 

3ii— 1 a 

—T — 2^^ "^y "i ^hen changing the sign of the result, and so on. 

Extract the cube root of 31. The greatest cube contained 
in 31 being 27, suppose n=3, a:=:27, and a =4, and substitute 
these values in the above formula, we will have 

4\J 



■/31 = V2'7 + 4 



=2^* (^+^7) 



/ 14 1 1 16 115 64 \ 

"^V^"^ 3' 27 ""3- 3' 729 "^3* 3' 9- 19683 ^''' ) 



3 4 16 320 

or V31=3 + — -— ^- + 



27 2187 531441 



From what has been said above, the following term can be 

320 3n — 1 a 2 4 

obtained bymultiplying^gj^^ by— —.-, or-.—, and 

changing the sign, which gives — 



43046721 

In the same way, we will find the term which follows this 
last to be 

250 4/1-1 a 2560 11 4 112640 

-f- X-^ .-=-T:rT-.-:rvT--X— X-- = 



43046721 5n 'x 43046721 15 27 17433922005' 

and so on, for any number of terms. 

By considering only the five first terms, and reducing them 
to decimals, we obtain for the sum of the additive terms, 

3=3,00000 

4 

—=0,14815 V 

27 "'^'^^^^v. =3,14875, 

320 

=0,00060 



531441 

and for the sum of the subtractive terms, 

16 



,= -0,00731 



^^^^ \ =—0,00737. 

2560 ^ ' 

= -0,00006 



43046721 

3 



Hence, V31 =3,14138. 
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It will be shown presently that this result is exact to within 
0,00001. 

184. Remark. When the expression of a number is de- 
veloped in a series, the terms of which go on decreasing, (in 
which case it is called a decreasing or converging series), the 
greater number of terms we take in the series, the nearer will we 
approximate to the true value of the proposed number. When 
the terms of the series are alternately positive and negative j we 
can, by taking a given number of terms, determine the degree of 
approximation. 

For, let a—b -I- c — d + c— /, + . . ., &tc. be a decreasing series ; 
b, Cf d . . . . being absolute quantities, and let z denote the num- 
ber represented by this series. 

The numerical value of a: is contained between any two con- 
secutive sums of the terms of the series. For take any two con- 
secutive sums, 

a — b+c—d-^e — -/, and a — b-\-c — d-\-e—f-\-g. 



In the first, the terms which follow — /, are g — A, +A— /-f • • • • 
but since the scries is decreasing, the partial differences g — h, 
k — /, .... are positive numbers ; therefore, in order to obtain 
the complete value of ^, a certain absolute number must be added 
to the sum a — b^c — d + c — -f. Hence we have 

a—b + c — d + e— /<x. 

In the second series, the terms which follow -f g are — A + Ar, 
— l-{^m. . . . Now, the partial differences — A-f A, — Z+m . . ., 

are negative ; therefore, in order to obtain the sum of 

a— ft-fc — d-\'e — -f-\-gy a negative quantity must be added 
to it, or, in other words, it is necessary to diminish it. Con- 
sequently 

a — b 4- c — d + € — /+ g > X. 

Therefore x is comprehended between these two sums. 

Since the numerical value of the difference between these two 
sums is evidently less than gy it follows that the error committed 
by taking a certain number of terms, a — ^b-hc — d + e — fyfor the 
value of X, is numerically less than the following term. 

Therefore, in the example of the preceding number, all of 
the terms after the first being positive and negative alternately, 
we may conclude that the sum of the first five terms, 

4 16 320 2560 



3-^^— ;rT7;;;+ 



27 2187^5314^1 43Si^'^^V 
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3 

differ from \/31 by a quantity less than the 6th term, which has 
been found (No. 183) to be ^^^^^g^^^^ ; but we see by in- 

spection that this fraction is less than ^ ; hence 

V31=3,14138 to within 0,00001. 

185. The process for approximating to the n'* root of a 
number N by series, consists in decomposing it into two parts, 
p»+q, '(p i^ing the root of N to mthin unity), and making 



x=p», a=q, in the development of y^x+a. (No. 183.) T^en 
performing the operations ir^dicated upon aU the terms which 
precede that which is less than a unit of the decimal, 
within which it is required to approximate; then convert these 
terms into decimals, and reduce the additive and subtractive 
terms* 

This method Is not very advafktageous, except when —■ is a 

very small fraction, for if it was not, the terms of the series 
would not diminish very rapidly, and a great many of them 
would have to be taken, in order to obtain the required degree 
of approximation, which would render the calculation very la- 
borious* 

There is a case in which it is necessary to modiiy the above 

a Q 
rule, viz, whenj!?*< jr • for then- or -~ is greater than unity, as 

* •*» If 

a 
well as all the powers of - which go on increasing, numerically, 

X 

in proportion as the degree of the power increases. * 

For example, suppose it is required to extract the cube root 
of 56 ; the greatest cube contained in 56, being 27 ; we have, 

a 29 
a;=327, a=29 ; whence -^ttl, 

and the terms of the series will goon increasing instead of dimi- 

8 1 
Dishing. But Sds:64^8ss4* — 8; now —. or -r Vs ^ «ia^ ^tw.- 

27 
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tion ; and if in the expression for '^a:+a(No. 183), we put 
in the place of a, it becomes 

» 1/^ 1 a 1 n-l"a« 1 n— 1 2ii— 1 a* \ 

\ nx n 2n ap^ n pi 3n x* / 

then making ar=64, a=8, we will obtain a converging ieries. 

In this series all the terms excepting the first are negative, 
and we cannot apply to it what has been said (184) upon the 
manner of fixing the degree of approximation for the sum of n 
certain number pf terms. 

Examples. 



^/39 = ^/32 4-7=2,0807 to within 0,0001 ; 



V65 = V64 + 1 =4,02073 to within, 0,00001 ; 
V260= V256 + 4=4,01553 to within 0,00001 ; 

^108= V 128— 20=1,95204 to within 0,00001. 

186. The binomial formula also serves to develope algebraic 
expressions into series. 

Take for etample, the expression , we have 

1 'Z 

In the binomial formula, make^= — l,"a:=l, and a=— r, it 
becomes 

, —1-1—1-2, , 

or, performing the operations, and observing that each term is 
composed of an even number of factors affected with the sign — , 

1 

The same result will be obtained by applying the rule for di- 
m/on (No. 26.) 
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1— z 



l+z+c«4-2»-fs*+ . . . 



1 

1st. remainder . -\-z 
2d: .;.... . +z» 

3d +3» 

4Ui +2* 

H- .. . ' 

2 
Agaio, take the expression — — ^-, or 2(1 — z)~^- 

We have 2(1— 2)-"> = 

2[i .3.(-zH3;^:|:^.(-z)^-3.:::^ »-.] 

or 2(1— z)-3 =2(1 + 32+6s» 4- lOz' + 15z« + ....) 

3 



To develope the expression v'2z — z* which reduces to ... . 
V2z^l— |j% we first find 

O-0*=>4(-l)4*-i-(-i)^ - 



* 6 36^ 648^ •'•' 

3 \— / 115 \ 

hence y/2z — z* = v22|l z— — z» z* — &c. I 

^ V 6 36 648 / 

§ V. Method of Indeterminate Coejicients. Recurring Series. 

187. Algebraists have invented another method of developing 
algebraic expressions into scries, which is in general, more sim- 
ple than those we have just considered, and more extensive in 
its applications, as it can be applied to algebraic expressions of 
any nature whatever. 

In order to give some idea of this method, we will suppose it 

is required to develope the expression , • , , into a series ar- 
ranged according to the ascending powers of x. it is visible 

a 
that the expression can be developed ; for , ,, reduces to 

a{a' + b'x)-^ ; and by applying the binomial formula to it, we .. 
would evidently obtain a series of terms arraiige^ ^^^cot&G^^ 
io the asceadiag powers of x. We may ihctefoTe wsuxd© 
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a 



the coefficients A^ J?, C^ D, . . . being functions of a, a', &'» \mi 
independent of x, it is required to determine these coefficieoU, 
which are called indeterminate coefficients. 

For this purpose, n)u!tiply both members of the equation (1) 
by a' + Vx ; arranging the result with reference to the powers of 
Tf and transposing a, it becomes 



^"l—a'^'Ab' 



X 4- Ca' 
+ Bb' 



+ 2)6' 



X* -f . . (2). 



x^ 4- Da' 
+ C6' 

Now if the values of Aj B^ C^ Dj , . . were determioed, the 

equation (1) would be verified by any value given to or. ; this 

must therefore be the case also in the equation (2). 

But by supposing a:=0, this equation becomes, O^^Aa'- 



Whence 



a 



a 



A being equal to -,, when j"=0, this must be the value of it 

when X is any quantity whatever, since A is independent of x 
by hypothesis ; therefore whatever may be the value of x, the 
equation (2) reduces to 



i +Ab' 



x+Ca' 
+ Bb' 

^_( Ba' x+Ca' 
"- I •\-Ab' +Bb' 



x^ + Da' 
+ CV 

x> -f Da' 



x'+...; or, dividing by X, 
x» + (3) 



+ C6 
This equation being also satisfied by any value for x, by 

making x = 0, i t becomes Ba' + Ab'=^0. 

^. ^ AV - a V aV 
Whence J5= j- , or B=— X 



a 



a' 



a' a 



'2 



As this must be the value of B whatever may be that of J, 
we will suppress the first term Ba' -^Ab' [of the equation (3),] 
which this value of B makes equal to zero, and divide by x; it 
thus becomes 







"i +B6' + C6' 



Ca' + J?ft'=0. 



x+Ea' x^+ . . . . 
+ D6' 

Making x=0, there results 

Wk /> -B6' ^ ab' V aV^ 

Whence C= ^, or C= — - X ^—rt' 

a" a^ a a'l 

Ja the same way we would fiud t>oi ^ C\4 *^ 
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Cb' ^ ab'^ V A'* 

^"^'-'^nce X>= ,- or D= — r— X — -,= -^rttr^ and so on. 

a a^ a ,§■* 

it is easily perceived that any coefficient is formed from that 

which precedes it, by multiplying by , ; therefore we have, 

a 

a a aV ah'^ ^ a^ ^ ah'^ 
a -\^h'x a a^ a^ a* a'* 

1 88. By reflecting upon the preceding reasoning, we per- 
ceive, that the fundamental principle of the method of indeter- 
minate coefficients, depends upon this, viz., when an equation of 
the form 0=M-hiVi+Px> + Qa:=+...(Af, JV, P, Q, . . . being 
independent of x), is verified hy any value of x whatever^ each 
of the coefficients must necessarily be equal to 0. 

For since these coefficients are independent of x, when they 
are determined by any particular hypothesis made with respect 
to Xj the values must answer for any value of x whatever. Now, 
making x=0, we find M=0, and dividing the equation by x, it 
reduces to 

o=:N+Px+qx^+ ... 

making x=0 in this equation, it becomes ^^=0, and dividing 
the equation by X', it reduces to 0=P+Qx+ . • • and so on. 
Hence we have 

M =0, N=0, P=0, Q=0 . . . ; 

in this manner we obtain as many equations as there are coeffi- 
cients to be determined. 

This principle may be enunciated in another manner, viz. 

When an equation of the form 

a+bx+cx^'\-dx^+ . . . =a'+b'x+c'x^ '\-d'x^+ . .. 

is satisfied by whatever value we give to x, the terms involving 
the same powers in the two members are respectively equal ; for, 
by transposing all the terms into the second member, the equa- 
tion will take the form 0=M+Px+Q^x^ +• . • , whence 



a'—a=0, y— 6=0, c'—c=0 , 

and consequently, 

a'^^tty b'=ibj c'=Ci d'=^d , 

Every equation in which the terms are arTaiigeAN9\vV\ trfftt^w^^ 
to a certain letter, and which is satisfied by aiiy n^Nml^ >KNiv^ 
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giveateUiis letter, is called an idetUical equation^ in 
to diifflRruish it from a common equation^ that is, an 



can be 

order to diiffliguish it from a common equatt 

equation which can only be satisfied by giving particnlai' 

values to this letter. (42.) 

189. The method of indeterminate coefficients requires that 
we should know, a priori^ the form of the development with 
reference to the exponents of x. The development is gene- 
rally supposed to be arranged according to the ascending 
powers of Xj commencing with the pow^r afi ; sometimes, bow- 
ever, this form is not exact; in this case, the calculus detects 
the ^rror in the supposition. 

For example, develope the expression -• 

Suppose that =-4+Bx4-Cx" +Dx3-f . . . ., 

whence, by clearing the fraction, and arranging the terms, 



0=— 14-3-4a;+3J5 

-A 



x^ + ^C 



ar=+32) 



X "t" . • • •, 



whence, (No. 188), 

—1=0, 3^=0, 3i?— ^=0. .... 
Now the first equation, — 1=0, is absurd, and indicates that 

the above form is not a suitable one for the expression ; 

but if we put this expression under the form -X - — , and sup- 

X fi X 

pose that 

-X;; ,=- {A-\-Bx+Cx^-^Dx^-\- ), 



X 3— X X 
it will become, after the reductions are made, 



0=1 i1t! 



3^ + 35 
A 



X+3C 
—B 



x=+3D 
— C 






which gives the equations 

3^—1=0, 32?— ^=0, 3C— jB=0 , 

wheuce 

j-l B_i c-^ D-* 
^-3' -^-tf ^-2.T ^-W\' ' ■ 
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or ^^.+»^.+i.^+^x»+....; 

'that is, the development contains a term affected with a nega- 
tive exponent. 

190. Demonstration of the Binomial Formula^ by the method 
of indeterminate coefficients. 



Since (x+a)*^ can be put under the form afllH — I*, 



or 



a 
5C"(1 +y)'"t by making y=-, it is only necessary to develope 

• (l+y)"* w being any quantity whatever. 

P 
First, let m be equal to a positive number ~. Assume 

p 
{l+yy=l+Ay+By^ + Cy^ + Dy*+ (1). 

[We are led to assume this form for the development, from 
the formation of the first entire powers, and by observing that 
when^=0, the first member reduces to 1, from which it follows 
that the part of the second member which is independent of y, 
must be equal to 1.] 

To determine the coefficients A. B^ C^ D . . . .^ substitute z 
toty in the equation (J) ; it becomes 

(1 +z)« =1+^ + J?z» + Cz^ + Dz* + (2). 

It is evident that the values of A^ By C . . . . are the same in 
this equation as in the equation (1), since they arc independent 
of any value given to y. . 

f 

Subtracting these two equations, member from member, we 
obtain 

F p_ 

{l+yY -(l+zy =A{y--<:)+B{y'-z^) + C{y^-z^) 

+ D{y*—z*)+ (3). 

Making (1 +y) »= w, and (1 +z) * =r, there will result 1 -Hysstif, 
l+2:=t?^; whence y — z=ti* — tj^ and the eqnation (S\ liecoiBft;% 
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or, dividing the first member by tf^-*-4?9, and the second hy iu 
equal y — z^ we have 

t(f — r« y — z 

Now v^ — ^ is divisible by u — D, (No. 31), and gives the 
quotient, 

In like manner, (tt'— t?') : (ti — v) gives 

Moreover, y— z, y" — z^fjf^^z^^ Jf*-^^* • . . . divided by 

y — ^z, give the quotients 

^^y+^jy' +yz+z^j y' +yz^ -^-y^z+z^ »• . . ; 
therefore, the equation (4) becomes 

+ C(y»+y2+z«)+D(y»+yz«4-y*2+2')-f ... 

Making y=:z in this last equation, whence fi=:o (since 

1 !■ 

(l+y)«=t<, and (1— z)« =v), the first member reduces to 

•^— ^:7Y, or - . — ; and by putting m the place of it' its value 

(1+y);, or 1 +-4y+ J?y" + Cy' + , and in place oftt% its 

value 1 +y9 this first member becomes 

p l+^y+Jgy' + Cy^+ 

9 1+y 

Moreover, the second member reduces to 

^+2By+3Cy» +4I)y'+ ; 

hence we have the equation 

+ 4l>y»+... 
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Cleariog the fraction, and performing the operations in- 
dicated, 



A+2B 

+ A 



y+3C 
+2B 



+ 3C 



y'+BE 
+4D 



r+ 



Comparing the terms of the two members of this identical 
equation^ we obtain the following equations : 



P V 

-=Aj whence -4=-» 



Ar') 



^.A-2B+A, 2B-A(^—\\; hence B= 
q \q / 

^. B=3C+2B, 3C=JS(^— 2) ; hence C=— ^| — -> 
q \q / 3 

^. C=4« + 3C, 4D=C(^— 3 ) ; hence D=— ^^ » 

y \q ' 4 

and so on for the rest of the coefficients. 

The law for the formation of the coefficients from each other, 
is manifest. Let N be that coefficient which has n coefficients 
before it, and M that which immediately precedes it. We evi« 
dently have 

^M=»x\+(»-l)M; whence iV= i— » 

By examining the preceding demonstration, it will be per- 
ceived that it applies to the case in which ^=1 ; that is, in 
which the exponent is a whole number. 

As to the case in which m is equal to a negative fraction, 

P 
, we proceed exactly in the same manner as above until 

we obtain the equation which corresponds to equation (4), viz. 

28 
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We then observe, that 

Therefore, by dividing the first member by «' — »*, and the 
second by its equal y — z, we have 



1_ u^—v^_ A(y'-z)-\-B{y^—z^)^ 

vFv^ ' u" — v^^ y — z ' 

or suppressing the factors u — t?, andy — z, 

1 wP~' +t^/'-^4-. . . . v^""» 

then making y= 2, whence M=r, it bi>comes 

The remainder of the calculus Is exactly similar to that of 
the preceding case. 

191. Recurring Series, The development of algebraic frac- 
tions by the method of indeterminate coefficients, gives rise to 
certain series, called recurring series. 

It has been shown in No. 187, that the development of the 

a . , , a ah' ah'^ , , aft'' , 
expression is the series - , x4- ^^4- -f»>M 

^ a'+b'x' a" a"' a'^ a'* 

in which each term is formed by multiplving that which precedes 

It by — -,. 
a 

This property is not peculiar to the proposed fraction ; it 
belongs to all rational algebraic fractions, and it consists in 
this, viz. : Every rational fraction involving x^ tchen developed^ 
gives a series of termSy each of which is equal to the algebraic 
sum of a certain number of preceding terms^ multiplied re- 
spectively by certain constant quantities^ which are the same for 
any term ofilie series. 

The collection of constant quantities, by which a certain num- 
ber of the preceding terms should be multiplied, is called the 
scale of the series. 

r/ 

In the preceding series, the scale \s ^, and the series is 

called a recurring series of Ifcc Jlrst order. 
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Let it be required to develope the expression 
a+bx+cx^ 



€i'+b'x+c'x*+d'x^ 



-, — , into a series. 



Assume 



a+bx+cx' 



=A+Bx-i-Cx'+Dx'+Ex*+.. 



a'+b'x+c'x'+d'x^ 
Clearing the fraction, and transposing, we have, 



0= 




x'+Da' 
+ Cb' 
+Bc' 

+Ad' 



+Db' 
+ C& 
+Bd' 



X "i • • • 



which gives the equations 

a 
Aa'—a=^0, or -4=- . 

a 



Ba'+Ab'—b=0, 



b=j:a+ \6=^^'+^' 



a' 



a 



a 



'a 



6' C , 1 

Ca'+Bb'+Ac-c^O, C= — ,B A+tc- 

a' a a' 



or 



C= 



ah'^—ba:b'—aa!d—c a'\ 



Da + C6' + Bc'+^rf'=0, D^—^C—^B ,A, 

a a a 

a' a a 



Whence we perceive that the three first coefficients, are not 
obtained by any law ; but commencing at the fourth, each co- 
efficient is formed from the sum of Jthe three which precede it, 

h' /•' //' 

by muhiplying them respectively by r, 7, 7, viz. that 

which immediately precedes the required coefficient by 7-> 



that which precedes it two terms by — --; , wiA xVi%X '^VJvdti ^i^- 
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cedes it three terms by ; thus the coefficients Aj J?, C, B^ 

form a recurring series, the scale of which is composed of 

\ a"~ a" a')' 

From this law for the formation of the coefficients it followi 
that the fourth term of the series, Dx^ is equal to 

tCx"" jBx^ -Ax^, 

a a a' 

*' ^ C r. d' A 

or jx.Cx' ,x^.Bx — —.x^.A. 

a' a' a 

In like manner, we have for the term £a:«, 

h' c' d' 

;Dx* rCx* jBx^, 

a' a a 

V ^ c' ^ d' r, 

or jz.Dx^ -x^.Cx^ 'X^.Bx. 

a a a 

Hence each term of the required series, commencing at the 
fourth, is equal to the sum of the three preceding terms multi- 

.11./'*' ^' d' \ 
plied respectively by I -,x^ ; x» -,x^.\ 

The three first terms A+Bx+Cx*^ are obtained by substi- 
tuting for Af JB, C, their values obtained above. 

192. Recurring series are divided into orders, and the order 
is estimated by the number of terms contained in the scale. 

Thus, the expression -; — ^ gives a recurring series oiHie first 

order, the scale of which is — H^z. 

a 

The expression , , ., —-- will rive a recurring series of 

a-TOX-^cx^ 

the second order y of which the scale will be 



/ V c' \ 



The series obtained in the preceding t(o. is of the third 
order. 
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In (reneral, an expression of the fortri , . ' ^ , • — ^^^- — -, 
gives a recurring series of the n*^ order^ the scale of which is 






N. B. It is here supposed that the degree of x in the nume« 
rater is less than it is in the denominator. If it was not, it 
would first be necessary to perform the division, arranging the 
quantities with reference to x, which would give an entire quo- 
tient, plus a fraction similar to the above. 

^. . ^ . 1— x-3x»-f4x»+x* 

Thus, in the expression a-5x+3;r^-x' ' 

x«-f4x' — 3x^— x-f-1 > — x° + 3 x'— 5x+2 
+ 7x3 — 8x» +x ) — x^l. * 

+ 13xa— 34x4-15. 

Performing the division, we find the quotient to be — x— 7, 
plus the fraction. 

13x«-34x-i-15 15— 34x-i-13x« 



or 



— x3-f3x2— 5x+2' . 2— 5x+3x« 



;f I... 
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EXAMPLES FOR PRACTICE. 



The following Examples are from Bonnjf costless Algebra. 



MULTIPLICATION. 

1. Multiply I2ax by 3a. Ans. 36a«x. 

2. Multiply 4x' — 2y by 2y. Ans. 8x«y— 4y«. 

3. Multiply 2x-\-4yhy 2a:— 4y. Ans. 4r»— 16y*. 

4. Multiply a:'+a:^y4-ay»+y3 by x — y. Ans. x*^~jf*. 

5. Multiply a:^ 4- a:y +^2 by x^ — xy-\-y'. 

6. Multiply 2a» — 3ax-\-4x^ by 5a*— 6ajc— 2x^ 

7. Multiply 3x3 — 2ay + 5 by x» +2ay — 3. 

8. Multiply 3x3 +2a'3y=» ^3^3 by 2x^ — 3x«y2 +5y^ 



1. 


Divide' 


2. 


Divide 


3. 


Divide 


4. 


Divide 


5. 


Divide 


6. 


Divide 


7. 


Divide 


8. 


Divide 


9. 


Divide 


10. 


Divide 



DIVISION. 

18x= by 9x. 
lOx^y^ by —Sx^y. 
— 9ax^y^ by 9x*y. 
— 8x2 by — 2x. 
10aft+15ac by 5a. 
30ax — 54x by 6x. 
10x»y — 15^2 — 5y by 5y. 
13a + 3ax— 17x« by 21a. 
3a'-15 + 6a + 36by 3a. 
a* +2ax+x' by a+x. 



^9». 2x. 

-4iw. — 2y. 

Ans. — ay. 

Ans. +4x. 

Ans. 26+ 3f. 

Ans. 5a — 9. 

Ans. 2x* — 3y— 1. 



Ans. a+x. 
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11. Divide a'— 3a=y+3ay' — y' by a — y. 

Am. a«— 2ay+y«. 

12. Divide 1 by 1 — x. Ans. l+x+x^+x^^iic. 

13. Divide 6x*— 96 by Sx—6. Ans. 2x3+4r«+8a;+l6. 

14. Divide a* — 5a«x+ lOa'x^ — 10a^x'+5aa:* — x^ 

bya» — 2ax-]rx^. Ans.a^ — 3a«x+3aa;' — x». 

15. Divide 48x3— 76axa-64a^a:+ 105a' by 2x— 3a. 

16. Divide y'—3y*x«—3^*x* — x« byy'— 3y»x+3yx»— x». 



FRACTIONS. 

ox+x' 

1. Let X ^ — be reduced to an improper fraction. 

2x — 8 

2. Let 10 H — be reduced to an improper fraction. 

1 — X — b 

3. Let a H r — be reduced to an improper fraction. 

X— 3 

4. Let l+2x — be reduced to an improper fraction. 

ox 

35 3a6 — h^ , . 

5. Let -r- and be reduced to whole or mixed quan- 

8 a 

3 6* 

tities. Ans. 4- and 36— — . 

8 a 

2x^t/ a^ -|-x^ 

6. Let -zr-^ and be reduced to whole or mixed 

2x a — X 

quantities. 

X* —1/3 j;^3__|]rS 

7. Let r^ and ^ be reduced to whole or mixed 

quantities. 

10^3 x-r3 

8. Let be reduced to a whole or mixed 

5x 

quantity. 

12x3+3x^ 

9. Let :: be reduced to a whole or mixed 

4x5 4- x^ — 4x — 1 

quantity. 

2x 6 

10. Reduce — and - to equivalent fractions, having a com- 

mon denominator. Ans. — r cwwl— • 

ac o^ 
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a a+b 

11. Redace r and to fractions, having a common dc- 

ac tfJ-f J* 
nominator. Ans.' 7- and — 7 — • 

DC be 

3z 2b 

12. Reduce 9") ^9 and d, to fractions having a common de^ 

9cx 4aJ _ 6acd 
nommator. Ans. -z — , -z — and -z — . 

6ac 6a€ 6ac 

3 2>x 2x 

IS. Reduce -, -^, and aH — , to fractions having a common 

4 3 a . ° 

9a Sax ^ I2c^ +24j: 

denominator. Ans. -^^ 777-, and 77; . 

12a 12a 12a 

14. Reduce -, -^ and , to fractions havmg a common 

2 3 a-\-x ° 

denominator. « 

15. Reduce r— , — , and -, to equivalent fractions having a 

.^a mi^ a 

common denominator. 

a;3 1 

16. To find the greatest common divisor of -—. 

Ans. x-{ 1. 
- 17. To find the greatest common divisor of , ra ^* 

X "i" O X 

Ans. x^ -^-b*. 

18. To find the greatest common measure of 

5a^+10a*&H-5a^ft« iV:*-^ 

a36 + 2a«6= +206^+6* * 

19. Reduce ; — -, to its lowest terms. Ans. ; — . 

x\-\-b^x^^ x^ 

20. Reduce — — — , to its lowest terras. Ans. — r-; — ; • » 



a' — 

21. Reduce -, to its lowest terms. 

a^—a^x — ax^-x^ 

Ans. . 

a^-^x 

r.^ T> , 5a^—i0a*x-]-5a^x- . , 

22. Reduce — ; r j to its lowest terms. 

a3a: + 2a'a:3 4-2ax'-fx* 

^« ^j.^ ,^ t A I5x+2bx 

23. Add ^ and- togelVver. Aiu- — ^"~" 
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24. Add -, - and - together. Ans. ^+72* 

x—% ,4x , . 19a:— 14 

25. Add — TT— and — together. Am. — ^7 — • 

sc—2 2x — 3 ^ lOa-— 17 

26. Add ^ + -Q- to3x+— — -4w^. 4x + — — — . 

Sx^ X -^ €t 

27. It is required to add 4:r, -^, and -^ together. 

^ 5:r3+aa: + ii* 

-4W«. 4X+ 7i • 

2ax 

2Lr *7x 2iX -4- 1 

28. It is required to add — , -^, and — r — together. 

• ^ ^ 49x4-12 
Ans.2x+ — -^pr — . 

oil 

7x ^ X 

29. It is required to add 4r, — , and 2+ t together. 

44X+90 



Am. 
30. It is required to add 3a: + — and x—— together. 



45 



Am. 3a:+-77-* 

46 

31. Required the difference of -=- and — . Am. -jrrl 

7 o 35 

3y 37y 

32. Required the difference ot 5y and -^. ^iw. -3^. 

D O 

3r 2a: l3x 

33. Required the difference of -^ and -77 Am.-r^. 

^ 7 9 63 

X-\- (I c 

34. Required the difference between — t— and j. 

o a ' 

. dx+ad—bc 

3a:+a 2a: +7 

35. Required the difference of . and — 5 — • 

. 24a:+8a— lO&r— 356 
-4»w. — . 

406 

X 

36. Required the difference of Sa:+T and z 

Am. 2x-V 



c 
cx-Vl)x -V ob 



he 
9» 



226 Algebra. 

37. Required the product of — and -t • Ans. -^^ 

2x 3^' 3x' 

38. Required the product of —and -^. Am. -— . 

39. Find the continued product of — i — , and -rrr- 

^ a c 2b 

Ans. 9ax. 

bx a 

40. It is required to find the product of ftH — and -• 

ab+bx 



Am. 



X 

41. Required the product of — j- — and -yT — • 

X+l , X— 1 

42. Required the product of .rH , and — tt« 

7x 12 . 91x 

43. Let -=- be divided by t^. Am. —-' 

5 "^13 60 

4x* . 4:r 

44. Let — - be divided by 5x. Am. — • 

x+l 2x . x+l 

45. Let — j— - be divided by — . Am. ""TZ" 

X X '•' 

46. Let ; be divided by z:. Am. - — - • 

X — 1 "^ 2 X — 1 

5x 2a J Bbx 

47. Let — be divided by ^rr. Am. — • 



3cx 

X* 6^ x*+bx . 6* 

49. liet ^, . , ■ ; be divided by t-. Am. x-\-' — 

x^ — 2J)X+b^ '^ X— 6 X 



SIMPLE EQUATIONS. 

1. Given 3^— 2+24=31 to find y. >liw. y=3. 

2. Given a:+18=3x— 5 to find x. Am.x=\\\. 

3. Given 6 — ^2a; + 10=20 — 3x-^2 to find x. Am. x=2. 
L Given x+Jx+Ja:= 11 to find x. Am. x=6. 

6 

i. Given 2x — ix+l^lSx — 2 to find x. Am. a:==- 

7 
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6. Given 3ax-\-- — 3=2=6a? — a to find x. Ans. x^- — —r. 

2 ba^-^2o 

7. Given {^Iglfol to find a; and y. {^^. JlJ. 

8. Given | |J^;|^=8 } ^"^ ^"^ "" ^"''y- 

9. Given 4x+y=34, and 4y+x=16, to find x and^. 

^n^. a:=8, andy=s2. 

10. Given — +^ = 2^, and — -fy = j2o' to find x and y. 

-4iw, a:=-, andy=^. 

11. Given x+y=s, and x* — y^ =zdj to find x and y. 

Ans. ar=-^— , and y= 



28 " ^28 

12. Given x+y + 2=53, a:-|-2y + 3z=105, and a;+3y + 4z 
= 134, to find, Xjjfy and 2. -4/i*. a:=24, y=6, and z=23. 

13. Given a:+y=fl, a:+z=6, andy + 2:=c, to find a;, y, and ar. 

Sax+by-\-cz=mi 
dx + ey-\-fz=n > , to find x, y, and z. 

15» What two numbers are those, whose difierence is 7, and 
sum 33.^ Ans. 13 and 20. 

16. To divide the number 75 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

^;i«. 54 and 21* 

17. In a mixture of wine and cider, ^ of the whole plus 25 
gallons was wine, and | part minus 5 gallons was cider ; how, 
many gallons were there of each ? 

Ans. 85 of wincj and 35 of cider. 

18. A bill of 120/. w^s paid in guineas and moidores, and 
the number of pieces of both sorts that were used was just 100 ; 
how many were there of each i Ans. 50 of each. 

19. Two travellers set out at the same time from London 

and York, whose distance is 150 miles ; one of them goes 8 
miles a day, and the other 7 ; in what time will they meet ? 

Ans. in 10 days. 

20. At a certain election, 375 persons voled^ ^u3l iJafe ^^tlKv- 
date chosen bad a majority of 91 ; bow mun^ NoXfedi fait ^asJioX 

Ans. 233 /or one, and 14^ for iU otlw^t 



5128 Algebra. 

21. What number is that from which, if 5 be subtracted, |of 
the remainder will be 40 ? An^ 65* 

22. A post is \ in the mud, | in the water, and 10 feet above 
the water ; what is its whole length ? Am. 24 feet. 

23. There is a fish whose tail weighs 9lb.; his head weighs as 
much as his tail and half his body ; and his body weighs as 
much as his head and his tail ; what is the whole weight of the 
fish ? Ans. 12Ib. 

24. After paying away \ and \ of my money, I had 66 gui- 
neas left in my purse ; what was in it at first i 

Ans. 1 20 guheat. 

25. A's age is double of B's, and B's is triple of C's, and the 
sum of alHheirages is 140; what is the age of each f 

Am. A's=84, B's=42, and C's=xl4. 

26. Two persons A and B, lay out equal sums of money in 
trade; A gains 1261. and B loses 871. and A's money is now 
double of B's ; what did each lay out ? Ans. 3001. 

27. A person bought a chaise, horse, and harness, for 601. the 
horse came to twice the price of the harness, and the chaise to 
twice the price of the horse and harness ; what did he give for 
each f 

Ans. 13U 6s. 8d. for the horse^ 61. I3s. 4d. for ike Jutmess, 

and 40]. for the chaise. 

28. Ti^o persons, A and B, have both the same income : A 
saves \ of his yearly, but B, by spending 501. per annum more 
than A, at the end of 4 years finds himself 1001. in debt ; what 
is their income ? Ans. 1251. 

29. A person has two horses, and a saddle worth 501. now if 
the saddle be put on the back of the first horse, it will make his 
value double that of the second ; but if it be put on the back of 
the second, it will make his value triple that of the first ; what 
is the value of each horse ? Ans. one 301. and the other 401. 

30. To divide the number 36 into three such parts that | of 
the first, I of the second, and I of the third, may be all equal to 
each other. The parts are 8, 12, and 16. 

31. A footman agreed to serve his master for 81. a year and 
a livery, but was turned away at the end of 7 months, and re- 
ceived only 21. 13s. 4d. and his livery ; what was its value ? 

Afis. 41. 16s. 
320 A person was desifoos ot gmu^^^ u y«^ ^ vwDfe^ft^- 
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gars, bat found he bad not money enough in his pocket by 8d. 
be therefore gave them each 2d. and had then 3d. remaining ; 
required the number of beggars. Ans. 11. 

33. A person in play lost | of his money, and then won 3 
shillings ; after which he lost | of what he then had, and then 
won 2 shillings ; lastly he lost { of what he then had ; and this 
done, found he had but 12s. remaining ; what had he at first? 

Ans. 20s* 

34. To divide the number 90 into four such parts, that if the 
first be increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, the sum, difference, 
product, and quotient shall be all equal to each other. 

Ans. The parts are 18, 22, 10, and 40, respectively. 

35. The hour and minute hand of a clock are exactly to- 
gether at 12 o^clock ; when are they next together? 

Ans. 1 A. 5j\ fidn. 

36. A man and his wife usually drank out a cask of beer in 
12 days ; but when the man was from home, it lasted the wo- 
man 30 days ; how many days would the man alone be in drink- 
ing it ? Ans. 20 days. 

37. If A and B together can perform a piece of work in 8 
days ; A and C together in 9 days ; and B and C in 10 days ; 
bow many days would it take each person to perform the same 
work alone ? Ans. A 14f } days^ Bl7f f , and C 23/t. 

38. If three agents. A, B, C, can produce the effects a, 6, c, 
in the times e^fg^ respectively; in what time would they jointly 
produce the effect d ? 

Ans. o-r I h -TT H — Utme^ 

\e f g/ 



QUADRATIC EQUATIONS. 

1. Givcna:^ — 8a:-|-10 = l9, tofind x. -4im. x=9. 

2. Given a:' — ^x— 40 = 170, to findx. Ans. x=sl5. 

3. Given 3x« -i-2x — 9=76, to find x. Ans. x=5. 

4. Given ^x^ — ix+7}=8, to find x. Ans. a:=l\, 

5. Given 2x«— x* s496, to find x. Aa»» x=\- 
6. Given jx^i Vz==22i to find x. Ato- x=*i^ 
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7. Given |a:2+};r=J to find x. Ans. .6689. 



.•? 



8. Givena:«+6x'=2, to findx. An8.x=^V — 3+Vll. 

9. Given x^ 4-x=a, to find z. Am. x= \/(fl + J)— J. 

10. Given x — \/x=a, to find x. Am. xs=(i+ Va+J)*. 

11. Given 3x»»— 2x*=25, to find x. .4iw. x=(i ^76 + J)i. 

4 

12. Given Vi +a:— 2 Vl +x=4, to find x. 

-4w«. x=:(l+ V5)* — 1. 

13. A grazier bofight as many sheep as cost him 60l.» and 
after reserving 15 out of the number, he sold the remainder for 
541., and gained 2s. a head by them. How many sheep did 
he buy ? ^ Am, 75. 

14. There are two numbers whose difierence is 15, and half 
their product is equal to the cube of the lesser number. What 
are those numbers ? Am, 3 and 18. 

15. A person bought cloth for 331. 15s., which he sold again 
at 21. 8s. per piece, and gained by the bargain as much as one 
piece cost him. Required tlie number of pieces. Am. 15. 

16. What number is that, which, when divided by the product 
of its two digits, the quotient is 3 ; and if 18 be added to it, the 
digits will be inverted? Aris. 24. 

17. What two numbers are those whose sum, multiplied by 
the greater, is equal to 77 ; and whose difference, multiplied by 
the lesser, is equal to 12 ? 

Ans. 4 and 7, or | ^2 and V y/2. 

18. To find a number such that if you subtract it from 10, 
and multiply the remainder by the number itself, the product 
shall be 21. Ans. 7 or 3. 

19. To divide 100 into two such parts, that the sum of their 
square roots may be 14. Am. 64 and 36. 

2Q. It is required to divide the number 24 into two such parts, 
that their product may be equal to 35 times their difierence. 

Ans. 10 and 14. 

21. The sum of two numbers is 8, and the sum of their cubes is 
152. What are the numbers f^^^'-^i^^.. ^u^^ 3 ^^ 5, 

22. The sum of two numbers is 7, and the sum of their 4th 
powers is 641. What are the numbers ? Am. 2 and 5. 

23. The sum of two numbers is 6, and the sum of their 5th 
powers is 1 056. What are lVi« uuwiben^ Asi%. "51 onA ^* 
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► EVOLUTION. 

1. Extract the square root of x* — 4x' +6x^ — 4a:+ 1. 

2. Extract the square root of 4a^ -\-l2a^x-\rt3a^x^ 
-\-Qax^-\-x*. , 

S.'Required the square root of a* +4a3a;+6a*a;' 
-f4aa:'+a:*. Aiu.a^ •\-2ax\x^. 

X 1 

4. Required the square root of x* — 2ic' + |a:^ — 9"^Ta' 

Ang.x' — x+i. 

5. It is required to find the square root of a' +x^. 

. X^ X* x^ 

6. Required the square root o( a*—2a^x + 3a^x^—2ax^ 

7. Extract the cube root of ^'^ +6x^ — 40:^3 + 96a: — 64. 

8. Required the square root of a* 4-2a6 + 2ac + 6' -f 26c 
+ c*. Ans. a + b+c. 

9. Required the cube root of x^ — 6a;* + 15a: ♦—20a;' 
f 15x^— 6x+l. Ans.x' — 2x+U 

10. Required the biquadrate root of 16a^—96a3x + 216a=a:' 

— 216«a:'+81x*. Ans. 2a — Sx^ 

11. Required the fifth root of 32x« — BOj;* +80x'— 40a:^ 

-\' 1 Ox— 1 . Ani. 2x— 1 . 



SURDS. 



1. Reduce V 125 to its most simple terms. Ans. 5 y/5^ 

50 . . 

2. Reduce y/:r7z, to its most simple terms. Ans. A V6r 

147 '^ 

3 » 

3. Reduce V243 to its most simple terms. Ans. 3V9. 

16 3 

4. Reduce ^ 37 to its most simple terms. Ans. J VIS. 

81 

5. Reduce V98a^x to its most simple terms. Ans. lay/2x^ 

6. Reduce V(a:'— a'x^) to its most simple terms. 

7. Reduce (a^x+Sa'x*)^ to its most sim^\e Xoteda. 

8. Reduce (32a* -*96a'a;)i to its most sim^Xe xa^toda* 
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9. Required the sum of y/12 and V128. Am. 14 ^^2. 

10. Required the sum of y/21 and VI 47. Ans. 10 VS- 

11. Required the sum of Vf and V}?- Ans. iW6. 

12. Required the sum of 2y/ a^b and 3 V64&x<. 

13. Required the sum of 9^243 and 10 V36S. 

14. Required the difference of 320^ and 40'. An$. 2^5. 

3 5 • 

15. Required the difference of \/- and -/qI^^- Ans. ^j'^lS, 

16. Required the difference of Vl and V/j. ^n*. y^^VlB* 

17. Required the product of 5 y/B and 3-/^* ^^t^* 30 ^10. 

1 2 

18. Required the product of - ^ 6 and o ^ 18. Ans. ^ 4. 

2 13 7 1 

19. Required the product of - -/g and - \/tj;» Am. — y/35. 

20. It is required to find the product of a^ and a^. 

Ans. {a^y or a. 
1 I 

21. Required the product of {x+y^ and (^+y)*. 

22. Let 6 x/ 10 be divided by 3 VS. Ans. 2 yl2. 



INFINITE SERIES. 

1. To find the value of ^----tYj, or its equal (a -1-6)-' in an 

infinite series. 

r' . . 

2. To find the value of , in ah infinite series. 

v-\-x 

. x^ x^ x^ 

^«5.r— X+-— -+-, ^. 

3. Required the square root of ^ ^ in an infinite series. 

. X' X* x^ ^ 

a' 2a* 2a« ^ 

4. Reqnired the cube root of 7-— — -r-- in an infinite series. 

sfl' -ha?*)" 

.1 , 2jr* Sx* 40x^ ^ 



CHAPTER V. 

Of Progressions and Logarithms. 

This chapter is naturally connected with the last, as the ob- 
ject of the first paragraph is the investigation of the proper- 
ties of two kinds of series, and as it also presents an applica- 
tion of the theory of exponents ; it moreover completes that 
part of algebra which is absolutely necessary for the study of 
Trigonometry^ and the Application of Algebra to Geometry* 

% I. Of Progressions by Differences^ and Quotients. 

Progressions by Differences. 

193. K progression by differences ^ or an Arithmetical pro-' 
gressianj is a series in which t-he successive terms continHally in- 
crease or decrease by a constant quantity, which is called the 
ratio or difference of the progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25.... 
60, 56, 52, 48, 44, 40, 36, 32, 28 

The first is called an increasing progression^ of which the ra- 
tio is 3, and the second a decreasing progression^ of which the 
ratio is 4. 

In general, let a, 6, c, cJ, e, /, . . . designate the terms of a 
progression by differences ; it has been agreed to write them 
thus : 

'^a.h.c.d.ef.g.h.i.k. . . • 
This series is read, a is to bdLsbis to c^ as c i$ to dfU d is 
tocy . . . or ais iobU to^isto dhtoe. . . TVv\% \% ^ iMWvt.% ^^ 
continued eqmdifference$^ in which ewh tetta \% «1 <iQa %•«»» 

30 
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time a consequent and antecedent, with the exception of the . 
first term, which is only an aniecedentj and the last, which is 
only a consequent 

194. Let r represent the ratio of the progression, which we 
will consider as increasing. In the case of a decreasing pro- 
gression, it will only be necessary to change r into — r, in the 
results^ 

From the definition of the progression, it evidently follows 
that 

b=^a+rj c=6+r=a+2r, ii=c4-r=isi4-3r ; 
and in general, any term of, the series is equal to the fint^ fiu$ 
at many timesihe ratio as there are terms before this term. 

Thus let / be this term, and n the number which marks the 
place of it, the expression for this general term, is 

/=a-f(ii— l)r. 
Id fact, if we suppose n successively equal to 1 , 2, 3, 4 ... . 
we will obtain the first, second, third, . . . term of the pro- 
gressioOi. 

If the progression was decreasing, we would have 

l=za — (n — l)r. 
The formula /=a + (w— l)r, serves to find any term what-* 
ever, without our being obliged to determine all those which 
precede it. 

Thus, by making n=50, we find the SO*** term of the pro- 
gression, 

-r- 1.4.7.10.13.16.19- .. . . /= 14-49.3=148. 

195. A progression by differences being given, it is propos- 
ed to determine a certain number of terms. 

Let -T- a.b.cui.e.f . . . t. k. /, be the proposed progression, 
and n the number of terms. 

We will first observe that, if x denotes a term which has p 
terms before it, and y a term which has j? temns after it, we have^ 
from what has been said, x=a + J? X f , 

and y=i — 'PXr; 

whence, by addition, x+y=a-f /. 

which demonstrates that, in any progression, the sum of an^ two 

terms J taken at equal distances from the two extremes^ is eaual 

to the sum of these extremes ^ or the two extremes and ang two 

terms taken at equal dictonces jrom tliem form an equidif- 

^eftce,in the order in wbichthe^ wceN^tVUftxx. 
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This being the case, conceive the progression to be written 
below itself, but in an inverse order, vix. 

-r"£l. b* C. d. €, f . • • • •• k. I. 
-rrl. k. i C.h.a. 

Calling 5 the sum of the terms of the first progression, 2 S 
will be the sum of the terms in both progressions, and we will 
have 

2S=(a4-/)+(*+*) + (c+f) +(*+c)+(A+6) + (/+a)j 

or, since the number of the parts a+A fr+^> c+% is 

equal to n, 

2S==(a+0n, or sJ^^^. 

That is, the mm of a progression by differences^ is equal to 
half the sum of the two extremes, multiplied by the number of 
terms. 

If in this formula we substitute for I its value, a+(n^l)ry 
obtain 

^_ [2a+(«-l)r]tt. . 
S 2 ♦ 

but the first expression is the most useful. 

Aj^Ucations. 

Find the sum of the fifty first terms of the series 2. 9. 16. 23 • • • 

For the 50th term we have /=2 + 49 x 7=345, 

^ (24-345).50 ^,^ ^^ ^^^, 
hence S=^ ^-^— =347x25=8675. 

In like manner, we find for t(ie 100th term, 

/=2+99x 7=605, 
and for the sum of the 100 first terms, 

W6. The formulas /=a4-(«— l)r, S^ — ^-^ , contain five 

quantities, a, r, n, / and 5, and consequently give rise to the 
following general problem, vis. : Any (Aree of these fxt qpMmr 
iSttter AfMg' given, determine the other ti€0. TV{\% ^v^^ki^ >2 
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sobdiTided into as many particolar problons as tbeie can be 
formed differaU tomUuaUoMS of five letters, taken three ami 
ikree^ or two and two. Now we have foond the number of tbeie 
combinations 2 and 2, and 3 and 3, to be (So. 150) 



m{m — 1) jn(jii— 1) («— 2) 

- and • 

2 2.3 

Making m=5 in these formulas, they become —^ , or 10, 

5x4x3 
and — jr-iT — , or 10. Whence 5 letters comUned 3 and 3, give 

the same number of combinations as 5 letters combined 2 and 2. 
This result agrees with the consequence of No. 1 53, from which 
the number of combinations of m letters taken p andp is found 
to be equal to the number of combinations taken fli— p and 
«— Z^- 

Hence the above problem is subdivided into 10 particular 
problems, which are enunciated as follows. 

Having given, 1st. a, r, n, to find / and S ; 

2d. a, r, ly n and S ; 

3d. rt, r, S, w and / ; 

4th. a^ riy l^ r and S ; 

5th. a, w, *S', r and / ; 

6th. a, /, S, r and n ; 

7lh. r, n, /, a and S; 

8th. r, w, S, a and / ; 

9th. r, /, iS, a and n ; 

1 0th. n, /, S, a and r; 

The first problem is already resolved, for the two formulas 
give at once / and S in functions of a, r, /^ As to the other 
problems, their resolution does not present any difficulties, but 
we recommend the student to resolve them, as they will serve to 
render him familiar with the resolution of equations of the first 
and second degree. It will be well to remark, that, although 
the first powers of the quantities a, r, n, / and S only are in- 
volved in the two formulas, they nevertheless lead to the resolu- 
tion of an equation of the second degree, when a and n, or / and 
n, are unknown quantities ; for a and n, or / and ;?, both enter in 
^acb of the two equations, and are multiplied into each other in 
ii# second. 
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197. We will limit ourselves to the resolution of the fourth 

problem, viz. knowing a, n, and i, it is required to find r 

and S. 

I— a 
The formula /=a+(;>—l)r gives r= -^ 

{a+l)n 
and the formula »S= — ^ — , gives the value of S. 

I — a- 
From the first expression r— _ , we deduce the solution of 

the following question, viz. : Find a number m of arithmetical 
means between two given numbers a and b. 

To resolve this last question, it is only necessary to determine 
the ratio. Now by substituting in the above formula, b for /, 
and 7n+2 for ti, which expresses the whole number of terms, it 

becomes r= — 7-;= — ,, or r= ; ; that is, the ratio of the re- 

m+2 — 1 m-^l 

quired progression is obtained by dividing the difference between 
the given numbers a and b', by one more than the required num- 
ber of means. 

Having obtained the ratio, form the second term of the pro- 

b — a 

gression, or the first arithmetical mcan^ by adding r, or ■ , 

to the first term a. The second mean is obtained by augmenting 
the first by r, fcc. 

For example, let it be required to find 12 arithmetical means 

77 — 12 ft** 

between 12 and 77. We have r= — — — =-- =5, which gives 

the progression 4- 12. 17. 22. 27 72. 77. 

Consequence, If the same number of arithmetical means are 
inserted between all of the terms, taken two and two, these terms, 
and the arithmetical means united, will form but one and the 
same progression. 

For, let -T-a. b, c. d. e.f. .... be. the proposed progression, 
and m the number of means to be inserted between a and &, h 
and c, c and (2 . • . • 

From what has just been said, the ratio of each partial pro- 

6 — a c — b dr~~< 

gression will be expressed by — — :» — —-i . . •. wIlvc.^ 

'^ -^ m+l m+1 m-V\ 

are equal to each other, since a, &, c . . . • «ct\T\Y^o%^«SbWw^i 
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therefore the ratio is the same in each of the partial prog^ressioiis 
and since the last term of the first forms the fint term of the 
second, be. we may conclude that all of these partial progiti- 
sions form a single progression. 

Problemi, 

198. 1st. In a progression by difference, having given the 
ratio 6, the last term 185, and the sum of the farms 2945, find 
the first term, and the number of terms. 

{Ans. First term =5, number of terms 31.) 

2d. Find 9 arithmetical means between each antecedent and 
•consequent of the progression -7-2. 5. 8. 11. 14 ... • 
(Am. Ratio, or r=0.3.) 

3d. Find the number of men contained in a triangular bat- 
talion, the first rank containing 1 man, the second 2, the third 
^, and so on to the n'^, which contains n. In other words, find 
the expression for the sum of the natural numbers 1 , 2, 3 • . . •, 
fnom 1 ton, inclusively. 

(An,. S=^). 

4th. Find the sum of the n first terms of the progression of 
uneven numbers 1, 3, 5, 7, 9 ... . 
(Ans. S=:nK) 

Progressions by Quotients. 

199. A Geometrical progression or progression by quotients 1$ 
a series of terms, each of which is equal to the product of that 
which precedes it, by b, constant number, which is called the ratio 
of the progression ; thus in the two series : 

3, 6, 12, 24, 48, 96 . . . 

1 I 
64, 16, 4, 1, — , — . . . 

each term of the first contains that which precedes it twice, or is 

equal to double that which precedes it ; and each term of the 

second is contained in that, which precedes it four times, or is a 

fourth of tliat which precedes it; they are then progressions by 

quotients, of which the ratio is 2 for the first, and ~ for the se- 
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Let a, bf c^ dj e,/. • • be numbers in a progression by quo- 
tients, it is written thus : -^ a : b : c : d : e :f: g . . , ., and it is 
enunciated in the same manner as a progression by differences } 
however it is necessary to make the distinction that one is a se- 
ries of equal differences, and the other a series of equal quo- 
tients or ratios, in which each term is at the same time an ante- 
cedent and a consequent, except the first, which is only an 
antecedent, and the last, which is only a consequent. 

200. Let q denote the ratio of the progression 

T^a : b : c : d . . . J q being > 1 when the progression is in- 
creasingi and < 1 when it is decreasing : we deduce from the 
definition, the following equalities. 

b=aqy c=bq=aq^. d^cq^aq^^ e=^dq==aq* . . . 
and in general, any term t/, that is, one which has n — 1 terms 
before it, is expressed by ay*~ ' . 

Let I he this term ; we have the formula l=aq^^^j by means 
of which we can obtain the value of any term without being 
obliged to find the values of all those which precede it. For 
example, the 8*^* term of ihc progression ^f 2 : 6 : 18 : 54..., is 
equal to 2x3'=2X2l87=4374. 

In like manner, the 12*** term of the progression ^ 

-f=^64 : 16 : 4 : 1 : 2 • • * IS equal to 



64^1 V '=— =—=—?— 
\4/ 4"~'4« 65536* 



201. We will now proceed to determine the sum of n term» 
of the progression -^ a:b : c :d : e :f: . . . : i : k : l, 
b denoting the n^ term. 

We have (No. 199) the equations 

b=aqf c=^bq, d=cq, e=^dqj .... k=^iq^ l=kq ; 
and by adding them all together, member to member, we deduce 

6+c+d + ^ + ..-+A:-f/=(a+6 + c+rf + •.. + !+%; 
or,^ representing the required sum by S, 

S — a=(S— %=Sy — Iq, or Sq — ^=lq — a\ 

o. iQ—a 

whence S = 7 ; 

q—\ 

That is, in order to obtain the sum of a certain number of 
terms of a progression by quotients, muUiply the last term by 
the ratio, subtract the Jirst term from this prodHct^ and dvwAe 
/A^ remainder by the ratio diminished hxf uniti| . 
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When the progression is decreasing, we have 9< 1 ,{<(!; 
and the above formula is then written under the form 

S = -: — -, in order that the two terms of the fraction maybe 
1 — q 

positive. 

By substituting ay*~' for / in the two expressions for S, thejr 



aq — a a — aq 

become, S= r-, andS =-- — ^. 

q-l l—q 

From the preceding formulas we will find 

1st. For the sum of the 8 first terms of the progression 

-:^ 2 : 6 : 18 : 54 . . . : 2X3^ or 4374. 

^ Iq—a 13122—2 

S=^^— - = ^r =6560. 

q—i 2 

2d. For the siimof the 12 first terms of the progression 



^64 : 16 : 4 : 1 : i : . . . : 64(~j , 
64-— 4zTrX^ 256- ^ 



or 



65536' 



^_ a—lq _ 65536 4 65536 65535 

T=^"" 3 ■" 3 ~ ^ 196608* 

4 

We perceive that the principal difficulty consists in obtaining 
the numerical value of the last term, a tedious operation, even 
when the number of terms is not very great. 

fl(<7"— 1) 
202. Remark. If, in the formula iS= ^ -, we suppose 

5f=l, it becomes *S=^* 

This result, which is sometimes a symbol of indetermination, 
is also often a consequence of the existence of a common factor, 
(No. 72), which becomes nothing by making a particular hypo- 
thesis respecting the given question. This, in fact, is the case 
in the present question ; for the expression y* — 1 is divisible by 
y— 1, (No. 31), and gives the quotient 

hence the value of S takes the form 
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Now, making gr=I, we have iS=a+a+a-f . . . . +a=iia. 

We can obtain the same result by going back to the proposed 
progression, y^a : b : c i , . . il^ which, in the particular case 
of 9=1, reduces to -ff- a : a : a :....: a, the sum of which 
series is equal to na. 

The result -, given by the formula, may be regarded as 

indicating the insufficiency of this formula to give the expression 
for the sum in this particular case. In fact, the progression, 
being entirely composed of equal terms, is no more a progression 
by quotients than it is a progression by differences. There- 
fore, in seeking for the sum of a certain number of the terms, 

a(flr"— 1) 
there is no reason for using the formula iSi= \^| i io prefer^ 

ence to the formula S= — q~^> relative to the progression 

by differences. 

203. Of Infinite Progressions by Quotients. Let there be 
the decreasing progression -^ aibic : d : e:f: , con- 
taining an indefinite number of terms. The formula 

S= , which represents the sum of n of its terms, can be 

put under the form S=- r-^* 

■^ 1 — q 1 — q 

Now since the progression is decreasing, ^ is a fraction ; 
'^ is also a fraction, which diminishes as n increases. Therefore 
the greater the number of terms we take, the more will • . • • 

' X^* diminish, and consequently, the more will the partial 

sum of these terms approximate to an equality with the first part 

a 
of 5, that is, to . Finally, when n is taken greater than 

a 
any given magnitude, or n=QD , then X^ will be less than 

any given magnitude, or will become equal to ; and the ez- 

a 
pression will represent the true valne of the snm of all the 



terms of the series. 



81 
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Wtmce we may coocladei that the expretsion tor tik 
of tie temu of a decreasing infinite progreerion^ i$ 



1-y 
This is, properly speaking, the linUt to which the farBai 

iums (obtained by taking a greater number of terms) of die 

progression continually approximates. The difference between 

a 
these sums and - — can become as small as we please, and 

will only become nothing when the number of terms taken is 
infinite. 

Applicaiions. 

,1 1.1.1 

1 • • • • 
3 9 27 81 

W« have for the •zpression of the snm of the tennt 

3 

The error committed by taking this expression for the Talm 
of the snm of the n first terms, is expressed by 

a 3/lV« 

i:i^-«"=2V3/- 

First take «=6 ; it becomes ^G)'=2|r=j^. 

3/l\* 111 
When n=6, we find -(-I =7^7;. « = t^^. 

2\3/ 162 3 486 

3 

Whence we see that the error committed^ when - is taken fi>r 

the sum of a certain number of terms, is less in proportion as 
this number is greater. 

Agun take the progression 

11 1 i. _1_ 

2' 4' 8' 16* 32" • • • 

Wi'have S =-^=-L-«a. 
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The ezpretsioQ Sg-= — -s can be obtained directly from the 

progreuion -^aihic idieifig :..• 

For take the equations frsso^, c=i^, fll^eg, 6 =i2gr 

€ii which the namber is indefinite, apd add thefb together, meoH 
ber to member ; we have 

J+c+rf+e+ =s(a+J+c+rf+ )q. 

Now, the first member is evidently the proposed series, dind- 
nlshed by the first term a ; it is therefore expressed by S— a ; 
the second member is q multiplied by the entire series, since 
there is no last term, or rather this last term is nothing ; hence 
the expression for thb member is j^S, and the above equality be- 

comes S-Hi=j' S, whence S = 



In fact, by developing • into a series by the rule for di- 



vision, we will find the result to be a-k-aq+aq^+aq^^- - - - t 
which is nothing more than the proposed series, having ft, c, d... 
replaced by their values in functions of a. 

a 
204. When the series is increasing, the expression tj— -• can- 
not be considered as a limiU of the partial iunu; because, the 

a 
sum of a determined number of terms being (201) S = 

— - « the second part j-^^ augments numerically in pro- 
portion to the increase of n; hence the greater the number of 
terms taken, the more the expression of their sum will differ 

a 
nomerically firom 



The formula S^t is, in this case, merely the algebraic ex- 

{Nrtitton which, by its development, gives the series --•••- 

a+aq+aq^+aq^ - - - 

There u another curcumstance presents itself here, which ap- 

a 
pears very angular at first right. Since -i is the fractum 



which genermtei the above series, we should have 
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a 

NoW| by making, a=] , ^=2, this equality becomes 

rrz2 ^'^ "-1 = 1+2+4+8+16 + 32+ 

an equation of which the first member is negative whilst the se- 
cond is positive and greater in proportion to the magni- 
tude of q. 

To interpret this result^ we will observe that, when in the 

equauon -i =a+aj+ag'' -^-aq^ + , we stop at a certain 



term of the series, it is necessary to complete the quotient in 
order that the equality may subsist. Thus, in stopping, for ex- 
ample, at the fourth term, aq^. 

1-7 



Ist remainder + aq 
2d. + aq^ 

5d. + aq^ 

A\h. + o}* 






It is necessary to add the fractional expression to the 

quotient, which gives rigorously, 

a ag* 

=a + a7+a5r»+flf5r3 + 



l—q ^ ^ ^ l—q 
If in this exact equation we make a=l, y=2, it becomes 

16 

-l = l+2 + 4 + 8 + 3Y=l+2 + ^"'"®""l^» 

which verifies itself. 

In general, when an expression involving x, designated by 
f{x)f (which is called a function of a:), is developed into a series 
of the form a+bx+cx^ +dx^ + . . . ., we have not rigorously 

f{x)=^a+bx-{-cx^+dx^-{- , unless we conceive that (in 

stopping at a certain term in the second member) the series is 
completed by a certain expression involving x. 

When, in particular applications, the series is decreoiingf 

the expression which serves to complete it may be conceived as 

ifm/i «f we please, by ptoVon^g libft iftt\«^ % \ya\^^ tmsAxvn 
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is the case when the series is increasing^ and it roast not be 
neglected. This is the reason why increasing series cannot be 
used for approximating to the value of numbers. It is for this 
reason, also, that algebraists have called those series which go 
on diminishing from term to term, converging series^ and those 
in which the terms go on increasing, diverging series. In the 
first, the greater the number of terms taken, the nearer the sum 
approximates numerically to the expression of which this series 
is the development ; whilst in the others, the more terms we 
take, the more their sum differs from the numerical value of this 
expression. 

206. The consideration of the five quantities a, 7, n, / and Sf 

which enter in the two formulas l^hq'^-^^S^^ — r , (Nos. 200 

and 201), gives rise to ten particular problems, the enunciations 
of which do not differ from those relative to progressions by 
differences, (196), except that the letter r is replaced by y. We 
will then, as in progressions by differences, determine q and S^ 
knowing a, / and n. 



n— 1 



/ II 

The first formula gives ^*~'=-, whence y=w-. Substi- 
tuting this value in the second formula, the value of 5 will be 
obtained. 



■—I 



The expression q^yj- furnishes the means for resolving the 

following question, viz. 

To find m mean proportionals between two given numbers a 

and b ; that is, to find a number m of quantities^ uhich wili 
form with a and b, considered as extremes^ a progression by 

quotients. 

For this purpose, if is only necessary to know the ratio; 
now the required number of terms being m, the total number 
of terms r is equal to m+2. Moreover, we have /=6, tbere- 



«+! 



fore the value of q becomes q=^-; that is, we must dimde 
one of the given numbers (b) by the other (a), then exttocl ttoiX 
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root of ike quotient which is denoted by one more than ike re* 
qnired number of terms. 
Heoce, the progression is 

Thusy to insert six mean proportionals between the nambevt 

7 

/384 1 
S and 384, we mak^ m=6, whence qsiyl-— = V128=2, 

whence we deduce the progression 

-ttS : 6 : 12 : 24 : 48 : 96 : 192 : 384. 
We wUl hereafter explain the most expeditious means of 

calculating numerically the number expressed by ^sw -. 

^ ct 

When the same number of mean proportionals' are inserted 
betufeen all the terms of a progression by quotientSy taken two 
and two, all the progressions thus formed will constitute a sin- 
gle progression. The demonstration is analogous to that of 
No, 197. 

207. Of the ten principal problems that may be proposed 
upon progressions, ybur are susceptible of being easily resolved. 
The following are the enunciations, with the formulas relating 
to them. 

1st. a, q, n, being given, to find / and S. 
2d. a. n, /, being given, to find q and S. 

n— I «— 1 m— I 

9=yJl> ^= ,-. ,-. • 

VI— V a 
3d. q, n, I, being given, to find a and 5. 



?"7' ?'"'(9— 1)* 

4tb. q, n, S, being given to find a and /. 

S{q-l) Sq'-^jq-l) 

"" 0"— I ' *~ «f— \ • 
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Two other problems depend upon the resolution of eqaa- 
tions of a degree superior to the second ; they are those in 
which the unknown quantities are supposed to be a and q^ or 
/ and q. 

For, from the second formula we deduce a^lq — Sy+S ; 

Whence, by substituting this value of a in the first Isxaf^^^ 

or, (S— /)y»— Sj*"' + /=0. ^ 

an equation of the n^ degree. 

In like manner, in determining / and 9, we would obtain the 
equation o^* — Sy + S— a=0. 

208. Finally, the other /oter problems lead to the resolution 
of equations of a peculiar nature; they are those in which n 
and one of the other four quantities are unknown* 

From the second formula it is easy to obtain the value of one 
of the quantities a, 9, /, and S, in functions of the other three; 
hence the problem is reduced to finding n by means of the for- * 
mula l=aq'^~^. 

Now this equality beconies ^"=— , an equation of the form 

a*=zb, a and b being known quantities. Equations of this 
kind are called exponential equations^ to distinguish them from 
those previously considered, in which the unknown quantity is 
raised to a power denoted by a known number. 

§ II. Of Exponential Quantities and Logarithms. 

209. Resolution of the equation a*=b. The object of the 
question is, to find the exponent of the power to which it is ne- 
cessary to raise a given number a, in order to produce another 
given number 6. 

We will first consider some particular cases. 

Suppose it is required to resolve the equation 2'=64. By 
raising 2 to its difierent powers, we find that 2^=64; hence 
^=6 will satisfy the conditions of the question. 

Again, let there be the equation 3' =--243. The solution is 
a:=5. In fact, so long as the second member 6 is a perfect pouh 
er of the given number a, x will be an entire number which may 
be obtained by raising a to its successive powers, CQixniMiOKXtt^ 
attbr Srst, 
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Suppose it is required to resolve the equation 2's=6. By 
making a:=2, and ^=3, we find 2^ =4 and 2'=S ; from wbicb 
we perceive that x has a value comprised between 2 and 3. 

Suppose then, thata:=2+— ;j (x' is then >1). 

Substituting this value in the proposed equation, it becomes 

2+-^ -^ -!- 3 

2 «' =6 or (1 80)2« X 2 '' =6 ; hence 2 *' =-, 

/3\ «' 
or raising both members to the x' power, 1-1 =2. 

To determine x', make successively x'='lj x'=2 ; we find 

(3\* 3 /3\' 9 

- ) =-, less than 2, and ( - I =-, which is greater than 2; 

therefore of is comprised between 1 and 2. 

Suppose x^ =!-{-— (^' > 1). 

/3\«' 
By substituting this value in the equation I -I =2. 



(l)'^=-'ix(i)*-. 



or 



reducing (-)' =^^. 

/4\' 4 

The two hypotheses x"=l and x"=2, give I -^ =- which 

3 /4\* 16 7 .. , . I ,3 

is less than -, and ^-1 "^-g—^ +q> which is greater than -, 

therefore x" is comprised between 1 and 2. 
Leta:"=l+--;;77, there will result 

/4\'+?^' 3 4 /4\P^ 3 
Ks) =2'^^3M3>> =2' 

(9\''" 4 
5/ ~? 

Making successively a:"':^!^^, ^, 'w% foiA. fe\ vVv^ v«r^ l%.«t 



■ 
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gj ^^=1 H-g^, Which is <l-f-, and 

(9\ * 729 217 1 

8/ ~5T2~^ ^512' ^'"^'^ ** ^ ^ ^3 • ^•^^^f^"^ ^" ^ com- 
prised between 2 and 3. 

Let a:"'~2 -{-—;, the equation involving x"' becomes 



.+ -^ 



/9\'%. 4 81 /9\..^ 4 

V8/ =3' ^"^ eiVsj ==3 ' 



. , /256\«- 9 

and consequently ^— j =-• 



Operating upon this exponential equation in the same manner 
as upon the preceding equations, we will find two entire num- 
bers k and A + 1 , between which x*" will be comprised. Making 

J^' ='k -h -- , X" can be determined in the same manner as a^, 

and so on. 

Making the necessary substitutions in the equations 

x=2 + l, ^=24-^, ^"=1+^,, ^"=2 + J; , 

we obtain the value of x under the form of a continued 
fraction 

J-=2+— ^ 

I+- 



1 

1 + - 



1 

2 + 



x'\ 

Now we know (Aritii. No. 175) that in any continued frac- 
tion, tlic greater the number of integral fractions we take, the 
nearer we will approximate to the value of the number repre- 
sented by this continued fraction ; therefore we may by this 
means find the value of x in the equation 2'=6, if not exactly^ 
we may at least approximate to it as near as we please. 

For example, forming the four first reductions by the rala 
(Ariih. No. 169), we find 

2 3 5 IS 
,112 5 

32 
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IS 

and — only differs from the true value of x by a qoantity 

V 

less than t^, or ^. But the approximation is still nearer ; 
for if we calculate the value of x^ from the equation .... 

I fJTi ) ~5' ^^ ^''' ^"^ that X" is between 2 and S; therefore 

«. 1 u 1 I.U J • . 13x2+5 31 

x''=2H — ; hence the 5th reduction is -= — - — ^, or — . 

13 
Therefore — differs from the true value of x by a quantity 

11- 31 

less than ti, — 7» ^^ ^;;* The reduction -^ differs from it by 
12x5 60 12 ^ 

a quantity less than - — , or — • 

General Method. 

Let the equation be a^^b. 

In forming the Successive powers of a^ we find that b is com* 

prised between a* and a**"^' ; we then make xz=:n'\ — , Sub- 

x 



n4-^ 



Btitnting this value in the equation, we obtain a ''=^6, which 
can be put under the form a^Xa^'^b, whence I J ''=a, or 

supposing, for greater simplicity, — =^i • • • c^'=^a. 

Operating upon this as upon the proposed equation, we will 
find that x' is comprised beiueen n' and n' -hi ; this will give 

I 

x'=sn' ■{---: Substituting this value in the equation involving 

x'y we will again be led to the resolution of an equation of the 

form U'"=c, (ilie value of d being- -), and so on. Conse- 

qnently, we will obuiin for the value of .r, an expression of ihe 
form 

I , 

n V^.M_^ 
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By continuing the operation, we may approximate as near at 
we please to the value ofx; and the degree of the approxima- 
tion may always be estimated (Arith. No. 174) bi/ unitjf divided 
by the square of the denominator of the last reduction. 

210. Remarks. 1st. When, in the equation a'=6, we »up- 
pose fr<a, as we have a^ =ly (No. 24), and a^^a^ it follows 
that x is comprised between and 1. We must then suppose 
1 

X 

2d. When & is a fraction, and a greater than unity, we must 
suppose x=— y in the equation a^=6, which gives a~'=s6, 

whence (No. 179) a^^r; and as r is greater than 1, we deter- 

mine y by the above method, and the corresponding value of x 
will be equal to that of y taken negatively. 

Examples. 

3^ = 15 X — 2,46 to within 0,01. 

10 := 3 x= 0,477--, 0,001. 

2 
5' = Y' ^ =— 0>25 0,01. 

(7 \c 3 
,2) =■■ \ ^= «'^3 0,01. 

Theory of Logarithms. 

213. IntroJurMon. IC in the equation a'=y, ((i pre»er\'ing 
always the same value), we suppose y to be replaced by all pos- 
sible absolute numbers, we may, for each value of y determine 
the corresponding value of x, either exactly, or by approxi- 
mation. 

First suppose, a>l. 

Making successively a:=0, 1, 2, 3, 4, 5, -------- -t 

there will result .y=^"> o<" I1 *> ^'> ^^t ^*» ^'» ..---, 

hence, every value of y v^reattr than unity is produced by the 
powers of a, the exponmts of icbich are positive, entire^ or fra^ 
tional : and tht* ralaeof \ invrrasaat ^ beromctjtPaVT* 
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Now make x==0, — 1, — 2, — 3, — 4, — 5, - - - ., 

It , 11111 

there will resulty=fl*, or 1, -, -, --, — , ^^, - - •. 

hence every value of y less than unity ^ is produced by potters of 
a, of which exponents are negative, and the value of x isgreaU 
^r, negatively J as the value of y approximates to 0. 

When, a< 1 and equal to a fraction —7; by making 

a ^ 

x=0, 1, 2, 3, 4, 5, , 

^ J ^ ^Y ,11111 

and when we makex=0, — 1, — 2, — 3, — 4, — 5, 

we obtain j^= (-7) or I, a\ a'», a'** a'*, a'. ; 

That is, in the hypothesis a < 1 , all numbers are generated 
with the different powers of a, in the inverse order of that in 
which they are generated when we suppose ^> 1. 

Hence, every possible absolute number can be generated with 
any constant absolute number what (v<:r, by raising it to suitable 
powers. 

N. B. a must always be supposed to be different from unity, 
because all the powers of 1 are equal to I. 

214. By conceiving that a table has been formed, containing 
in one column, every entire number, and in another, the expo- 
nents of , the powers to which it is necessary to raise a*i invaria- 
ble number^ to form all these numbers, an idea will be had of a 
table of logarithms. 

The logarithm of a number^ is the exponent of the power ^ to 
which it is necessary to raise a certain invariable number^ in 
order to produce the first number. 

The invariable number may in the 6rst place be taken arbi- 
trarily (provided it be > or < I) ; but once chosen, it must re- 
main the same for the formation of all numbers, and it is called 
the base of the system of logarithms. 

Whatever the base of the system may be, the logarithm of the 
base is unity, and the logarithm of 1 is 0. 

For, 1st, we have a'^a, whence log a=l, 
52d, a" = 1 , whence log 1 =0. 

(The word logarithm \s co\t\tv\ox\\v ^t^o\^^\>\ vW >\\\^^. Kvvix 
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letters log, or simply by the ftrst letter /., followed by a pmnt^ 
and the number under consideration.) 

We will now show some of the advantages of tables of loga- 
rithms m making numerical calculations. 

215. Multiplication ami Division. Let it be required to 
inaltiply together a series of numbers y, y', i/\ y"' .... Denote 
the base of a system of logarithms by tf, (supposed to be 
calculated), and the logarithms of y, ?/, y"y y'" by 






From ihc definition, (No. 214), we have the equations 

;/=«', .//-fl", .y"=«"', »/"=«"" .... 

Muhiplying these equations member by member, and applying^ 
the rule for the exponents (:\o. 180), we find 



yy'yy -a'^^ ^ "^^ ' 

Hence 

^^zyy'y" — -rT x i-.r"+ — =iogj/+iogy-f logy f. . . ; 

that is, the logarithm of a product is equ^il to th^ sum of the 
logarithms of the factors of this product. 

Secondly. Suppose it is required to divide y by y\ and let 
T and x' represent their loi^arithms ; we have the equations 

V 
y=:a',y'=a'', from which weMeduce (No. 180) -^ --a'-''. 



Hence, 



\og~=.r-j':--\os y-logy ; 

«7 



that is, the logarithm of the quotient is ^ml to the difference 
betw<'cn the loixarithmsofthc dividend and divisor. 

Conscffuences of these properties. A mtdti plication can be 
performed by taking the logarithms of the two factors from 
the tables, and adding them together ; this will give the logarithm 
of the product. Then finding this new logarithm in the tables, 
and taking the number which corresponds to it, we wifl obtain 
the required product. Therefore, tyy a simple addition, we 
find the result of a multiplication. 

In like manner, when one number is to be divided by another, 
f ubtract the logarithm of the divisor from that of the dividend^ 
then 6nd the nu.'iiber corresponding to \Vu* Avfev^vxc^ \ ^v^ '^'^^ 
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be the required quotient. Therefore, by a simple iubtnuUm 
ws obtain the quotient of a division. 

216. Formation of Powers, and Extraction of Roots. La 
it be required to raise a number ^ to a power deMied bj 

- ; a denoting ihe base, aud :r the logarithm ofy^ we havethi 

equation ^=^' ; 

whence, raising both members to the power - 

„ — * 

Therelbre, loi^ u^ ^ - . x= -. loc: v : 

that is, the logarithm of any pmcer of a number is equal to di 

product of the logavithm of the number^ by the exptment of the 
power. 

Take it = l, as a particular case'; tliere will result* 

]og^'"=;7i. log^, an equation which^is susceptible of the above 

enunciation- 
Let //i--l ; there will n*siilt 

1 - 1 

logy or log v/.y=-. log//; 

that is, the logarithm of tiny root of a nnmbrr is equal to the 
logarithm of t-his numhrr, divided by the index of the root. 

Comequtnce. To form any power of a number, take the 
logarithm of tliis number frotn the tables, multiply it by the ex- 
ponent of the number, then find the number corresponding 
to this product, it will be the required power. 

In like manner, to extrart the root of a number, divide (he 
logarithm of the proposed number by the index of the rooty then 
find the number corresponding to the quotient, it will be tht 
required root. Therefore, by a simple multiplication, tee can 
raise a quantity to a ]>owrr, and extrart its root by a simple 
division. 

217. The properties just demonstrated are independent of 
any system of logarithms; but the consequences which have 
been deduced from them, that is, the use that may be made uf 
thent in numerical calculauons, s»u\iipos^& ^^ cowsvcw^nw^ «C «l 
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^table, containing all the niunbers in one column, and the loga- 
'fiihms of these numbers in another, calculated from a given 
base. Now, in calculating this table, it is necessary, in consid- 
ering the equation a'=y, to make y pass through all possible 
states of^magnitude, and determine the value of jr correspond- 
ing to each of the values of y, by the method of No. 209- 

The tables in common use, are those of which the base is 10, 
and their construction is reduced to the resolution of the equation 
10 '=y. Making in this equation, y successively equal to the 
series of natural numbers, 1, 2, 3, 4, 5, 0, 7,- - - -, we have to 
resolve the equations 

10^ = 1, 10^:rr2, 10^ = 3, 105 = 4 

We will moreover observe, that it is only necessary to calcu- 
late directly (by the m?ihod of No. 209) the logarithms of the 

prime numbers 1, 2, 3, 5, 7, 11, 13, 17, ; for as all the 

other entire numbers rt'sult from the multiplication of these fac- 
tors, their logarithais may be obtained (No, 215) by the addi- 
tion of the loirariilnns of the prime numbers. ' 

Thus, since 6 cim be decomposed into 2x3, we have 

log 6 = log 2 4 log 3, 
in like manner. 24--2 ' X3; hence log 24 — 3 log 2 f log 3. 
Again 360=2^ X 3' X5; hence 

log 300 r^ 3 log 2+2 log 3+ log 5. 

It is only necessary to .place the logarithms of the entire num- 
bers in the tables ; for, by the property of division (No. 215) 
we obtain the logarithm of a fraction by subtracting the loga- 
rithm of the divisor from that of the dividend. 

218. If we had a table of logarithms constructed, it would 
be easy to construct from this as many as we wished. 

For let a be the base of a system already formed, and h be 
the base of a system which it is required to construct ; let N re- 
present any number whatever, and log N and X, its two loga- 
rithms calculated from the bases n and h ; we have the eqna- 

\ 

lion h ■-- N. 

Whence takini^ the logariihms of both members, in the sys- 
tem of which the babc is n, X. log 6sr|og N. 

If Y '"^ ^' 

Hence, A :■ -. — - . 

logfr 
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T I 

This proves that, knowing ilie logarithm of a number in one 
system, in order to have the logarithm of the same number in 
another system^ we must divide the logarithm of the number caU 
culated in the first system, by the logarithm of the base of the 
second systejn, also calculated in the first system. * 

Thus the logarithm of 4, in the system of which the base is 

log 4 . ' 

3, is -. -, log 4 and log 3 being calculated in the known sys- 
tem of which tlvebase is 10. 

Let N, N', N" be a series of numbers, a the base of a 

system already formed, b that of a system to be constructed, we 
have the equations 

; from which we see that, a table being already formed, 

in order to construct a new one from it, we must multiply 

the logarithms of the first system by the constant quantity 
. J. This constant quantity which serves to pass from one 

table to another, is called the modulus of the new table, with re- 
ference to the old. 

§ III . Ijogarithmic and Exponentiul Series. 

The method of resolving the equation a'=b, exposed in No. 
209, is sufficient to give an idea of the construction of loga- 
rithmic tables ; but this method is very laborious when we wish 
to approximate very near the value of:c. Analysts have dis- 
covered much more expeditious methods for constructing new 
tables, or for verifying those already calculated. These 
methods consist in the development of logarithms into series. 

231. Let it be required to develope a number, rcpres^pted 
by y, into a series, and apply the method of indeterminate 
coefficients (No. 189). 

It is immediately visible that we cannot suppose 
Zy=A-FBy4-C^"-f Dy»-|-&c. ; 

for m.-iKiiig y '- 0, ihc first member reducos (219) to an infinite 
Kfcativf, or ah iiffinilf posifire ^\vvolV\\\\\ ^ ;i<i^.c\Tdvx\^ as the base 
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is greater or less than 1 ; whilst the second member would be 
reduced to A. 

Neither can we suppose /. y = Ay -f By^ + &c., 
since y^O gives /. 0, or — ao =0 ; 

but if we put^ under the form 1 +a:, and suppose 

1. (1 ■\-x)=AjC'\-Bx^ + Cx' +Da:* + (1), 

making a:=0, the equation is reduced to 1. 1=0, which does not 
present any absurdity. 

In order to determine the coefficients A, B, C... ., we will 
follow the process of No. 190. Substituting z for x, the equa- 
tion becomes 

1. (1 +2:)=A2 4-B2« +Cz3 -f Dz* + (2). 

Subtracting the equation (2) from (1), we obtain 

l.(l+x)-l.(l+z)=A(x-z)4-B(x3-2a) + C(x3-z3) + ...(3). 

The second member of this equation is divisible by x^-z ; we 
will see if we can by any artifice put the first under such a form 
that it shall also be divisible by x — z. 

We have l.(l+x)— 1. (I+2)=l.l±^=l.(i+f=|) ; 

X'^Z 

but since can be regarded as a single number u, we can 

/ x—z\ ' 

develope 1.(1 -|-ti), or 1. 1 1 +t"t~ )> in the same manner as . ... 

I. (1 +a:), which gives 

I (. x— z\ ^x— z «,/x— z\' ^/^— A* 
V '•iH-z/ l+z Vl+V Vl+z/ 

Substituting this development for 1.(1 +x) — ^I.(l+z) in the 
equation (3), and dividing both members by x — z^ it becomes 

1 X z (x^^z'S^ 

^•iT^+^(i+ip+^OT^''*" 

=A4-B(x+z) + C(x»+xz+z») + 

Since this equation, like the preceding, must be verified by 
any values of x and z, make x=z, and there will result 

— — =A + 2Bx + 3Cx=+4Dx=+5Ex*-Ar..., 

J -f X 

33 
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Whence, clearing the fraction, and transposing 



o=A^aBi 



X + 3C 
4-2B 



+ 3C 



H-4D 



a:< + 



Putting the coefficients of the diiferent powers of x equal to 
zero, we obtain the series of equations 

A— A=0, 2B + A=0, 3C+2B=0, 4D + 3C=0---; 

whence 

. . T, A ^ 2B A ^ 3C A 
A=A. B = -^, C=-3- = + ^. D=-— =-.- 

The hw of the series is evident; the coefficient of the n** term 

A 
is equal to =f — , according as n is even or odd ; beooe we will 

obtain for the development of 1.(1 +x)^ 

1.(1 -|-a:)=Ax— ^x^ 4- o"^'— 

* / X' X^ X* x^ \ 

=n^-2 + 3-T+-5 ) 

N. B. By the above method, the coefficients B, C, D, E. . . . " 
have all been determined in functions of A ; but A remains en- 
tirely undetermined. Now this should be the case from the 
nature of the expression which it has been proposed to develope ; 
for since an infinite number of systems of logarithms can be 
formed, the general development of 1. (1 +x) must necessarily 
involve an indeterminate quantity, which serves to distinguish 
the systems from each other. Moreover, we have seen (218) 
that the logarithms of the same number, taken in two systems, 
only differ by a factor, which is the same for all numbers ; 
therefore the indeterminate quantity ought to be a factor of the 
series. 

The number A is (218), the modulus^ the particular value of 
which characterizes the system of logarithms. 

232. The most simple hypothesis that can be made is A=l,. 
which gives 

i.(i+x)=x-- +---- +y- e-+. -^.(5) 

i 

denoting this particular system o^ \o^\it\\!cvtci^vi3l.(^l4.x). 
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By giving all possible values to .r, wc will form all llie loga- 
rithms of this system, which is called the natural oat Jfaperien 
System. We will now proceed with the formatBjjj^uhis sys- 
tem, since it will be easy to form all the other sjIPb from it, 
either by giving different values to A, or by the formula of 
No. 218. 

In tlie series (5) make a:=0 ; it becomes I'.l =0. 

* 1111 

Again, let a:=l, there will result •'•2 = 1— s + 0^2"^^ ""•••» 

a series which does not converge rapidly, and in which it would 
be necessary to take a great number of terms for a near approxi- 
mation ; for example, it would be necessary to take the 100 first 
terms to have the value to within 0,01, (No. 184). In general, 
this series will not serve for determining the logarithms of en- 
tire numbers, since for every number greater than 2 wc would 
obtain a series in which the terms would go on increasing con- 
tinuallv* 

The following arc the principal transformations for convert- 
ing the above series into converging series for the purpose of 
obtaining the logarithms of entire numbers, which are the only . 
logarithms placed in the tables. 

1 

First Transformation. In the scries (5) by making :r=- ; 

and observing that r( 1 +- )=r(l -fjf)— I'j^, it becomes 

l'(l+2^)-l>=~2p + 3^-4^+ ---(6) 

Tins series becomes more converging as y increases ; besides 
the first member of tliis equation expresses the difference be- 
tween tno consecutive logarithms. Making successively y =2, 
3, 4, 6 wc liave 

II 1 1 

1'3 — 12 ----+-^— — + ... 

4 32 192 \02A^ 
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The first series will give the.logaritlira of 3 by means of the 
logarithwflfj2 ; the second, the logarithm of 4^^ in functions of 

the logi^HpPof 3 he. The degree of approximation 

can be eXHrated (No. 184), since the series are composed of 
terms alternately positive and negative. 

Second Transformation. A much more converging series is 
' obtained in the following manner. 

In the series I'(l-fa::)=j—-7r +-^ — r-^ substitute — x 

^ ' 2 3 4 

^3 ^3 /jrl 

for X ; and it becomes Vll — r^^—x — 7; ^ — 

^ ' 2 3 4 

Subtracting the second scries from the first, observing that 

r(l+^)-r(l-^)=l'l-^, we obtain 

,4+a: / ^' x* x^ x^> \ 

This series will not converge very rapidly unless a: is a very 

small fraction, in which case, :j will be greater than unity, 

but will difier very little from it. 

1 -rX 1 

Take :j =1 -f - {z being an entire number) ; 

we have (1 +x)z={i — x){z-\-l) : whence x= . 

Hence the preceding scries becomes I'f l-f- ) or 

This series also gives the difference between two consecutive 
logarithms, but it converges much more rapidly than the 
series (6). 
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Making successively 2: = 1, 2, 3, 4, 5. . . ., we find 

/I 111 \ 

^/l 1 11 \ 

•'^-''^=45-^3:5^ -^5751 + 775^ + > 



Letz = 100 ; there will result 

n01=l'100 + 2(^+g^,+^,+ ....); 

whence we see, that knowing the logarithm of 100, the first term 
of the series is sufficient for obtaining that of 101 to seven 
places of decimals. 

There are formulas more converging than the above, which 
serve to obtain logarithms in functions of others already known, 
but the preceding are sufficient to give an idea of the facility 
with which tables may be constructed. 

233. The Naperien logarithms being calculated, those of any 
other system can easily be obtained. 

For example, in order to form the common system, multiply 

1 
(No. 218) each Naperien logarithm by the modulus 77—. This 

number has been calculated to as great a degree of approxi- 
mation as can be desired, and its value in decimals is 

0,4342944819 . . . . ; it is the modulus for parsing from the 
natural system to that of which the base is 10. 

The modulus also expresses the comnum logarithm of tJie 
base of the Naperien system ; for, calling this base e, we have 
the equation 6^'' <^= 10; whence, taking the logarithms in the 
common system, 

l'10xl.c=1.10 = l; therefore, l.c=j7jT =0,43429 

As the common tables are supposed lo becOTV&itr>\^V^di^ii^ ^:»^ 
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make use of them to determine the number corresponding to the 
above loglfillim, and we find 

0.4S42944819 =1.6=1.2.718281828 

Therefore, 

6=2.718281828. 

234. Developnient of the exponential a' into series. The 
connexion between exponential quantities and logarithms leads 
us to investigate the possibility of developing a^ according 
to the powers of x, which would give the development of a 
number in functions of its logarithm, the inverse of the preceding 
question. 

Suppose this development found, and let 

a*=l+A:r + Bx* fCa;' + Dx*+ (1) ; 

by making :r=0, the equation is reduced to a® = l, an exact 
result ; therefore this form for the development is admissible. 

To determine A, B, C, D . . . t, substitute z for :r in (1) ; it 
will become 

a*=H-A2 + B23+Cz3+Dz*+ (2) ; 

subtracting the equation (2) from the equation (1), we have 
the equation 

a*-a'=A(a;-2) + B(x2-2;3) + C(.r3-z') + D(a:*-2;*) + ..(3); 

the second member of which is divisible by x — z ; we will 
therefore try to convert the first member into an expression 
involving x — z as a factor. Now a' — a' can be put under the 
form a'(a'~*— 1) ; hence, by substituting x — zforx in the series 
(1), it becomes 

a'(a'-^— l)=a*[A(:r— 2) + B(x— 2)3+C(x— 2)3 + ]: 

tiien substituting for at — aS in the equation (8), the value just 
obtained, and dividing both members by x — z, we find 

fl'[A + B(a:— 2) + C(x— z)«4- ] 

=A + B(a: + z) + C{a:2 -\-xz-\-z^)-\' 

Making x^z in this last equation, it is reduced to 

a'.A=A-i-2Bx+3Ca;2+4Da;3 -f 5Ea:* + ; 

or, replacing a* by its development (1)^ 

>l+A':y-f- ABa:^ + ACa:^ + . . ,=KA^5ax-V^C,x* \\ax^ ., . . 
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' Equating the coefficients of the same powers, we obtain the 
equations 

A=A, A«=:2B, AB=SC. AC=4D, - - ^ 

whence we deduce 

A^ _ A3 _ A* 



A=A, B=-7r> C=^r^, D = 



2 ' 2.3' 2.3.4 • 

A" 

The law of the series is manifest ; ttitz being the term 

2.3.4 ...» ° 

of the series (1), which has n terms before it. 

We perceive that the coefficients B, C, D are expressed 

in functions of the coefficient A, which still remains indetermi- 
nate ; nevertheless it has a fixed value, which can be found by 

the following artifice ; a* can be put under the form (1 4-a— 1)* 
=(1 +6)* by supposing a — 1=6. 
Now, developing (1 -\-by by the binomial theorem, we have 

(1 +bY=l -\-x.b + x ^^ b^ -f X. ^^ . ^^ 6» + - - - 

The sum of those terms of this development which involve the 

(ft« 6' ft* \ 
6 — o "^"T — "T"^'" )^f more- 
over the coefficient of this part of the development is re- 
presented by A, in the series (1) ; hence, replacing ft by a— 1, 
we have 

Substituting k for A in the values obtained for B, C, D , ' 

and then substituting these values in the series (1), we will finally 
obtain forthfe development of a* 

k^x* , h^x^ k*x* k^x^ 

i-r«x-t- J 2 1.2.3^ 1.2.3.4^ 1.2.3.4.5^ ^ ^ 

235. Consequences. If we suppose 2:=1 in this series it 
becomes 

k^ k^ k* 

*=^+*+T:2+r:2:3+T:2:3:4+"- 

Whence wc see that a is expressed in functions of &, as k was 
already in functions of a, viz. ft=a— 1— ^ — ^ — -V 

m 

i 
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The particular-value (^) of a, corresponding to £=1, we find 

to be. e=l+l+-jij-+-j^+^4+ --- 

The twelve first terms of this series, which converges pretty ra- 
pidly, gives c =2.7 18281 8, exact to within 0.0000001. 

This number, which corresponds to 4 = 1, being very re- 
markable, we will seek for the development of c*. For this pur- 
pose it is only necessary to make a=e, and 4=1 in the formu- 
la (4), which gives 

or^ of»3 3"* 

e.=i+x+_ +__+__+ ... 

The two quantities a and k have another relation with each 
other, which can be obtained by means of the particular num- 
ber e. 

For, suppose ^=T in the equation (4) ; we find 

a'*=l + l+J^+^^ + ^+..;but we have already 

11 . - * 

e=H-l + j-2+YY3"' ; hence a* =^, or a=r. 

Taking the logarithm of both members of this equation in 
the system of which the base is a, it becomes, sirite l.e=l, 

1. a=A* ; 

[a. — \Y (a — 1)3 
or, substituting for k its value a — 1 ^ ' o •••» 

l.a=(a— 1) — + 1^ — + , 

and supposing a=l +x, whence a — 1 =x, we obtain 

ty2 »*»3 <»»4 IT'S 'V^ 

_ y JU JU »*- •*/ •*<' 

].{l+x)=x-^+---+-—^+ , 

which series is identical with that which gives the natural loga- 
rithms (No. 232). 

Whence we see that eor 2.71 8281 8..., is the base of the Nape- 
rien system. It also follows from this, that the development of 
exponentials into serie* \eaAs Vo \o^^t\v\v\!cw: ^w%». 



CHAPTER VI. 

General Theory of Equations. 

The most celebrated analysts have tried to resolve equations 
of any degree whatever, but hitherto their efforts have been un- 
successful inuth respect to equations of a higher degree than the 
fourth. However, their investigations on this subject have con- 
ducted them to some properties common to equations of every 
degree, which they have since used, either to resolve certain 
classes of equations, or to reduce the resolution of a given equa- 
tion to that of one more simple. In this chapter it is proposed 
to make known these properties, and their use in facilitating nie 
resolution of equations. 

§ I. Dmsibility of Entire Functions. General properties of 
Equations. Comjtlete Theory of the Greatest Common 
' Divisor. 

DIVISIBILITY OF ENTIRD FUNCTIONS. 

239. The development of the properties relating to equations 
of every degree, leads to the consideration of polynomials of a 
.particular nature, and entirely different from those considered in 
tbe first chapter. These are, expressions of the form 

in which m is a positive whole number ; but the coefficients 
A, B, C, . . . . T, U, denote any quantities whatever, that is, 
entire or fractional quantities, commensurable or incoiaaie^Mn;* 

S4 
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rable. Now, in algebraic division, as exposed in chapter 1st, 
the object was this, viz. : given two polynoniiah entire, with 
reference to all the letters and particular numbers involved in it, 
- to find a third polynomial of the same kindf which^ multiplied 
by the second, would reproduce the first. 

But when wc have two polynomials, 

A'x*+B'x'»'» +C^x"-»-f . . . . +T'x+U', 

which are necessarily entire only with respect to j*, and in which 
the coefficients A, B, C . . . ., A', B', C . . . ., may be any 
quantities whatever, it may be proposed to find a third polyno- 
mial, of the same form and nature as the two preceding, which, 
multiplied by the second, will reproduce the first. 

The process for effecting this division is analogous to that for 
conimon division ; but there is this difference, viz. : In this last, 
the first term of each partial dividend must be exactly divisible 
by the first term of the divisor ; whereas, in the new kind of 
division, wc divide the first term of each partial dividend (that is, 
the part affected with the highest power of the principal letter,) 
by the first term of the divisor, whether the coefficient of the 
corresponding partial quotient is entire or fractional ; and the 
operation is continued until a quotient is obtained, which, mul- 
tiplied by the divisor, will cancel the last partial dividend, in 
which case the division is said to be exact ; or, U7itil a remain- 
der is obtained, of a degree less than that of the divisor, with 
reference to the principal letter, in which case the division is 
considered impossible, since by continuing the operation, quo- 
tients would be obtained containing the principal letter affected 
with negative exponents, or tliis same letter in the denominator 
of them, which would be contrary to the nature of the question, 
which requires that tlie quotient should be of the same form as 
the proposed polynomials. 

240. To distinguish polynomials which are entire with 
reference to a letter, x for example, but the coefficients of which 
are any quantities whatever, from ordinary polynomials, that is, 
from polynomials which are entire with reference to all the letters 
and particular numbers involved in them, it has been agreed to 
call the first entire funciiimt oj x, ^xvA \\v^%^ ^^Oi^wo^vdx^'^^^^ibL 
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divide them exactly, io the sense above mentioned, relative 
divisors, 

241. It follows from these definitions, that when an entire 
function of a: has another polynomial of the same kind for « rela- 
tive divisor, the product of this divisor by any factor^ inde- 
pendent of the principal letter, is also a relative divisor of the 
first polynomiaL 

For suppose we have 



A'x"+B'x"-'+...+U' 
Let K be any factor independent of x; we necessarily have 

Ax" + Bx"-'+... + U A" _. , B" .__. . U" 

and the second member of this identity is an entire function 
of .r; hence K(A'x*-{-B'x'*~' +...) is a relative divisor of 
Aa:"H-Bj:«-»-f ... 

242. First. Every entire function D which will exactly di- 
vide the product \xB of two other entire functions, and which 
fs prime with one of them, A for example , will necessarily di- 
vide the other B. 

(Two functions are said to be prime with each other, when 
tKcy do not contain a common factor involving x). 

Demonstration. First, when A is independent of x, the pro- 
position is evident, for let 

AXB „ ^ rw, ,T 

— —=Px'' + Qx**- '+... + Tx H-U ; 

by dividing both members by A, we have 

Now, A being;;- by hypothesis, independent of x, the second 
member of this equation is an entire function. Hence, be. 

We will now suppose that A is a function' of x, and of a 
higher degree than D. 

Dividing A by D, we have the equation 

A=DQ + R (1), 

(the remainder R is, not 0, since A and D are lu^^oiftd \j^ V^ 
prime with each other.) 
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Multiplyinp: both inoinbors of the equation (1) by B, and 
then dividing hy I), we have 

AB „^ BR 

_ AB . . - . BR . 

Now, -=Y and BQ being entire functions, -=;r- must also be 

one, that is D a relative divisor of AB, is also a relative divi- 
sor of BR ; and if R was independent of x, which might be 
the case, tlie proposition would be demonstrated. 

But again suppose R is n function of j'^ and divide D by R; 
we obtain the new equation 

D=RQ'+R' (2). 

(R is not equal to 0, for in this case D would be divisible by 
R, and so would A, in virtue of equation (1) ; therefore A and 
D would have a common factor involving a:, which would be 
contrary to the hypothesis.) 

From equation (2) wc deduce 



_ BRQ' BR' 



BRQ' 



Now, the first member B, and the first term — j^ — ^^ ^'*^ 

BR' 

second member, are entire functions ; hence —yr must also be 

an entire function, that is, D being a relative divisor of AB and of 
BR, it must necessarily be a relative divisor of BR' ; and if R' 
was independent of x, the theorem would be demonstrated. 
But by again supposing R' a function of Xy we may divide R 
by R', which will give a new remainder R", different from 0, 
without which R', a relative divisor R, would also be a relative 
divisor of D, in virtue of the equality (2), and consequently of 
A, from the equality (1); hence A and D would have a com- 
mon factor involving ;r, which would be contrary to the hypo- 
thesis. Hence, D a relative divisor of AB, BR, BR', is ne- 
cessarily a relative divisor of BR''. 

We will now observe that the degrees (with respect to x) of 

the remainders R, R', R" go on diminishing ; therefore, as 

we cannot obtain a remamder eryual to lero^ immediately after a 
remainder involving x ^for l\\u vjouXdiXi^ xa vsl^^^^^^ ^\%\^aa. 
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maiiider a relative divisor of D and A), we must obtain a re- 
mainder R^") independent of r, and such that the product 
B X R<") will be divisible by D, which requires that B itself 
should be divisible by D. 

N. B. The degree of A has been supposed higher than that 
of D. If it were not, we would divide D by A ; and so on. 

243. No prime funetion D, prime icith two or more entire 
funrtions A, B, C...., can divide their product. 

For, in order that D may divide ABC . . . ., or AxBC . . ., 
as it is prime with A, it must divide BC . . . . ; in like manner, 

in order that it may divide BC , or B X CE , it must 

divide CE In this way we would prove that D would 

divide the last entire function, which would be contrary to the 
hypothesis. 

244. Second. Kvcrjf entire function D, of the first degree 
irith reference to x, v/iirh divides the product AB of tiro entire 
functions, will divide oi:c of these functions. 

For, suppose that D would not divide A, it could bnly be 
prime with A ; hence, from the first principle of No. 242, D 
must divide B. 

245. Consequences, lat. Every entire function T>, of thefirst 
degree with reference to x, which will divide A*, and, in general^ 
any power Pl" of an entire function A, in*// divide A ; for A* 
is the same as A X A. Now every polynomial of the first degree 
ititk reference to x^ which divides this product, will, by the 
second principle, divide one of the factors. 

In like manner, A^ being equal to Ax A^, every polynomial 
of the first degree with reference to x, which divides A^, will 
divide A or A^, and so on. 

2d. When A and B are entire functions,- prime with each 
other, A* and B"' will also be prime with each otlter. 

For every polynomial of the first degree with reference to x, 
which divides A'* and B**' at the same time, will also divide A 
and B, which would be contrary to the hypothesis. 

246. Third. Every entire function A, which is divisible fry 
two or more entire functions D, D', D" . • . ., prime with each 
other, is divisible by their product DD'D' .... 

For we have by hypothesis, A=DC\^, ^^ Vj«at\ij^ ^tl «tiCvtfc 
function. Now since D' will divide \» \\. viVS\ i\%^ X\n\^^ \v^ 
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value DQ; and as D' is prime with D, it must divide Q, and 
we liaye Q=D'Q' ; whence, substituting in tha expression for 

A 
A, we have A=DD'Q', or Frfy =Q'» an entire function. In 

■ 
like manner, D" dividing A, will divide DD'XQ'; but it is 

prime with each of the polvnomi'als D, D', and consequently 

with DD' ; hence D" will divide Q', and we have 

Q'=D' Q^ whence A=DD D "Q", 

and so on. 

247. Consequence. Iff/, d\ d" . . . ., being entire functions, 
and prime with each other, another entire function A, has for 
particular relative divisors certain powers of J, rf', d^'. . . •» vix. 
i/*, d'*\ rf""" . . . ., the same polynomial A is divisible by the 

product d*. rf'*'. rf"«" , and by all the polynomials that 

can be formed by multiplying together two and two, three and 
three, , the different powers of rf, d\ d" . . . ., compre- 
hended between the first and that which is denoted by n for rf, 
by n' fof rf' 

For the polynomials rf, d', d" .... being prime with each 

other, rf*, £/3, . . . .\ rf'^, d'^ , will also be prime with 

each other, (No. 246) ; hence the products two and two, three 
and three, , are so many relative divisors of A. 

248. General scholium. When an entire function P has been 
foTfnedby the muUiplication of several entire functions 

P', P", P'", P"" . . . ., m such a manner that we have 

P=PT'T"P" , 

this polynomial can have no relative divisors of the first degree 
with reference to x, except those which enter into the different 
polynomials PP'P" . . . ., or the products of these relative divi- 
sors by factors independent ofx. 

General Properties of Equations. 

249. Every complete equation of the w'* degree {m being a. 
positive whole number) may, by ibe It^us^osltion of terms, and 
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by the divjsion of both members by the coefficient of x*, be put 
under the form 

x"' + P.r«-'+Q:c"'-»+ H-Ta:+U=0; 

P, Q, R . . . . T,U, being coefficients taken in the most gene- 
ral algebraic sense. 

A7}y expression^ whatever the nature of it may be, that is, 
numerical or algebraic^ real or imaginary^ which ^ substi- 
tuted in place ofx in the equation^ renders its first mentber equal 
toO, is called a root of this equation. 

250. As every equation may be considered as the algebraic 
translation of the relations which exist between the given and 
unknown quantities of a problem, we arc naturally led to this 
principle; viz. EVEPvY equation has at least one root. Indeed, 
the conditions of the enunciation may be incompatible, but then 
we must suppose that we will be warned of it by some symbol 
of absurdity, such as a formula, containing as a necessary ope- 
ration, the extraction of an even root of a negative quantity ; 
yet there will stillexist an expression which, substituted for x in 
tlie equation, will satisfy it. We will admit this principle, which 
we will have occasion to verify hereafter for most equations. 

The following proposition may be regarded as the fundamen- 
tal property of the theory of equations. 

251. First Property. If vl is a root of the equation 

x'" +P^'"-M-Qj™-= + T:r + U=0, the first member of it 

is divisihle by x—a ; and reciprocally, if a factor of the form 
X— a trill divide the first member of the proposed equation, ^is a 
root of it. 

For, perform the division, and see what takes place when the 
operation is continued until the exponent of x becomes in the 
first term of the dividend. 

(This operation is of the nature of that spoken of in No. 
239, since a, P, Q, are any quantities whatever.) 

f Px"*- > + Q.7''" - M- .. . f T./.- + U r—fi 

fP 



I Pa 



■ .m--3 f 



.r'"-' -f-^i 


.c'^-^-frt- 


.i"-^+...+a»-» 


+ P 


+ ¥a 


_,.p^«_ar 


+ Q 


-f-Qa*-» 


+ .-. 






■VT 
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By reflecting a little upon the manner in which the partial 
quotients are obtained, we will first discover from analogy, and 
afterwards by a method employed several tim^s (No. 31 and 86), 
a law of formation for the coefHcients of these quotients ; and 
we may conclude, 1st. that there will be m partial quotients, 
2d. that the coefficient of the m^ quotient, that is of x, must be 

T being the coefficient of the last term but one of the proposed 
equation. 

Hence, by multiplying the divisor by this quotient, and reduc- 
ing it with the dividend, we obtain for a remainder 

«"•+?«"•-' +Qa'"- 2+ - . - +Ta+U. 

Now, by hypothesis a is a root of the equation ; hence, thii 
remainder is nothing, since it is nothing more than the result of 
the substitution of a for x in the equation; therefore the divi- 
sion is exact. 

Reciprocally, if x—ais an exact divisor of x* -f Px"*" ' + •••! 
the remainder a^+Pa*""' -h... will be nothing ; therefore, (No. 
249), a is a root of the equation. 

252. From this it results that, in order to discover whether a 
binomial of the form x^a is an exact divisor of a polynomial 
involving x, it will be sufficient to see if tlie result of the substi- 
tution of a for x, is equal to 0. 

To ascertain whether a is a root of a polynomial involving x 
and placed equal to 0, it will be sufficient to try the division of 
it by x— a. If it is exact, wc may be certain that a is a root of 
the equation. 

253. Remark. By inspecting the quotient of the division 
of No. 251, we perceive the following law for the coefficients : 
Each coefficient is obtained by multiplying that vrhich precedes 
it by the root a, and adding to the product that coefficient of the 
proposed, equation, which occupies the same rank as that we wish 
to obtain in the quotient. 

Thus, the coefficient of the 3d term, a^ +Pa+Q, is equal iD 
(a + P)a+Q, or to the product of the preceding coefficient 
fl+P, by the root a, augmented by the coefficient Q of the 3d 
term of the proposed equaliotv. 
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The coefficient of the 4th term is 

(a^ 4-Pa+Q)aH-R, or a^ -f Pa»+Qa+R. 
This law should be remembered. 

254. Second property. Every equation involving but one 
unknown quantity, has as many roots as there are units in the 
exponent of its degree, and no more. 

Let the proposed equation be 

x-H-Px"-' -f Qx^--^»+ +Ta:+U=0. 

Since (No. 250) every equation has at least one root, if we 
denote the root that the above equation must necessarily hUve 
by a, its first member will be divisible by x—a^ and we will have 
the identity 

x»+Px*-' + =(x-a) (a:*^' +P'a:*-« + ) . . .(!)• 

But by supposing x*~' +P'x'"~^ + . . . . =0, 
we obtain an equation which has at least one root. 
Denote this root by b, we have (No. 251) 

x^i +P'x^-^+ ={x—b){xr^^ +P"a:^» + • . . ), 

an equality which, multiplied member by member, with the 
equality (1), gives 

x«+Px'*-'+...=(a;-a)(x— 6)(a:"*-» 4- P"x'—» + ...•)... (2). 

Reasoning upon the polynomial a:"*"* -fP"a:*~' + as 

upon the preceding polynomial, we have 

a;«-3+p"a;i«-3+ =(x— c) {x^^+P'"x^*+ ), 

which, multiplied by the equality (2), gives 

x^ + Px*-" + -{x—a){x—b) {x—c) (x'»-^+ ) . . .(3)- 

Observe that for each indicated factor of the first degree 
with reference to x, the degree of x in the polynomial is dimi- 
nished by unity ; therefore, after m — 2 factors of the first degree 
have been divided out, the exponent of x will be reduced to 
m — (wi— 2), or 2; that is, we will obtain a polynomial of the 
second degree with reference to Xj which (No. 98) can be de- 
composed into the product of two factors of the first degree, 
(x — -k) {x — I). Now, as the m— 2 factors of the first degree 
have already been indicated, it follows that we have the 
identity 
ar-^P2r*-' -/-. . . .=(a:-a)(x— b) [po—c\ . . \x— «^V?>-1^• 

35 
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Yropn which we see, that the^r^ member of the proposed 
eqtuition is decomposed into the product of m factors of the Jirst 
degree. • ^ 

As there is a root (No. 251) corresponding to each divisto of 
the first degree, it follows that the m factors of the first degree 
X — a, X— 6, X — c . . . ., give the m roots a, &, c: • . . • for the 
proposed equation. 

Moreover, it evidently follows from the proposition of No. 248, 
that the polynomial x^ + Paf*"'. . . . cannot have any relative 

divisors of the first degree except x — a, x— 6, x — c, 

X— A, X — /, or the product of one of these relative divisors by a 
factor independent of x. Hence the equation can have no other 
roots than a, 6, c . . . A, /, since if it had a root a, different from 
a, &, c ..../, it would follow that it would have a relative 
divisor x — «, different from x— a, x — 6, x — c .... x — /, which 
is impossible. 

Finally, every equation of the ta}^ degree has m rootSj and 
can have no more. 

255. There are some equations in which the number of roots 
is apparently less than the number of units in the exponent of 
their degree. They are those in which the first member is the 
product of equal factors, such as the equation 

(x-a)* (x— 6) 3(x-c)» (x-rf) =0, 

which has but four different roots, although it is of the lOth 
degree. 

It is evident that no quantity a, different from a» 6, c, c2, can 
verify it ; for if it had this root a, the first member would be 
divisible by x— ^, which is impossible, (No. 248), since x — a is 
prime with x—a, x— 6, x— c, x-.rf. 

But this is no reason why the proposed equation should not 
have ten roots, four of which are equal to a, three equal to &, 
two equal to c, and one equal to d. 

256. Consequence of the second property. 

The first member of every equation of the m^ degree, having . 
m divisors of the first degree, of the form 

X — a, X — 6, X — c, .... X — ky X — I, 

if we multiply these divisors together, two and tmo^ ikree and 
three f , we will obtain as tuaxv^ t^Wvn^ ^\nv»»^ <^C the 
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second, third, degree with reference to x, as we can form 

different combinations of m quantities, taken two and two, three 
and three, .... Now the number or these combinations is 

(No, 150) expressed by m* — —j tn. — —. . . . Besides, these 

products are (No. 248) the only divisors of the same degree that 
the first member of the proposed equation can have, unless we 
consider the projlucts of these relative divisors by factors inde- 
pendent of x. 

Thus the proposed equation contains iti. divisors of the 

second degree, m. —^—. --^— divisors of the third degree, and 

so on. 

257. Composition of equations. If in the identical equation 

x" + Px"-' + =(x— a)(a;— 6)(x— c) - - - (x— /), 

we perform the multiplication of the m factors of the second 
member, (see No. 151), and compare thetermsof the two mem- 
bers, we will find the following relations between the coefficients 
P, Q, R, T, U, and the roots a, ft, c, A, /, of the pro- 
posed equation, viz. 



.^i^c A-/=P, oraH-6+c+ -fifc+/=— P; 

ab+ac+ -fA/=Q 

— abc—abd fi/=R, or o&r-faW +ikl= — R; 



±abcd W=U, or abed AI=±U. 

(The double sign has been placed in the last relation, be- 
cause the product —a X— 6x— c x— / will be plus or mi- 
nus according as the degree of the equation is even or odd.) 

Hence, 1st. The algebraic sum of the roots, taken with 
contrary signs, is equal to the coefficient of the second term ; 
or, the algebraic sum of the roots themselves, is equal to the co- 
efficient of the second term taken with a contrary sign. 

2d. The sum of the products of the roots taken two and two 
with their respective signs, is equal to the coefficient of the 
third term* 
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3d. The sum of the products of the roots three and three 
taken with contrary signs, is equal to the coefficient of the fourth 
term ; or the coefficient of the fourth term, taken with a con- 
trary sign, is equal to the sum of the product of the roots three 
and three taken with their signs. And so on. 

Finally, the product of all the roots, taken with contrary 
signs, is equal to the last term ; or, the product of all the roots, 
taken with their respective signs, is equal to the last term of the 
equation, taken with its sign, when tlie equation is of an even 
degree^ and with a contrary sign, when the equation is of an odd 
degree. 

The properties demonstrated (No. 98) with respect to equa- 
tions of the second degree, are only particular cases of the 
above. The last term, taken with its $ign, is equal to the pro- 
duct of the roots themselves, because the equation is of an even 
degree. 

Complete Theory of the greatest Common Divisor. 

258. By reflecting upon the preceding properties, we will 
perceive a certain analogy between the research of the re- 
lative divisors, of the different degrees of an entire function of 
X^ and the resolution of an equation. In fact, it follows from 

the property of No. 254, that every polynomial 

Ax* + Bx**~ ' + Cx"*"^ +... + Tx + U can be decomposed into m 
factors of the first degree ; and to do this, it will be sufficient to 
place the polynomial equal to 0, and resolve the equation with 
reference to the principal letter :r. 

We see, moreover, from the same property, that polynomials 
of the first degree are the only ones that cannot be decomposed. 

Thus, a^—ab + bc being a polynomial of the second degree 
with reference to x, can be decomposed into 

/ b+Vb ^-4h7\/ b-Vb ^-^ \ 

by solVkig the equation a^ — ba+bc=0. 

The polynomial a^ — 3ab^ -\- 2b'^ c+Sbc^ , can be decomposed 
into two factors involving b, which are obtained by solving the 
equation 

(2c—3a)b^+^c^b+a^ =0. 

with reference to 6. 



General Theory of Equatiofis. J277 

It can also be decomposed into two factors with respect to c ; 
but to obtain the three factors of the first degree with reference 
to a, it is necessary to resolve an equation of the 3d degree. 

If it is necessary to know how to resolve an equation in order 
to obtain the relative divisors of a polynomial, it is not neces- 
sary to know this in order to obtain what is called the greatest 
relative common divisor of ttoo polynomials. Analysts have 
even referred to this last question in the resolution of certain 
classes of equations. Therefore, before proceeding any farther 
with the theory of equations, we will discuss the theory of the 
the greatest common divisor. 

We will first treat of the case of two entire functions ofar, and 
then we will consider that in which the two polynomials are 
entire with respect to all the letters and coefficients. 

Of the Greatest Relative Common Divisor. 

259. The greatest relative common divisor of two entire 
functions of x, is the polynomial of the highest degree with 
respect to x, that will divide the proposed polynomials. 

It evidently follows from this definition, that when the two 
polynomials have been divided by their greatest common divi- 
sor, the quotients will not contain any common factor involving 
X ; for if they did, the product of this factor by the divisor 
already considered would be of a higher degree with reference 
to X than this divisor, and would be a relative divisor of the two 
polynomials. 

Let </, d\ d'\ be the only factors of the first degree with re- 
spect to :r, which are common to the two entire functions, and 
suppose that ;?, n', n", are the exponents of the powers of these 
two factors, which are common to the two polynomials; as 
</", rf'"', {/'"", are prime relative divisors, it follows (No. 247) 
that the product, d^.d'^'.d"""', is the relative divisor of the highest 
degree, common to the two polynomials, since all the others can 
only be combinations of the diflerent powers of d, d', d'\ com- 
prehended between 1 and n, n', n", taken 2 and 2, 3 and 3 . . • • 
Therefore, 

First principle. 1st. T/ie greatest relative common divisor of 
two entire functions^ is the prodtict of the highest potters ofaU 
ike divisors of the first degree with rejerence to ti^ t«wvm<m \» 
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the two polynainials. 2d, Every relative common divisor of 
two entire functions, will divide their greatest relative cemtnon 
divisor. 

N. B. An infinite number of relative common divisors may 
be formed, of the same degree as rf".rf'*'.d"*", by multiplying 
this last by factors independent of x. (No. 241.) 

260. Second principle. The greatest relative common divisor 

of two entire functions J is the same as that which exists between 

the polynomial of the lowest degree and the remainder after their 

division ; or, at least, it can only differ from it by a factor 

' independent of x. 

For, let A and B be the two polynomials, D their greatest 
relative common divisor, Q and R the quotient and remainder 
lifter their division, D' the greatest relative common divisor of 
B and R ; we have the equation 

A=BxQ + R, 

from which we deduce 

ABQ R A _BQ R 

D ■" D ^D' ^" D'~D"^D'' 

Now D being a relative divisor of A and B, it follows that 
jz and -jT are entire functions of x ; therefore yr must also 

be an .entire function of x ; that is, D is a relative divisor of B 
and R. Hence, from the first principle, D must divide D', 
which is the 'greatest common divisor of B and R. 

In like manner, D', a relative divisor of B and R, is also 
a relative divisor of BQ and of R, and consequentlyof BQ+R or 
A. Therefore D', a relative divisor of A and B, must divide D, 
which is the greatest commdn divisor of A and B. 

Hence the two polynomials are reciprocally divisible by each 
other ; they must therefore be of the same degree, and conse- 
quently (No. 159) equal to each other, or only differ from one 
another by a factor which is independent o( x. 

261. From these iwo principles, we deduce the following 
rule for finding the greatest relative common divisor of two 
entire functions. 

Divide the polynomial of the highest degree by tluit of the 
lotvest ; if there is no remainder^ tlie second -polipomiaX UWe 
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required g. c. d. If a remainder is obtained^ divide the second 
polynomial by it ; if the division can he performed exactly^ this 
remainder is the g. c. d. of \tself and the second polynomial^ 
and consequently the g. c. d. of the proposed polynomials. If a 
second remainder is obtained^ divide the first remainder by the 
second^ and continue the operation in this manner until a're- 
mainder is obtained which will exactly divide the preceding 
• remainder ; this will be the required greatest common divisor. 
In applying the above rule, when a remainder is obtained 
which is independent of x, we may conclude that the two poly- 
nomials are prime with each other ^ in this sense, viz. they will 
not admit of a common divisor involving x ; for the greatest 
common divisor being (259) a relative divisor of the remainder 
after each division, it would also divide the remainder .indepen- 
dent of X, which is impossible. 

262. To determine the greatest relative common divisor of ' 
several entire functions A, B, C, E.... 

- Let D, represent the greatest common divisor of A and B, 
D' the g. c. d. of D and C ; then will D' be the g. c. d. of 
A, B, C. 

For since the g. c. d of A, B, C must divide A and B, it will 
divide their g. c. d. D ; it must also divide C, therefore it will 
divide D', which is the g. c. d. of D and C ; hence it cannot be 
of a higher degree than D'. But D' is evidently common to 
the three polynomials. A, B, C ; therefore D' is their g. c. d. 

It might be proved in an analogous manner, that D", the 
g. c. d. of D' and £, is the g. c. d. of A, B, C, E ; and so on. 

N. B. In the application to particular cases, we begin with 
finding the g. c. d. of the two polynomials of the lowest degree, 
then of this g. c. d. and the next most simple polynomial, S^c. 

263. By referring to the preceding rules, it will be perceived 
that, by a series of algebraic divisions, we can always obtain 
the greatest relative common divisor of two or more polynomi- 
als involving x^ whatever may be the nature of the coefficients 
of the different powers of this principal letter. 

Of the ordinary Greatest Common Divisor. 

264. The polynomials that wc are now going to conudec ^^ce 
of the same nature as those in the &r%\. c\i^.^\et^ 'dxA ^^c^^^ 
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rational and entire polynomials, because, being composed of a 
limited number of terms, which is also the case with entire fime^ 
tionSj they do not contain any signs for division or the extrac- 
tion of roots ; that is, the numerical or algebraic coefficient! 
are entire, and the exponents o( all the letters are positive 
whole numbers. 

One rational polynomial is called o.. factor or divisor of 9th 
other of the same nature, when there is a third rational and en- 
tire polynomial which, multiplied by the first, will produce the 
second. 

A rational and entire polynomial is said to be abidbUdjf 
primej when it has no rational and entire divisor except itself 
and unity ; and two rational and entire polynomials are prime 
with each other ^ when they do not admit of any rational and en- 
tire common factor except unity. 

265. Every prime rational and entire polynomial P, which 
will excu;tly divide the product (A X B) of two other rational 
and entire polynomials ^ must necessarily divide one of these po- 
lynomials. 

This general theorem depends upon several propositions, 
which are only particular cases of it ; and which we will de- 
monstrate successively. 

First Case. Let P be a prime number, A any entire number, 
B a rational and entire polynomial but depending upon the 
tingle letter a, that is to say such that 

(a, 6, c, - - - 5, / being any entire numbers whatever, positive or 
negative). 

Since the product A X B can be put under the form 

Aa.a«+A6.a*"-* -h Ac.a*~2H As.a+Atj 

and as P will, by hypothesis^ divide this product, it follows 

(No. 30) that P will divide each of the coefficients - 

Aa, A&, Ac, A^, A^ ; hence (Arith. 5th edition. No. 133) 

P must divide A, or each of the numbers a, 6, c, «, /, and 

consequently B. 

Whence we may conclude that every prime number P which^ 
wiU exactly divide the product (A X B) of two quantities^ one of 
which (A) is any entire number^ and tfic otfier araiionaianden' 
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tire nwnber (B) depending upon a single letter {») must divide 
Xor'B. 

Second Case. Let P be a prime number, A and B two ra- 
tional and entire numbers, depending upon the single letter a, 
that is such that we may have 

(a, bjCj .. . . Sfty a', b\ c', • . • . s', f , being entire numbers). 

Denote by A' the algebraic sum of the terms of A, the coeffi- 
cients of which contain the factor P, and by A'' the sum of the 
terms of which the coefficients are not divisible by P, we will 
have 

A=A' + A"- (I).* • 

In like manner, let B' and B" be the two parts, one of which 
has all its coefficients divisible, and the other tione of them divi- 
sible by P. 

We will have 

B=B' + B"- .*. - (2). 

Multiplying the equalities (1) and (2) together, we obtain 

AB=A'B +A"B' + A'B'' + A"B'' (3). 

This being the case, since P will divide each of the coefficients 
A' and B', it follows that P will divide the three first parts of 
the equality (3) ; hence, in order that P may divide the product 
AB, it must divide the fourth part A"B''. Now, this last division 
is impossible ; for, denote by ia", A V, the two terms of A" and 
B'', affected with the highest exponent of a ; as their product, 
AA^'.a'"*"", cannot be reduced with the other partial products in- 
volved in A"B", it must, (No. 30), if it divides A"B", ^Iso divide 
kk'y which is absurd, since the prime number P will neither 
divide k nor k'. 

The only way of avoiding this absurdity, is to suppose A" or 
B" equal to 0, and then all the terms of A, or of B, being 
divisible by P, it follows that A or B must be divisible by P, in 
order that A X B may be divisible by it. 

Therefore every prime number P, which will exactly divide 
the product AxB of two rational and entire polynomials^ will 
divide all the coefficients of one of these polynomials^ and ccmMr 
guenily Ikis polynomial itielf. 

36 
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I 

Third Case. Let A be any entire number, B a rational and 
entire polynomial, depending upon tlie single letter a, P a prime 
polynomial, of the same nature as B. 

Since the product A X B is, by hypothesis, divisible by P, 
we have 

AxB=PxQ (1), 

(Q being an entire quantity). 

Decompose the number A into its prime factors, and let 

the equality (I) becomes 

/././'. . . ./("). B=PxQ (2); 

whence, dividing Both members by /, 

Now the first member being a rational and endre quantity, 
the second must also be rational and entire ; but / is a prime 
number, which cannot divide P, since P is prime. Therefore, 
from the second case,/ must divide Q, and we have Q=/xQ', 
(Q' being an entire quantity); whence, by substituting in the 
equality (2), and dividing by/, 

//'.... /<"^=BXQ' (3). 

Reasoning upon this equality in the same way as upon the 
equality (2), we will find that Q'=/xQ", (Q" being entire); 
whence, by substituting in (3), and dividing by/, 

/'./". . . ./(«). B=Px Q" (4), 

and so on. Therefore, having suppressed all the factors .... 
/././'. . . ./^"^ we will obtain an equality of the form 

B=PxQ(»+'), 

QCn+i) being an entire quantity ; which proves that B is divisi- 
ble by P. 

Therefore, every rational ami entire polynomial^ depending 
upon a single letter a, which tcill exactly divide the product 
Ax3 of any entire number by a rational and entire polyno- 
mial depending upon the same letter a, mil divide this last 
polynotniaL 

Fourth Case. Let A and B \^eVNo rd^Xow-A ^w^^w^ko^^i^l^- 
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nomials depending upon the single letter «, and P a prime poly- 
nomial of the same nature. 

Suppose that A is not divisible by P, and that it is of a high- 
er degree than P, divide A by P, and continue the operation 
until a remainder is obtained of a lower degree than P ; but in 
order to obtain quotients affected with entire coefficients, first 
multiply A by a suitable number m. Denote the quotient of this 
division by Q, and the remainder by R; we will have the 
equality 

w.A=PxQ+R (I). 

R cannot be equal to 0, for in this case P would'divide fh.X 
and consequently A, by the 3d case, which would be contrary 
to hypothesis. 

This being the case, multiply both members of the equality 
(1) by B, and divide then by P ; it becomes 

w.AxB „ ^ BxR 
— p— =BxQ+— p— . 

Now since, by hypothesis, P will divide AxB, and conse- 
quently m. A X B, it must divide B x R, and if R is an entice 
number the proposition is demonstrated, since P divides BxR, 
it must divide B, by the 3d case. 

But suppose that P depends upon a, and divide P by R, 
after having multiplied P by any number m' that will give en- 
tire coefficients in the quotient ; we will have 

w'.P=RxQ'+R' (2). 

R' cannot be equal to ; for if we had R'=:0, it would follow 
that R would divide w.P, and consequently sdl prime alge- 
braic factors of R would divide P, which is impossible, since P 
is prime. 

Multiply both members of the equality (2) by B, and divide 
them by P, it becomes 

,„ BxRxQ' BxR' 

which proves that BR' is divisible by P, since BR is divided by 
jt« If R' is independent of a, the proposition is demonstrated. 
Since* P, dividing BxR', must divide B, by the 3d case. But 
suppose that R' depends upon a, and cou\.m\XQ iCi iLYsvftft'^ \s^ 
Rj by R'' , and so on. We wiW fiu^W^ o>ftVi«v ^ xwisJi^- 



as A Algebra. 

der R^*^ independent of a, and such that B X R^"^ will be divi- 
sible by P. Therefore B is divisible by P. 

(When P is of a higher degree than A, divide P by A, then 
by R, R', R'', and the reasoning will be the same.) 

Therefore, when a printe rational and entire polynomial P, 
depending upon the single letter a, will excLctly divide the pro- 
duct AxB of two rational and entire polynomials depending 
only upon the same letter a^ we may conclude that P will exactly 
divide A or B. 

It is now easy to generalize the proposition ; for by suppos- 
ing that the three polynomials A, B, P may contain the two 
letters a, c, we can establish the four new cases : viz. 

1st. P being a prime number, or a prime polynomial depend- 
ing upon the single letter a, A any entire number, or a rational 
^and entire polynomial depending upon the single letter a, and 
B a rational and entire polynomial, containing the two let- 
ters a, f; 

2d. P being a prime number, or a prime polynomial depend- 
ing upon the single letter a, and A and B two rational and en- 
tire polynomials, containing the two letters a, e; 

3d. A being an entire number, or a rational and entire poly- 
nomial, depending upon a single letter a, and B and P, iwo ra- 
tional and entire polynomials, containing the letters a, e, but P 
being prime ; 

4th. Finally, A, B, P, being three polynomials containing 
the two letters a, e, P being prime. 

If we apply to each of these hypotheses, reasoning analo- 
gous to that of Nos 1,2, 3, 4, we will find that, Every prime 
rational and entire polynomial P, depending upon two letters 
a, e, which will divide the product Ax3 of tu?o polynomials 
containing the same two letters mil divide one of these poly- 
nomials. 

The proposition being true in the case of two letters, it may 
be extended to the cases of three ^ four, he. letters; it is there- 
fore general. 

First. Conceive that a rational and entire polynomial A is 
decomposed into the product of several prime factors, numerical 
or algebraical, but entire and rational, and we will have 

A=P-F.P"P"' Y^^^- 
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It follows from the preceding proposition, that no prime 
factor /;, different from P, P', P" . . . . P(">, will divide A ; for 
in order that p may divide A, it must divide P X P'P". . . . PW. 
Now if it differs from p it cannot divide it, (since P is prime), 
and it must consequently divide P'P'^ .... P^*). For the same 
reason, if p differs from P', it must divide P"P'" .... p(»), and 
so on ; whence we would conclude that p is equal to the last 
factor P^"), which is contrary to the hypothesis. 

Therefore, the only rational and entire factors that can be 
contained in A, are the factors PP'P" . . . P^"^. into which A is 
already decomposed^ or the products of these factor s, taken ttoo 
and ticOf three and three , Sfc* 

266. Secondly. Let A and B be two rational and entire 
polynomials, D their greatest common divisor, that is, (No. 34), 
the greatest polynomial with reference to the exponents and 
coefficients f which mil exactly divide the proposed polynomials. 
If the quotients of their division by 6, be denoted by A' and 
B', we have (No. 34) A=A'D, B=B'D, A' and B' being 
prime with each other. 

This being the case, since every prime divisor d^ common to 
the two polynomials, will divide A' and B', it must, by the fun- 
damental proposition, (No. 265), divide D. It is moreover 
evident, that no prime divisor j9, which divides A and not B, or 
reciprocally, will divide D. 

Hence, the greatest common divisor of two rationed and entire 
polynomials, contains as factors, all the particular common 
divisors of the two polynomials, and cannot contain any other 
factors. 

This is the principle of No. 35 applied to two rational and 
entire polynomials. 

267. Third. We may easily discover that D is eqaal to 
rf*. d'^. d"*'' . . . ; d,d',d".., being prime common factors of 
the two polynomials, and i?, n', n" . . . . the exponents of the 
powers of these factors. 

For conceive A and B to be decomposed into their prime 
factors, and suppose that {d being a certain number of times a 
factor of A, and a certain number of times a factor of B) ^2" is 

the highest power aid common to A and B ; and that 

rf'% d"^'\ </"'»"; are the highest powers ot d' , d" , d"* ^^xsototvv.^ 
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A and B. Suppose, moreover, that rf, d\ d'\ rf"' arc the only 
common prime factors ; we will have 

A = A" X d* X d'*' X rf"*" X d'"*"', 
B = B" X ^/* X d"^ X rr *" X d""^\ 

A" and B" are necessarily prime with each other ; for if there 
is a prime factor which will divide A" and B", it must be one of 
the factors d, d\ d", d"\ in which case n^ n', n", n'" wonld hot 
be the exponents of the common highest powers, or it would be 
different from d^ d\ d'\ d"\ and then these last quantities woald 
not be the only common prime factors, which would be contrary 
to the hypothesis. 

Now it is evident that the only rational and entire common 
divisors of A and.B are (265) the powers 

d, d\ d^ d\d\d'^, d'^ rf'% d\ rf"S d"^ rf"-", 

or the products of these powers, taken two and ttoo^ three and 
threCy four and four. But the greatest common divisor thus 
obtained, is evidently the product rf" x d'*' X rf"*" X rf"'"'". Therc- 
' fore D is equal to this product. This also proves that two 
rational ami entire polynomials can have but one greatest com- 
mon divisor y whilst two entire functions have an infinite number 
o( greatest relative common divisors. 

268. Fourth. The greatest common divisor will not be affected 
by introducing or suppressing a factor in one of the polyn6mials 
A or B, provided this factor is not a factor of the other polyno- 
mial ; for it is evident that the greatest common divisor of the 
two new polynomials is the same as that of the proposed polyno- 
mials, since it must be composed of the same factors. 

269. Fifth. We will now demonstrate the second principle 
of No. 35. We will observe, in tlie first place, that the two 
polynomials may be supposed such, that after having arranged 
them with reference to one of the common letters, a, and divided 
the polynomial of the highest degree, A, for example, by the 
second, B, we will obtain an entire quotient, and an entire re- 
mainder, in which the highest exponent of a will be less than 
that of the divisor. 

For, in order that the quotient may be fractional for each of 
the partial operations, it is necessary that the coefficient of the 
first term of each partial dwidexiA sVvo\x\A. Tko\.>a^ dA\\s.^hle by the 
roefScient of the first term of iVie d\N\^oT, imcA^^w^^ ^^xtfs^- 
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nator of the partial quotient is this last coefficient itself, or one 
of the factors of it. Now there may be three cases ; this coeffi- 
cient may divide the coefficients of the other powers of a in the 
divisor, or it may have factors which are common to all these 
coefficients, or it may have factors common to some, but not to 
all of them. (In this case, all the coefficients are said to be prime 
with each other.) 

In the two first cases, this coefficient, or one of its factors, 
would be a factor of B ; and since this factor would not be 
contained in the dividend, it would not be a factor of the 
greatest common divisor of A and B. Therefore (No. 268) it 
may be suppressed in B, and tlie question will be reduced to 
finding the greatest common divisor of A, and the result, B', ob- 
tained by suppressing this factor. 

In the third case, wc may multiply the dividend A by the 
most simple multiple of the denominators of the fractional 
quotients, which multiple will necessarily be prime ttith B. 
The product of A by this multiple having the same greatest 
common divisor with B as that which exists between A and B, 
we may operate with this product A', and with B, as though 
they were the primitive polynomials, and then we will be certain 
of obtaining entire quotients. 

The greatest common divisor of A and B, is the same as the 
g. c. d q/*B and R, R denoting the remainder after the division, 
which is continued until the remainder is of a lower degree than 
B, with respect to the principal letter a. 

For, let D be the greatest common divisor of A and B, jy the 
g. c. d. of B and R ; we have the equality 

A=BQ+R, 

(Q and R being entire polynomials) ; whence, dividing first by 
D, and then by D', 

A BxQ R A BxQ R 
D"^ D ^D D'^ D' ^D* 

These last equalities prove, 1st. That as D will divide A, B 
and consequently B X Q, it will also divide R ; therefore D, the 
common divisor of B and R, will (No. 266) divide D', theg. c. d. 
ofBandR. 

2d. Since D' will divide R, B, aud cotise^wu^^ ^v.^^^^. 
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will also divide A ; then D', a common divisor of A and B, will 
divide D, which is the g. c. d. of A and B. 

Since D and D' reciprocally divide each other, the qaotient 
must be unity, and we have 

D=D'. 

270. We will terminate the exposition of these principles by a 
remark, which will serve as a guide in the solution of this 
question. 

Let A be a rational and entire polynomial, supposed to be 
arranged with reference to one of the letters involved in it, «, for 
example. 

If this polynomial is not absolutely primes (No. 264), that is, 
if it can be decomposed into rational and entire factors, it may 
be regarded as the product of three principal factors, viz. 

1st. Of a monomial factor A ^f common to all the terras of A. 
(This factor is composed of the greatest common divisor of all 
the numerical coefficients, multiplied by tlie product of the 
literal factors which are common to all the terms.) 

2d. Of a polynomial factor A^, independent of a, which is 
(No. 30) common to all the coefficients of the different powers 
of a, in the arranged polynomial. 

3d Of a polynomial factor A 3 depending upon a, and in 
which the Coefficients of the different powers of a are prime 
with each other (No. 269); so that wc will have 

Sometimes one or both of the factors A,, A^ reduce to 
unity, but this is the general form of rational and entire poly- 
nomials. It follows from this, that when there is a greatest 
common divisor of two polynomials A and B, we will have 

D=D..D,.D3; 

D, denoting the greatest monomial common factor, D^ the 
greatest polynomial factor independent of a, and D , the great- 
est polynomial factor depending upon this letter. 

In order to obtain D , ,find the monofnial factor A , common to 
all the terms of A. This factor is in general composed of lite- 
ral factors, which are found by inspecting the terms, and of a nu- 
merical coefficient, obtained by finding the greatest common di- 
visor of the numerical coeS^cveuXs \v\ K. 
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In the same xcay^ find the monomial B , common to all the 
terms of B ; then determine the greatest factor D, common to 
A , and B , • 

This factor D 19 is set aside, as forming the first part of the 
required common divisor. The factors A, and B^ are also 
suppressed in the proposed polynomials^ and the question is 
reduced to finding tlie g. c. d. of two new polynomials A' and 
B' which do not contain a common monomial factor. It is 
then to be understood that the process developed below, is to be 
applied to these two polynomials. 

271. Several circumstances may occur as regards the num- 
ber of letters that may be contained in A' and B'« 

1st. When A' and B' contain but one letter a. 

When A' and B' are arranged with reference to a, the coefii- 
cientp will necessarily be prime with each other; therefore in this 
case, we will only have to seek for the greatest common factor 
depending.upon a, viz. D, (No. 270). 

In order to obtain it, we will (No. 269) first prepare the po- 
lynomial of the highest degree, so that its first term may be ex- 
actly divisible by the first term of the divisor. This prepara- 
tion consists in multiplying the whole dividend by the coefficient 
of the first term of the divisor y or by a factor of this coefficient^ 
or (No. 36) by a certain pouter ofitj in order that we may be 
able to execute several operations, without any new preparations. 

jn&« division is then performed^ continuing the operation until 
a remainder is obtained of a lower degree than the divisor. 

If there is a factor common to all the coefficients of the re- 
mainder^ it must be suppressed^ as it cannot form a part of the 
required g. c. d. ; after which, we operate with the second polyno- 
mial^ and this remainder ^ in the same way we did with the poly- 
nomials A' and B' (No. 260). 

Continue this series of operations until a remainder is olh 
tained which will exactly divide the preceding remainder^ this 
remainder will be the g. c. d. D, of A' and B'; and D, xD, 
will express the g. c. d. of A and B ; or, continue the operation 
until a remainder is obtained independent of a, that is, a iifi- 
merical remainder, in which case, the two i^\yGi!(rasAa\%^ KL 'wbi^ 
B', will be prime with each other. 

37 
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/ • 

2d. When M and B' contain two leiteri a ami b. 

After having arranged the polynomials with reference to a, 
we first find the polynomial factor which is independent of a^V 
there is one. 

To do this, we determine the greatest common divisor A, of 
all the coefficients of the difierent powers of a in the polyno- 
mial A'. This common divisor is obtained by applying the 
rule (No. 262) for finding the greatest common divisor of seve- 
ral polynomials, as well as the rule for the last case, since these 
coefficients contain only one letter b. In the same way we de- 
termine the greatest common divisor Bj, of all the coefficients of 
B'. Then comparing A^ and B^, we set aside their greatest 
common divisor D^, as forming a part of the required g. c. d; 
, and we also suppress the factors A, and B^ in A' and B' ; which 
produces two new polynomials A" and B'', the cpefficients of 
which are prime with each other, and to which we may conse- 
quently apply the rule for the first case. 

Care must always be taken to ascertain, in each remainder, 
whether the coefficients of the different potters of the letter a, do 
not contain a common factor, which must be suppressed, as not 
forming a part of the common divisor. We have already seen 
(No. 38) that the suppression of these factors is absolutely 
necessary. 

W^will in this way obtain the common divisor D, of A' 
and B", and D , X D^ x D 3, for the g. c. d. of the polynomials 
A and B. 

N. B. In applying the rule for the first case to A" and B", 
we would ascertain when these two polynomials were prime 
with each other, from this circumstance, viz. : a remainder 
woidd be obtained which wotdd be ntunerical, or a function ofh^ 
but independent of a. The greatest common divisor of A and 
B would be D.xD,. 

3d. When A and B contain three letters^ a, b, c. 

After arranging the two polynomials with reference to a, we 

determine the g. c. d. independent of a, which is done by ap'ply- 

iog to the coefficients of the difiexeuX^wjet^o^ a^vciX^^xXi^l^o- 
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nialsy the process of No. 262, and the rule for the second case, 
since these polynomial coefficients contain but two letters, 
b and c. 

The independent polynomial D^ being thus obtained, and 
the factor Ao and B^, which have f^iven it, being suppressed in 
A' and B', there will result two polynomials A'' and B", having 
their coefficients jprime triih each ofher, and to which the rules 
for the preceding cases may be applied, and so on. 

272. Let there be the two polynomials 
a*rf> — c^d^ — a^c^+c*, and 4a'd — 2ac^ +2c^ — iacd. 

The second contains a monomial factor 2. Suppressing it, 
and arranging the polynomials witb reference to r/, we have the 
expressions 

{a^—c^)d^—a^e^+c*, and (2a»— 2flc)d— ac» +c^ 

It is first necessary to ascertain whetlier there is a common 
divisor independent of d. 

By considering the coefficients a^ — c*, and — a^c' +c*9 of 
the first polynomial, it will be seen that —a^c^ +c* can be put 
tinder the form —c'^(a^ — r^) ; hence a^ — c^ is a common factor 
of the coefficients of the first polynomial. In like manner, the 
coefficients of the iiecond, 2a- — 2ac, and — ac"^ +c^, can be re- 
duced to 2a{a — c), and — c'^{a — r) ; therefore a—c is a common 
factor of these coefficients. 

Comparing the two factors a= •— ^^ and a — r, as this last will 
divide the first, it follows that a — c is a common factor of 
the proposed polynomials, and it is that part of their greatest 
cfommon divisor which is independent ofd. 

■ Suppressing a^ — c- in the first polynomial, and a — c in the 
second, we obtain the two polynomials d^ — c^ and 2ad — c', to 
which the ordinary process must be applied. 

d^—c^ > 2ad—c^ 
Aa^'d^ — 4a=c= > 2ad-\-c^ 



-\'2ac'^d—Aa^c* 



Explanation. After having multiplied the dividend by 4a* ^ 
and performed two consecutive divisions, vw^ viVft. cJoNawi ^ ^^ 
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mainder — 4a'r' +c^, independent of the letter d; hence the 
two polynomials d^ — c^, and 2ad — c', are prime with each 
other. Therefore the greatest common divisor of the proposed 
polynomials is a — c. 

Again, taking the same example, and arranging with reference 
to a, it becomes, after suppressing the factor 2 in the lecond 
polynomial, 

(rf«-c«)a"— c'rfM-cS and 2da^ — (2crf+c»)a+c». 

It is easily perceived, that the coefficient of the different 
powers of a in the second polynomial are prime with each other. 
Ih the first polynomial, the coefiicient — c^d^+c*^ of the second 
term, or of «•, becomes — c^{d' — c*); whence d* — ^^is a com- 
mon factor of the two coefiicients, and since it is not a factor 
of the second polynomial, it may be suppressed in the first, as not 
forming a part of the common divisor. 

By suppressing this factor, and taking the second polyno- 
miai for a dividend and the first for a divisor, (in order to avoid 
preparation), we have • 



1st. 2da^—2cd 

— c^ 



a-\-c'^ ^ a^ 



2d 



Rem. 2rd 



a+2dc' 



or, a — c, 

by suppressing the common factor ( — 2nd — c*); 
2d. a^ — c' ) a — c 



*» la 



+ac — c' y a-\-c 

Explanation. After having performed the first division, a 
remainder is obtained which contains— 2^ — c', as a factor of 
its two jcoeflicients ; for 2rfca + c ' = — c( — 2cd—c^ ). This factor 
being suppressed, the remainder is reduced to a—c^ which will 
exactly divide a' — c'. 

Hence a — c is the required greatest common divisor. 

273. There is a remarkable case, in which, the greatest com- 
mon divisor may be obtained more easily than by the general 
method ; it is when one of the two polynomials contains a letter^ 
which is not contained in the other. 
In this case, as it is evident ih^l the greatest common divi- 
sor is independent of lh\s leUet, \\ foWow^ ^^!t,\s^ ^rcvGk^Xk^ 
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the polynomial which contains it, with reference to this letter, 
the required common divisor wiU be the samecu that which eX" 
tits between the coefficients of the differemt powers of the princi" 
pal letter and the second polynomial^ which^ by hypothesis^ is 
independent of it. 

By this method, we will be led to determine the greatest com- 
mon divisor between three or more polynomials ; but they will 
be more simple than the proposed polynomials. It often hap- 
pensy that some of the coefficients of the arranged polynomial 
are monomials, or, that we may discover by simple inspection 
that they are prime with each other ; and, in this case, we are 
certain that the proposed polynomials are prime with each 
other. 

Thas, in the example of No. 272, treated by the first method, 
after having suppressed the common factor a — c, which gives 
the results. 

d^'-c'md2ad — c*, 

we know immediately that these two polynomials are prime 
with each other ; for, since the letter a is contained in the se- 
cond and not in the first, it foUows from what has just been said, 
that the common divisor must divide the coefficients 2d and — c', 
which is evidently impossible ; hence, inc. 

We will apply this last case to the two polynomials 

Sbcq+30mp'\'lSbc-\-6mpq^ 
and 4adq^—^fg+2Aad^^lfgqj 

Since q is the only letter common to the two polynomials 
(which, moreover, do not contain any common monomial fac- 
tors), we can arrange them with reference to this letter, and 
follow the ordinary rule. But as b is found in the first poly-* 
nomial and not in the second, if we arrange the first with re- 
ference to 6, which gives 

(3^5'+ 1 Sc)b 4- SOmp 4- Smpq^ 

the required g. c. d. will be the same as that which exists be- 
tween the second polynomial and the two coefficients 

Scq+lQc and S0mp+5mpq. 

Now the first of these coefficients can be put under the form 
3e{q+6)f and the other becomes 5mp(q+6) ; hence q+6 is a 
common factor of these coeffictents. It V\\\ OEk«t^^oT^>M isoSb.- 
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cient to ascertain whether 9 + 6-(which is a prime divisor) is a 
factor of the second polynomial. 

Arranging this polynomial with reference to q, it becomes 

{Add'-lfir)q—A2fg + 24a// ; 

as the second part 2^ad — 42/g- is equal to ^{Aad—lfg)^ it fol- 
lows that this polynomial is divisible by 9+6, and gives the quo- 
tient Aad—lfg, Therefore y 4-6 is the greatest common divi- 
sor of the proposed polynomials. 

274. N. B. It may be ascertained that ^ + 6 is an exact divi- 
sor of the polynomial {Aad—lfg)q^'2Aad — 42^, by a method 
derived firom the property of No. 151. 

Make y + 6=0 or 5=— 6 in this polynomial; it becomes 

(Aad-lfg) X — 6 + 24arf— 42/n^. 

lyhich reduces to 0; hence q-\-6 is a divisor of this polynomial. 

This method may be advantageously employed in nearly all 
the applications of the process. It consists in this, viz. after 
obtaining a remainder of the first degree with reference to a 
(when a is the principal letter), make this remainder equal to 0, 
and deduce the value of a from this equality. 

If this value, substituted in the remainder of the 2d degree, 
destroys it, then the remainder of the 1st degree, simplified (No. 
38), is a common divisor. If the remainder of the 2d de- 
gree does not reduce to by this substitution, we may conclude 
that there is no common divisor depending upon the principal 

letter. 

Farther, having obtained a remainder of the 2d degree with 
reference to a, it is not necessary to continue the operation any 
farther. 

Decompose this polynomial into two factors of the 1st degree, 
which is done by placing it ecjual to 0, and resolving the result- 
ing equation of the second degree. 

When each of tlic values of a thus obtained, substituted in 
the remainder of the 3d degree, destroy it, it is a proof that the 
remainder of the 2.1 degree, simplified, is a common divisor ; 
when only one of the values destroys the remainder of the 3d 
degree, the common divisor is the factor of the 1st degree with 
respect to a, which corresponds to this value. 
jFijoally, when neither ot lYv^^^ n A\xft% ^«^\x^^ >3Bfe Temalii4er 
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of the 3d degree, we may conclude that there is not a common 
divisor depending upon the letter a. 

It is here supposed that the two factors of the 1st degree with 
reference to a, are rational, otherwise it would be more simple to 
perform the division of the remainder of the 3d degree by that 
of the second, and when this last division cannot he performed 
exactly, we may be certain that there is no rational common di- 
visor, for if diere was one, it could only be of the first degree 
with respect to a, and should be found in the remainder of the 
second degree, which is contrary to hypothesis* 

-275. To show the difference between the process for finding the 
greatest relative common divisor, and that for finding the or- 
dinary common divisor, we will apply the first to an example, 
in which the two polynomials are not only enfire with reference 
to :r, but also with respect to the other quantities involved in it. 
Let the proposed polynomials be 

6x* — 4x* — 11x3 — 3;p2_3^ — 1^ 
and 4x* -\-2x^ — 18x»+3x— 5 ; 

Ist. 6a:»— 4j:*-llx'-3x«-3r-l . 4j*+2jt^ — 18.r^ +3z— 5 



15 9 >3 



, _ 7 
— 7x« H- 16x* — — x» +;^x— 1 V ^x — - 

4 

39 39 39~" 

+ 2-X3— 39x«-f-a:--; 

.69 39 39 

2d. 4x*+2j:» — 18xa+3z-5i— x3— 39x»+-r^ — T 

2 4 4 



/ 



. 8 20 
+ 10j?3_20a:« + 5x— 5)— x + — 



39 ^ 39 39. . 

Hence -irx^ — 39x" H — -x — r is the ff. c. d. 
2 4 4 

By the Common Method. 

1st. Multiplying by 16. 
96x* — 64r* — 176x3 — iSx' — 46j:— IG ) 4.r* h 2j:^—ISx^+3.C' 



^IG^ 



— 1123?^ +2563; 3—1 20x^+7 2j;— 16 > 24j:-28 

Rem. + 312x3_624c« + r56a>— 156 ; 
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or^ suppressing the factor 156, 

2d. Ax* +2x^ — ISr* +SxS ^ fiLr» — te'+g — 1 
+ 1 Oj: » — 203:' + 5 j:— 5 ) 2x+5 

0. 

Hence, 2x'— 4x« H-x — I is the g. c. d. 
By applying the process of No. 261, without making any 
preparation, we obtain the result 

39 ^ 39 39 

— x«_39x« +-4 ^—-45 

while, by following the process of No. 271, with all Its modifi- 
cations, we obtain 

2x3— 4x«+^ — 1 
for the greatest common divisor of the two polynomials. 

Now the last result only differs from the first by the factor 

39 

-r, which is common to all the terms of the first. 

4 

Hence we see that the effect produced by the application of the 
process, without preparationy is to give the ordinary common divi- 
sor of the two polynomials, (supposed to be rational and entire)^ 
multiplied by foreign factors^ but which are independent of 
the principal letter. 

Examples. 

1st 5 ^•+4x« — 3x* — 16x» + 1 Ix» + 12a>- 9 
i 6x« 4-20X*— 12r=» — 48x«+22a;+12; 

g. c, d. simplified = x'-fx^ — 5x+3. 

o , C 20x» — 12x« + 16x*— I6x» + I4x»— 15x + 4 

( 15x*-9x' + 47x»— 21X+28; 

g. c. d. simplified = 5x'— 3x-f 4. 

C — 4ft»ca» + 146«ca«— 126ca*— 7ft«c^a' + 14Jc«a* 
I —b*a^ +63^« 4-26«a* +b'a^—2b*a'. 

^U. Transformation of Equations. Elimination. 

The object of this paragraph will be, to collect together the 
priacipal transformations, of n?Y\\cVv \\i!& oV^^tX \^ v^ x^dnce the 



Qeneral Theory of Equations. 397 

resolution of a given equation to that, of another, more easily 
treated of. 

276. First transformation. To make the second term disap- 
pear from an equation. 

The difficulty of resolving an equation may be conceived to 
diminish with the number of powers of the unknown quantity 
involved in it ; thus, the equation z^ ■=iq^ gives immediately 
a:=± \/y, whilst the complete equation x^ +|?a:+y=0, requires 
preparation before it can be resolved. 

Now, any equation being givein, it can always be transformed 
into another, in which the second term is wanting. 

For, let there be the general equation 

^m^p^m-i 4-Q:cm-3 ^ : 4-Tx + U=0. 

Suppose x=u + x't u being unknown, and x' snindsierminaie 
quantity; by substituting u-\'X' for x, we obtain 

(ti-f a:')-+P(M-f :f')'»-'+Q(m+x')«-3 +...+T(M+aO+U=0 ; 

developing by ttie binomial formula, and arranging according 
to the decreasing powers of u. 



u'^ + mx' 
+ P 



+{m—l)Fx' 






4.Qx'"-«>=0, 



+ Tx' 

Since x' is entirely arbitrary, we may dispose of it in such 

P 

a way that we will have mx'-\-F=0 ; whence x'= • Sub- 

m 

stituting this value of x* in the kst equation, we will obtain an 

equation of the form 

M'" + Q'tf?-^ +R'm«-» H- - - . +T'tf+U'=0, 

in which the second term is wanting. 

If this equation was resolved, we could obtain the values oi 
X corresponding to those of u^ by substituting each of the values 

P 

of u in tlic relation A'=tt +a;', or x=u — - • 

m 

38 
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Whence we may deduce the following general rule : 

In order to make the second term of an equation disappear, 
substitute for the unknown quantity a new unknown quantitgt 
united with the coefficient of the second term^ taken ttith a con- 
trary sign, and divided by the exponent of the degree of ike 
equation. 

We can show, a posteriori, that this substitution will accom- 
plish the proposed object. 

For, let a, 6, c, <2 .... be the m roots of the given equation, 

P P 

it follows from the relation x=tt , which gives i»=x+— i 

that the values of u are 

P P P P 

tt=aH — , b-\ — , c-\ — , d^ — • . . . . ; 
m m m m 

hence the sum of the new roots is 

P 

a + 6 + c+d+ l-m. — ; 

m 

but we have (No. 257) a-f 6 + c+rf+ =— P ; hence 

the preceding sum reduces to — P+P, or ; therefore the 
coefficient of the second term of the transformed equation b 
nothing of itself. 

N. B. The coefficient of the first term of the equation has 
been supposed equal to unity ; but if the equation* was of the 
form 

Ax* + Pa:*-' + +Ta:+U+0, 

by making x=u + x', we would obtain wiAor'+P for the coeffi- 
cient of tt"*~', which, placed equal to zero, would give 

P 

x'= 7 ; that is, in this case the denominator of the value of 

fTiA 

x* would be the product of the exponent of the degree of ike 
equation by the coefficient (A) of the first term. 

Let us apply the preceding rule to the equation x^ -\-px=q. 

If we take x=m — -, it becomes iu — ^1 +1^1 ^ — ^ ) =5^1 
or, by performing the operations, and reducing u^ — ^=jr, this 
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-T--k-qy consequently we obtain for the 
two corresponding values of x, 

277. Instead of making the second term disappear, an equa- 
tion may be required, which shall be deprived of its third, 

fourth, term ; this can be obtained by placing thecoefficient 

of «*~^, t**"'^ equal to 0. For example, to make the 

third term disappear, we make in the above transformed 
equation 

m ^x'«+(wi-l)Par'4-Q=0; 

from which we obtain two values for x*, which substituted in the 
transformed equation reduces it to the form 

te'- + ?'«•»-' +R't«"'-3+....T'tt-i-U'=0. 

Beyond the third term it will be necessary to resolve equa^ 
tions of a degree superior to the second, to obtain the value of 
z'f thus to cause the last term to disappear, it will be necessary 
to resolve the equation 

a:"" + Px'»-»+...Ta:'+u=0, 

which is nothing more than what the proposed equation be- 
comes when X* is substituted for x. 

P 

It may happen that the value :r'= — m which makes the se- 
cond term disappear, (No. 276), causes also the disappearance of 
the third or some other term. For example, in order that 
the second and third terms may disappear at the same time, it 

P 

is necessary that the equation ;r'= should agree with 

w^-x'« + {m—l )Px' + Q = 

P . 

Now if in this last equation, we replace x" by it becomes 

m-!!^ . ^-(m— l)-^+Q=0, or (w-l)P>-2wq^Q •, 
iberefore, whenever this relation eiistft beVnr ^^n iScwt t«RB»K«^^ 
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P and Q, the disappearance of the second term involves that of 
the third. 

278. Remarks upon the preceding transformation. Forma- 
tion of derived polynomials. 

The relation x=u-\-x\ of which «vc have made use in the 
two preceding numbers, indicates that the roots of the trans- 
formed equations are equal to those of the proposed, diminished 
or increased by a certain quantity. Sometimes this quantity is 
introduced in the calculus, as an indeterminate quantity, the va- 
lue of which is afterwards fixed in such a manner as to satisfy 
a given condition ; sometimes it is a particular number given 
dpriorif which expresses o, constant difference betVben the roots 
of a primitive equation, and those of another equation which 

we wish to form. 

In short, the transformation which consists in substituting 

u+x' for X in an equation is of very frequent use iu the theory 
of equations. Now there is a very simple method of obtain- 
ing, in practice, the transformation which results from this sub- 
stitution. 

To show this we will invert the order of the terms in u+x', 
that is, for x substitute x'+u in the equation 

^m^p^»-i ^-Q^m-a ^. Ra;™-3 + ...Ta: + U=0 ; 

it becomes, by developing and arranging according to the as- 
cending powers of u. 



x^^'\-mx'^—^ 



«— a 



+ Pj/~-*+(w-l)Pa:' 



-f Qx'*-« + (wi-2)Qa;''«- = 

+ + 

H-Tx' H-T 
+ U 



w— 1 , 

2 

«i— 2^ , 



-\-{m-2) 
^1 •• • • 



2 

w— 3 



Qx" 



t<»+...te*=0 



If we observe how the coefficients of the different powers of 
u are composed, we will see that tlie coefficient of m° is nothing 
more than what the first member of the proposed equation be- 
comes whenx' is substUuleduv ^\;vc:^ o^ x-, Nv<i will hereafter de- 
note it by X'. 
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The coefficient of m' is formed by means of the preceding, or 
XS by multiplying each of the terms of X' by the exponent of 
x' in this term, and then diminishing this exponent by unity ; we 
will call this coefficient Y'. 

The coefficient of u^ is formed from Y' by multiplying each 
of the terms of Y' by the exponent o{*x in this term, di^ding 
the product by two, and then diminishing the exponent by 

* Z' 

unity. By calling this coefficient — it is evident that Z' is form- 

ed from Y' in the same manner that Y' is formed* from X'. 

In general, the coefficient of any term in the above trans- 
formed equation, is formed from tlie preceding one, by multi- 
plying each of its terms by the exponent of of in this term, di- 
viding the product by the number of coefficients preceding the 
one required, and then diminishing the exponents of of by unity. 

Z' V' 
This law, by which the coefficients X', Y', — , -^-^ are deriv- 

ed from each other, is evidently an immediate consequence of 
that which regulates the different terms of the formula for the 
binomial. (See No. 152). 

The expressions Y', Z', V, W... are called derived polyno- 
mials of X', because Z' is deduced or derived from Y', as Y' is 
derived from X' : V is derived from Z', as Z' is derived from 
Y', and so on. Y' is called the first derived polynomial^ Z' the 
second^ Sfc. Recollect that X' is what the first member of the 
proposed equation becomes when z* is substituted for x. 

The coefficient of the first term of the proposed equation 
has been supposed equal to unity ; if this was not the case, the 
law of formation for the coefficients of tlie transformed equations 
would be absolutely the same, and the coefficient of u* would be 
equal to that of a:"*. 

To show the use of this law in practice, let it be required to 
make the coefficient of the second term of the following equation 
disappear. 

x^-12j;^ + llX'—dx + '7=0. 

12 
According to the rule of No. 27G, take a:=i/-f -— , or ... . 

4 

a:=3 + ii, which will give a transformed equation of die 4th 
degree, and of the form 
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P and Q, the disappearance of the second term involves that of 
the third. 

278. Remarks upon ihc preceding transformation. Forma- 
Hon of derived polynomials. 

The relation x=U'\-x\ of which we have made use in the 
two preceding numbers, indicates that the roots of the trans- 
formed equations are equal to those of the proposed, diminished 
or increased by a certain quantity. Sometimes this quantity is 
introduced in the calculus, as an indeterminate quantity, the va- 
lue of which is afterwards fixed in such a manner as to satisfy 
a given condition ; sometimes it is a particular number given 
a priorif which expresses a eonstant difference betVben the roots 
of a primitive equation, and those of another eqration which 

we wish to form. 

In short, the transformation which consists in substituting 

u+x' for X in an equation is of very frequent use in the theory 
of equations. Now there is a very simple method of obtain- 
ing, in practice, the transformation which results from this sub- 
stitution. 

To show this we will invert tlie order of the terms in te+x', 
that is, for x substitute x'+u in the equation 

x^+Px"*- ' + Qx«-« 4 Ro;"*- » ^ ...Tx + U=0 ; 

it becomes, by developing and arranging according to the as- 
cending powers of u. 



ar'^+wia:'*--^ 



-f Qx'*-« + (wi-2)Qx""- = 

+ + 

+ Tx' +T 



u+m- 



7W — 1 



X 



'Jl~2 



+ (/«-l)^^Px'- 

^1 •• •• 



t<*+...l<*=^0 



If we observe how the coefficients of the different powers of 
u are composed, we will see that the coefficient of m° is nothing 
more than what the first member of the proposed equation be- 
comes whenx' is substduledm ^W^ o^ x\ Nv<i will hereafter de- 
note it by X\ 
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The coefficient ofu' is formed by means of the preceding, or 
X% by multiplying each of the terms of X' by the exponent of 
x' in this term, and then diminishing this exponent by unity ; we 
will call this coefficient Y'. 

The coefficient of u^ is formed from Y' by multiplying each 
of the terms of Y' by the exponent of^^r in this term, di^ding 
the product by two, and then diminishing the exponent by 

Z' 

unity. By calling this coefficient — it is evident that Z' is form- 

ed from Y' in the same manner that Y' is formed' from X'. 

» 

In general, the coefficient of any term in the above trans- 
formed equation, is formed from the preceding one, by multi- 
plying each of its terms by the exponent of xf in this term, di- 
viding the product by the number of coefficients preceding the 
one required, and then diminishing the exponents of of by unity. 

Z' V' 
This law, by which the coefficients X', Y', -77, tt^ are deriv- 
•^ '2 2.3 

ed from each other, is evidently an immediate consequence of 

that which regulates the different terms of the formula for the 

binomial. (See No. 152). 

The expressions Y', Z', V, W... are called derived polyno- 
mials of X', because Z' is deduced or derived from Y', as Y' is 
derived from X' : V is derived from Z', as Z' is derived from 
Y', and so on. Y' is called the first derived polynomial^ Z' the 
second^ &fc. Recollect that X' is what the first member of the 
proposed equation becomes when x' is substituted for x. 

The coefficient of the first term of the proposed equation 
has been supposed equal to unity ; if this was not the case, the 
law of formation for the coefficients of the transformed equations 
would be absolutely the same, and the coefficient ofu^ would be 
equal to that o(x^. 

To show the use of this law in practice, let it be required to 
make the coefficient of the second term of the following equation 
disappear. 

X* -12x3 4- 17x2— 9x + 7=0. 

12 
According to the rule of No. 270, take x=M-f — , or ... . 

x=34-ii, which will give a transformed equation of the 4th 
degree, and of the form 
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Z V' 
X'+Y'a+-^« +^-^> +M«=0, 

and the operation is reduced to finding the values of — - — 
X' Y' — . — 

k Now it follows from the preceding law, that 

X'= (3)«— 12.(3)» + 17.(3)»— ».(3)'+7, orX'=-110; 

Y'=4.(8)»— 36.(3)»+34.(3)'— 9, or Y'=-123; 

—=6.(3)»— 36.(3)' + 17, or Y'^-S' ; 

V V 

23=^-<^)'-»2. 51=«- 

Therefore the transformed equation becomes 

tt«_37ii«— 123i«— 1 10=0. 

Again, transform the equation 

4a;»— 5x»+7a:— 9=0 

into another, the roots of which exceed the roots of the proposed 
equation by unity. 

Take ii=x4- 1 ; there will result x= — 1 +«, which gives the 
transformed equation 

Z' 

X'+Y'tt+-7rM*+4tt=»=0. 
2 . 

X'= 4.(-l)'— 5.(— 1)>+7.(— 1)»— 9, orX'=-25; 

Y'=12.(-l)«— lO.(-l)' +7. Y'= 29 ; 

Z' ^ Z' 

-=i2.(-.i)'-5. ^=-i'7; 

y/ '> V' 

273""^' ' ' 273=" "*• 

Therefore the transformed equation becomes 

. 4ii3 — i7tt»+29i/ — 25=0. 
The following examples may serve the student for exercises : 
Make the second term vanish from the following equations. 

1st. x» — lOx* +7x"+4x— 9=0. 

(Result, ii»— 33i«=»-118ti«-152tt— 73=0.) 

2d. 3-c' -f 15^3 +25x— 3=0. 

(Result, 3w'^ — §'=^V ?»^^^'^*^^- 



Geiieral Theory of Equations. 203 

Transform the equation 3a;*— 13x*+7x' — 8a: — 9=0 into 
another, the roots of which shall be less than the roots of the 

1 

proposed by the fraction -z. 

65 102 
(Result 3i**— 9i*» — iu^ "" "o"**^ — g" =^)- 

We will frequently have occasion for the law of formation of 
derived polynomials. 

279. These polynomials have the following reinarkable pro- 
perty. 

Let X or X* + Pa:;*- ' + Qx*-"^ + =0, be the proposed 

equation, and a, 6, c, I, the m roots of it, we will have (No. 257) 
the identical equation 

x"*+Paf^»+ =(x— a)(x— 6(a:— c) (x—l). 

Substituting x' + ti, or (to avoid the accents) x + ti, in the 
place of X ; it becomes 
(x+M)'" + P(x+t<)'»-' + =(x+t*— a)(x+ti— 6) ; 

or, changing the order of the terms in the second member, and 
regarding x — a, x — 6, - - - - each as a single quantity. 

(x+ti)* + P(x+tt)"»~'+....=(tt+x— a)(i<+x— i)....(a+x— J). 
Now, by performing the operations indicated in the two mem- 
bers, we will, by the preceding No. obtain for the first member 

X+Yt<+ yu' 4- +ur ; 

X being the first member of the proposed equation, and 
Y, Z the derived polynomials of this member. 

With respect to the second member, it follows from No. 257, 
1st. that the part involving fi% or the last term, is equal to the 
product (x— a)(x — b) (x — I) of the factors of the pro- 
posed equation ; 

2d. The coefficient of u is equal to the sum of the products 
of these m factors taken m — 1 and m — 1. 

3d. The coefficient of u^ is equal to the sum of Uic products 
of these m factors taken m — 2 and m — 2 ; and so on. 

Moreover the two members of the last equation are identi- 
cal ; therefore (No. 188) tiie cOcf&ckuXs oi tJoa «9xdl^ ^hi^x% 
arc equal. 
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Hence X=(a: — o)(x— ft)(x— c) (^-"0' which was al- 
ready knowD. 

Y, or the first derived polynomial, u equal to the sum cf 

the products of the m factors of the first degree in the pro- 
posed equation, taken m~l and m — 1 ; or, equal to the sum 

of all the quotients that can be obtained by dividing X by each 

of the m factors of the first degree in the proposed equaHom; 

that is, 

XXX X 



Y= + — i-H- + 



X— a X— 6 X — c X — V 

— or the second derived polynomial, divided by 2, is eqaal to 

si 

the sum of tlie products of the m factors of the proposed equa- 
tion taken m— 2 and 771—2, or equal to the sum of all the quo- 
tients that can be obtained by dividing X by each of the fac- 
tors of the second degree ; that is, 

Z X X X 

2 ~(x-a)(x-ft) "^(x— a)(x— €)'^ ' " " (x— A)(x— Z) ' 

and so on. 

280. Second Transformation. To make the denominators 
disappear from an equation. 

Having given an equation, we can always transform it into 
another of which the roots will bb equal to a given multiple or 
submuUiple of those of the proposed equation. 

Take the equation x*" + Px"»- » -4-Qx*-* + Tx+U=0, 

and denote by y the unknown quantity of a new equation, of 
which the roots are k times greater than those of the proposed 

equation. If we take y=kx, there will result x=t^ ; whence, 

substituting and multiplying every term by i^, we have 

y'»H-PK3^"'-» +QK2j^'«-2-i-R%«-3 +...+TKy"-' H-UK~=0. 

an equation of which the coefficients are equal to those of the 
proposed equation multiplied respectively byK»,K',K*,K3,K*. 

This transformation is principally used to make the denomi- 
nators disappear from an equation, without giving to the first 
term any other coe/Jkient than unity. 

To fix the ideas, take the equation of the 4*^ degree 



General Tlieor^ of Equations. 305 

if in this equation we make .1:=-^,^ being anevr unknown and 

K an indeterminate quantity, it becomes 

aK cK» eK^ g-K* - ^ 

Now, there may be two cases, 

1st. Where the denominators fr, c{, /<#&, are prime with each 
other; in this hypothesis, as K is altogether arbitrary, take 
K=bdJ%f the product of the denominatorSy it becomes 
y^ +adfk.y^ +cb^dfh'.t/^ +eb^d^f^h\tf'\-gb*d*f*h^=0, 

an equation the coefficients of which are entire, and that of its 
first term unity. 

We have besides, the equation x=r77T, to determine the va- 
lues of X corresponding to those of y. 

2d. When the denominators contain common factors; in 
which case we will evidently render the coefficients entire by 
taking for K the smallest multiple of all the denominators. But 
we can simplify this still more, by observing that it is reduced 
to determining K in such a manner that K^ K^, K'.... shall 
contain the prime factors which compose fr, d^ /, A, reused to 
powers at least equal to those which are found in the denomi- 
nators. 

Thus, let the equation x«-|x»+^x'-j^x-g555=0. 

First make A:=9000, which is a multiple of all the other deno- 
minators, it is clear that the coefficients become whole numbers. 
But if we decompose 6, 12, 150 and 9000 into their factors^ 
we find 

6=2X3, 12=2>X3, 150=2X3X5S9000=2»X3»X5»; 
and by simply making £=2x3x5, the product of different 
simple factors, we obtain 

A»=2«X3^X5S A'=23x3'x5», *«=2*x3*x5*, 

whence we see that the values of A;, A;', &', k*^ contain the prime 
factors (jif 2, 3, 5, raised to powers at least equal to those which 
enter jql 6, 12, ISO and 9000. 

39 
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Hence the hypothesis A:=2x3x5 is sufficient to make the 
denominators disappear. Substituting this value, the equation 
becomes 



|4«. 



5 .2.3.5 ^ 5.2«.3',5' 7.2».3^5» 132^3^5^ 

2^^'*'^ 2>.3 ^' 2.3.5« ^ 2».3».5» r*^' 

which reduces to . 

y*— 5.5.y» +5.3?5;»y«— 7.2».3».5.y-l3.2.3*.5=s0 ; 

or y*— 25y' -f375y«— 1260^—1170=0. 

There are some circumstances which oblige us to augment 
the exponent of one of the prime factors of k^ by one or more 
units. But we ought to perceive the necessity of taking k as 
small a number as possible : otherwise, we would obtain a trans- 
formed equation, having its coefficient very great, as may be 
seen by calculating the transformed equation resulting from the 
supposition A =9000 in the preceding equation. 

Examples. 

7 11 . 25 y 

lst.x3-3X^+3g<p-=0;x=|, 

whence 

y'-14y» + llj^-75=0; 

2d. x* 12^* "^40^' 225^''"600^~800'"^' ^~2^.3S* 

whence 

y '— 65y * + ISQOg^'— 3072qy« - 928800y + 972000=0. 
281. The preceding transformations are those most fre- 
quently used ; there are others very useful, of which we will speak 
as they present themselves ; they are too simple to be treated of 
separately. 

In general, the'problem of the transformations of equations 
should be considered as an application of the problem of elimimh 
^ion between two equations of any degree whatever involving two 
unknown quantities. In fact, an equation being given, .sappose ' 
that we wish to transfonnilVtito another ^ of which the roots bive, 
with those of the proposed ec^\i^<\otk> ^ dk^v^trnt^^ x^*^^ 
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Denote the proposed equation by F(j')=0, (enunciated func- 
tion o(x equal to zero), and the algebraic expression of the rela- 
tion which should exist between x and the new unknown quanti- 
ty Jf, by F' (x,y)=0 ; the question is reduced to finding, by means 
of these two equations, a new equation involving y, which will 
be the required equation. When the unknown quantity x is only 
of the first degree in F'(a:, y;=0, the transformed equation is 
easily obtained, but if it is found therein raised to the second, 
third - - - power, we must have recourse to the methods of elimi- 
nation. 

Elimination. Pari First. 

282. To eliminate between two equations of any degree 
whatever, involving two unknown quantities, is to obtain, by a 
series of operations, performed on these equations, a single 
equation which contains but one of the unknown quantities^ and 
which gives all the values of this unknown quantity which will 
satisfy the proposed equation at the same time as the correspond- 
ing values of the other unknown quantities. 

This equation, which is a junction of one of the unknown 
guantiUeSf is called the final equation^ and the values of the 
unknown quantity found from this equation, are called can^ 
paiible values. 

Of all the known methods of elimination, the method of the 
common divisor, is, in general, the most expeditious; it is the 
method which we are going to develope. 

Let F(x, y)^0 and F (j:, y)=0 be any two equations what- 
ever, or, more simply, 

A=0, B=0. 

Suppose the final equation involving y obtained^ and let us try 
to discover some property of the roots of this equation, which 
may serve to determine it. 

Let y=^ be one of the compatible values of jf ; it is clear 
that since this value satisfies the two equations at the same time 
as a certain value of x, it is such, that by substituting it in both 
of the equations, which will then contain only x, the equation 
will admit of at least one common value ofx ; and to this com- 
mon valae there will necessarily be a corresponding common di- 
visor invoMng x (No. 262). This coiamoxi dATiv^t ^*^ \jfc ^^ 
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tbe first, or a higher degree with respect to t, according as the 
particular value or;y=1 corresponds to one or more values of or. 

Reciprocally, evert/ value of y, which, substituted in the two 
equations, gives a common divisor involving u\ is necessarily a 
compatible value, because it then evidently satisfies the two equa- 
tions at the same time as the value or values of x found ftom 
this common divisor when put equal to 0. 

283. We will remark, that, before the svbsiittUion^ the first 
members of the equations cannot, in general, have a common di- 
visor, which is a function of one or both of the unknown quan- 
tities. 

In fact, let us suppose for a moment that the equations A=0, 
B=sO, are of the form 

• A'xD=0, B'xD=0. 
D being a function of x and y. 

Making separately D=y, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite 
number of systems of values. Moreover every system which 
renders D equal to 0, would at the same time cause A'D, BD 
to vanish, and would consequently satisfy the equations A=:0, 
B=0. 

(Thus, the hypothesis of a common divisor of the two poly- 
nomials A and B, containing x and y, would bring with it as a 
consequence that the proposed equations were indeterminate.) 
Therefore if there exists a common divisor, involving x and y, of 
the two polynomials A and B, the proposed equations will be in- 
determinate, that is, they may be satisfied by an infinite number 
of systems of values of x and y. Then there are no data to 
determine a final equation in y, since the number of values ofy 
is infinite. 

If the two polynomials A and B were of the form A' x D, 
B'xD, D being a function of x only, we might conceive the 
equation D=0 resolved v'ith reference to x, which would pve 
one or more values for this unknown. Each of these values sub- 
stituted in A'xD=0 and B'xD=0, at the same time with^oy 
arbitrary value of y, would verify these two equations, since D 
must be nothing, in consequence of the substitution of the value 
of X. Therefore, in this case, the proposed equations would ad- 
mhof B finite number of values fot x^but of an infinite number 
of values for y ; then tViete co\AAtio\ eA§x ^^TvA^n5iv^<\ss^Na^>|. 
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Hence, when the equations A=0, B=0, are determinate, that 
is, when they only admit of a limited number ofsystems of values 
for X and y, their first members cannot' have ^ function of these 
unknown quantities for a common divisor^ unless a particular 
substitution has been made for one of them. 

284. From this it is easy to deduce a process for obtaining 
the final equation involving^. 

Since the characteristic property of every compatible value 
ofy is, that beirig substituted in the first members of the two equa- 
tions, it gives them acommon divisor involvings, which they had 
not before, (unless the equations are indeterminate, which is 
contrary to the supposition), it follows, that if to the two pro- 
posed polynomials, arranged with reference to x, we apply the 
process for the greatest common divisor, (No. 267), we gene- 
rally will not find one ; but, by continuing the^ operation pro- 
perly, we will arrive at a remainder independent of x, and which 
is a function of y^ which, placed equal to 0, will give the re- 
quired ^na/ equation; for every value of ^ found from this 
equation, reduces to nothing the last remainder of the operation 
for finding the common divisor ; it is, then, such, that substi- 
tuted in the preceding remainder, it will render this remainder 
a common divisor of the first members A and B. Therefore, 
each of the roots of the equation thus formed is a compatible 
value ofy. 

285. Admitting that the final equation may be completely 
resolved, which would give all the compatible values, it would 
afterwards be necessary to obtain the corresponding values of a:. 
Now it is evident that it would be sufiicient for this, to substi- 
tute the diflerent values o(y in the remainder preceding the last, 
put the polynomial involving x which results from it equal to 0, 
and find from it the values ofx ; for these polynomials are no- 
thing more than the divisors involving j:, which become common 
to A and B. 

But as the final equation is generally of a degree superior to 
the second, we arc obliged to defer the second part of the theory 
of elimination to another chapter, the object of which part is to 

determine all the systems of values which properly verify two 
equations of any degree whatever involving two unknown quan- 
tities. 
We also propose to review the mel\\o& jwsV ^T^o«^^'^a^««^s*^ 
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there are some difficulties which we will endeavour to make 
disappear. But here our design was principally to show bow, 
two equations of any degree being given, toe can^ without tup- 
posing the resolution of any equation j arrive at another equa- 
tion^ containing only one of the unknoum quantities which enter 
in the proposed equations. 

286. If we had three equations, (1), (2) and (3), containing 
the unknown quantities x, y and z, to obtain the final equation 
in z^ that is, the equation containing all the values of the un- 
known quantity z which satisfy the Uiree equations at the same 
time as certain values of x and^, it would be necessary to con- 
sider y as known, and eliminate x by means of the equations (1) 
and (2), then by means of (1) and (3), by the method of No. 
284 ; from this there will result two equations involving y and 
Xy to which we must apply the same method to eliminate y. 

The reasoning is the same for four equations, with four un- 
known quantities, he. 

For the present we will limit ourselves to a single application 
of the method of eUmination. 

287. Let the following problem be proposed. 

An equation of the degree m with a sitigle unknown quantity 
being given, it is required to find an equation, having for its 
roots a certain combination of any two of the roots of the pro- 
posed equation. 

Let x* + Px"-'+Qx'"-«+ +Ta:+U=0 

be the proposed equation ; denote its roots by x', x", x'", and let 
u be the unknown quantity of the required equation. 

If we consider any two roots of the proposed equation, x^ and 
x", for example, we will have by hypothesis, 

U=F(x', x") (1). 

(The letter F expressing here a certain system of operations 
to be performed upon x* and x", in order to obtain the 
value of tf). 

And since x' and x^' are roots of the given equation, we will 
have the two equations 

x'* + Px'"-»+Qx — « + Tx'+U=0 (2), 

ar"" + P^'"-'+Qj^'«-» + Tx" + U=0 (8). 

The equations (1), (2) at\d iJS^ fc«i^ \\v^Tv\ift ^Kyw^\^«t^ %s the 
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eqaations of the problem ; and when the nature of the combina- 
tion or function expressed by the letter F is known and defined, it 
will be sufficient to eliminate x' and x" by means of these three 
equations. The Jinal equation involving u will be the equation 
required. In fact, the result, not containing either of the particu- 
lar roots off x", since we will have eliminated them, will agre^ 
to all the roots x\ x'\ x"\ . . . ., and will consequently have 
for a root a combination of any two of the roots of the proposed 
equadon, (expressed by the characteristic F). 

288. Let it be required, as a particular case of the preceding 
question, to determine an equation, the roots of which shall be 
the differences between any two roots of a given equation. This 
equation we will call the equation of the differences. 

Solution. Let x"*-fPx«-'H =0, be the proposed 

equation, x'. x'\ x'" ... its m roots, and let u denote the value 
of any one of those differences : 

x"—x\ x"'—x', x''—x''\ x''—r\ 
From the enunciation, we have 

tt=a;"— a:' (l). 

Moreover, x' and x" being roots of the proposed equation, 
will satisfy it, and give 

x'*+Px'"^'+ =0 (2), 

x'-' + Px""*-' + =0 (3). 

From equation (l) we deduce r"=x' + t< ; whence, substituting^ 
in equation (3), 

K+tt)* + P(x' + «)"--' -f =0 (4). 

The question is then reduced to eliminating x' by mean^ of 
the two equations (2) and (4). 

Now the equation (4), when developed, takes the form 
(No. 278) 

and if we observe that X' is nothing more than 

x'* + Pa-'*- > -f , 

an expression which is equal to nothing by equation (2), the last 
equation, freed from the temii X', and afterwards divided by 
If, (See the N. B.), reduces to 

Z' V 
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Hence the equation sought is that which results from the 
elimination of x' by means of the two equations 

X'=0, 

^' + 1^ + 2^"'+ +«-"'=0. 

Therefore, to form the equation expressing the differences of 
the roots of the proposed equation, eliminate of by means of 
the equation X'=0, which is deduced from the proposed equation 
by replacing x by x", and the equation resulting from the substi- 
tution of x' + ttin place of x; this equation being first freed 
from its first term X', and aAerwards divided by u. 

N. B. -1st. In practice we dispense with placing the accent 
over the letter x, that is, we eliminate x directly by means of the 
proposed equation X=0, or x* + Px*-'-f - - - - =0, and 

Z V 

the equation Y + —u + 5"^* + ••• + "*" ' —^1 *° which x enters 

the expression Y+ — , be., in the same manner that x' enters 

Z' 

Y, y, tu. 

The result of the elimination is evidently the same. 
After having substituted x + tf for x in the equation X=0, 
which gives 

2 

we omit the first term X, as forming the first member of the first 
equation, and we obtain a new equation 

Ytt-f— M«-f 1«*=0, 

2 ' 

all the terms of which are divisible by f/, or, which amounts to 

the same thing, it is satisfied by making u^O ; and this should be 

the case, since among the difierences between the roots it is 

necessary to reckon those which exist between each root and 

itself; but if we suppress this factor u, the equation will then 

contain only the differences between any one root and all the 

others. 

Now these are the only differences which it will be for us to 

der in the sequel. 

» Let it be required^ {ot exMivpVc) v^ ^^XKtmvDA ^^ «n^ 



General Theory of EqiuUions. 313 

tion containing the differences of tlie roots. of the equation - - - 
X' — Bx— 7=0. 

It follows from the law of formation, (278), that 

X=a:3_6^-7, Y=-3x«— 6, |-=3a:, ^=1 ; 

which give the two equations 

a:'— 6X-— 7=0, 

3^:2— 6 + 3x. ti + tt» =0, 

by means of which x must be eliminated. 

By applying the process of No. 284 to these two equationSi 
we will obtain for the final equation involving u, 

ti«— 36tt* +324tt« +459 =0. 

This is the equation containing the differences of the roots 
of the proposed equation. 

290. Composition and form of the equation of the differences. 

We can discover, a priori^ for every equation of the degree 
m, the form and composition of the equation containing the 
differences of the roots of this equation. 

Let us denote the roots of the proposed equation by xff zf\ ^"•••y 
any one of the differences by ti, and observe if one of the dif- 
ferences is x"— x', there will necessarily exist another x'— x", 
which only differs from the first in the sign, that is» if a is a value 
of Uf — X is necessarily another value of it ; in like manner 6 
being a root — ^ is another, ^c. 

Then the first member of the equation involving « may be put 
under the form 

(a-a) {u+a) (m— <?) {U + ^ {u—y) (tf + 7')...=:0. 

or by multiplying the factors two and two 

(tt» -aa) (m>— §a) (t«»-7») =0. 

Hence this equation is of an even degree, and moreover con- 
tains ohly even powers of the unknown quantity ; that is, it is of 
the form 

tf»*+PV-^ + Q'M»— * + T'ii»+U'=0. 

The degree 2n is besides equal to m(m^-l) or (No. 149) to 
the mmber of arrangements that can be mide o(m V^WxsuVs&fcKa 
two Mad two. "* 

40 
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If in the preceding equation we take^ to simplify it, «' s^i it 
becomes 

m — 1 • 

an equation of a degree n or m— ^ — , of which the roots are the 

squares of the differences between the roots a:', af\ of" ; fi)r 

by putting in the equation u^ =z, in place of ti, its values Tf'-^i!^ 
of" — ytr' there will result 

The equation involving z which we have just obtained, is called 
for this reason the equation of the squares of the differemces^ 

m 

and we commonly prefer it to the equation of the differencesy as 
being of a subduple degree. 

Thus, in the example of the preceding number, the equation 
of the differences is of the 6^^ degree. It contains only the 
even powers of », and if we make u^ =z, it becomes 

z=»-36z«+324z+ 459=0 ; 

an equation having for its roots, the squares of the differences 
of the roots of the proposed equation. 

The equation of the differences, or of the squares of the dif- 
ferences, will be very useful in the sequel. 

§ III. Of Equations susceptible of reduction to those of lower 

degrees. 

Under this title are comprehended all equations in which two 
or more roots have particular relations between them,, because 
we may, in general, make the resolution of these equations de- 
pend upon others of an inferior degree. Such are equations 
having equal roots, that is, when the first member is (255) the 
product of several equal factors of different denominations. 

Method of Equal Roots. 

291. An equation is said to contain equal roots, that is, (No. 
255), its first member contains equal factors ; when the first de- 
rived polynomial, which (No. 279) is the sum of the.products of 
its m factors taken m — I and m — l^ contains a factor in it%dif- 
ferent parts, which is two ot inot^ vvcaft^^l^sxw t^i^^^'^x^^^AR^ 
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equation. Hence, there must be a common divisor between the 
first member of the proposed equation and its first derived poly* 
nomial. 
jt It remains to ascertain the manner in which this common di- 
visor is composed of the equal factors. 

292. Having given an equation^ it is required to discover 
tthether it has equal rootSy and to determine these roots if pos- 
siUe. 
Let X denote the first member of the equation 

and suppose that it contains n factors equal to x— a, n' factors 

equal to x— &> n" factors equal to x—c , and contains also 

the simple factors x— p, x — q^ x— -r ; so that we may have 

X=(x— a)«(x— 6)*'(^-c)*" {^-p){x—q){^—r) - - -. 

With respect to Y, or the derived polynomial of X, we have 
teen (No. 279) that it is the sum of the quotients obtained by di* 
Tiding X by each of the ra factors of the first degree in the pro- 

posed equation. Now, since X contains n factors equal to x — a, 

X 

we will have n partial quotients equal to ; the same reason- 

X'~'a 

ing applies to each of the general factors, x — 6, i— c, -, 

Moreover we can form but one quotient equal to*-- • 

XXX 

, , Therefore Y is necessarily of the form 

X — p X — q X — r 

,, nX n'X n"X XXX 

X — a X — b X — c X — p X — q x — r 

From this composition of the polynomial Y, it is plain that 

(x— a)*- ' , (x — by- ' , (x— c)*"- * are factors common to all 

its terms ; hence the product (x— :«)•- ' X (x — &)•'- ' X (x— c)*"- * 

is a relative divisor of Y ; moreover, it is evident that this 

product will also divide X, it is therefore a common divisor of 
X and Y ; and it is their greatest common divisor. For J the 

prime factors of X are x — a, x — J, x— c and x— p, x^— ^, 

X — r ; now x — p^ x — y, x— r, cannot divide Y, since each 

of them is a common factor of all the parts of Y, except one. 
Hence, the greatest common divisor of X and Y is 

D=s(z— a)»->(x— fcy-rHx-cy-^ •, 
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that is, the greatest common divisor is composed of the product 
of those factcrs which enter tfco or more times in the proposed 
equation, raised to a potcer kss by unity than {key are in the 
given equation, 

293. From the above we deduce the following method : 

To discover whether an equation X=0 contains any equal 
roots, form T or the derived polynomial of X ; then seek for 
(No. 261) ^Ae greatest relative common divisor bettoeen X and Y ; 
if one cannot be obtained, the equation will not have equal 
roots or equal factors. 

If we find a common divisor D, and it is of the first degree, 
or of the form x— A, make x— A=0, whence x=h ; tDe may 
then conclude that the equation has two root* equal to h, and 
has but one species of equal roots^ from which it may be freed 
by dividing X by (a:— A)*. 

If D is of the second degree with reference to x, resolve the 
equation D=0 ; there may be two cases; the two roots will be 
equal, or they will be unequal. 1st. When we find D=(ar— A)*, 
the equation has three roots equal to h, and has but one species 
of equal roots^ from which it can be freed by dividing X by 
(x — A)'; 2d, when D is of the form (x— »A) {x — A'), the pro- 
posed equation has two roots equal to A, and /iro equal to h\ 
from which it may be freed by dividing X by (.r — hy{x — A')*, 
orby D«. 

Suppose now that D is of any degree whatever ; it is neces- 
sary^ in order to know the species of equal roots, and the niim<- 
ber of roots of each species, to resolve completely the equation 
D=0 ; and every simple root of D will be twice a root of the 
proposed equation ; every double root of D wiU be three times 
a root of the proposed equation ; and so on. 

Examples. 

294. Determine whether the equation 

2x*— 12x» + 19x»-.6x-h9=0 

contains equal roots. 

We have (No. 278) for the derived polynomial 

8i* — 36x* -V^ftx— ^. 
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Now, seeking (No. 275) for the greatest common divisor of 
these polynomials we find D=a: — 3=0, whence a:=3 ; hence 
the proposed equation has tico roots equal to 3. 
Dividing its first member by (x — 3)*, we obtain 

2a:«-fl=0; whence a:=±-A/IIl2. 

2 

Thus the equation is completely resolved, and its roots are 

3, 3, + ^ VZ:2 and — i '^~2. 
2 2 

For a second example take x^ —2a:* + 3a:»— 7x' + 8x — 3=0 ; 

the first derived polynomial is Sx* — 8x' +9x' — 14x+8, 

and the common divisor x^ —2a: + 1 1 or {x — 1)* , 

hence the proposed equation has three roots equal to 1. 

Dividing its first member by (a:— 1)* or by x^ — 3x*+3a: — 1, 
the quotient is 



u 



o ^ .. — 1±V— 11 
x*+.r-f3=0; whence a: = 



2 

thus the equation is completely resolved. ' v^ 

Again^ take the equation 

'x^+5a:« +6a:»— 6x* — iSx^— 3x« +8a:+4«0 ; 
the derived polynomial is 

7x« + 30x* +30a:*— 24x' -45x« -6x+8 ; 
and the common divisor is 

x*+3a:=*-fx« — 3x— 2. 

The equation x«+3j:* + x«— 3a? — 2 cannot be resolved 
directly, but by applying the method of equal roots to it, that is, 
by seeking for a common divisor between its first member and 
its derived polynomial, 4a:'+9a:» +2a: — 3, we find a common 
divisor, a:+ 1 ; which proves that the square of x+1 is a factor 
ofx*+3a:3+x*— 3a: — 2, and the ai6^ of a:+l a factor of the 
first member of the proposed equation. 

Dividing a:*+3a:'+x* — 3a;— 2 by (x+iy or a:»+2ar+l, 
we have x^+x — ^2, which placed equal to lero, givtt the two 
roots x=l, a:=— 2, or the two factors a? — 1 and a:+2. Hence 
we have 

z* +3a:» -f a:»— 3a:— 2=Cx+\V^»— ^^ V*'^'^- 



■J 
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Therefore the first member of the proposed equation is 
equal to 

(a:4-l)'(x— l)«(x+2)«; 

or, the proposed equation has three roots equal to —1, two 
equal to 1, znAtwo equal to —2. 
Take the examples, 

Ist. ar^ -7x» + 10a:' +22r « — 4ar » -352:^ + 48x 4- 36=0, 

(a>—2)«(a:-3)«(x+ 1)^=0. 
2d. x''-3x» +9j:«-19a:« 4-27x»— 33x« -f 27a:— 9=0, 

(a>— l)»(x«+3)»=0. 

295. When, in the application of the above method, we ob- 
tain an equation D=0, of a degree superior to the second, 
since this equation may itself be subjected to the method, we 
may often be able to decompose D into its factors, and would 
in this way know the different species of equal roots contained 
in the equation X=0, and the number of roots of each species. 
As to the simple roots of X=0, we begin by freeing this equa- 
tion from the equal factors contained in it, and the resulting 
equation, X'=0, will make known the simple roots. 

There is a case in which the equal roots of X=0 cannot 
be discovered immediately, viz. when the equation D=0 con- 
tains only unequal roots ; in which case all the roots are double 
(that is, enter twice,) in the proposed equation, and they cannot 
be determined without resolving the equation D=0 by methods 
which will be explained hereafter. 

296. That nothing may be wanting upon this subject, we 
are going to show, that whatever may be the equatian, if it con- 
taim equal rootSy we can cUways reduce the resolution of it to 
that of a series of equations, of which the first contains only the 
simple roots of the proposed equationj the second the double roots^ 
the third the triple roots, fyc. 

For, let X=0 be the proposed equation, and denote the pro- 
duct of the factors of the first degree which correspond to the 
simple roots by X', the product of the factors of the first degree 
which correspond to the double roots by X", the factors corres- 
ponding to the triple, quadruple, .... roots by X'", X'*. • • • ; 
so that we will have 

X=X.X"«.X'"\X«^.T^^*. 
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It follows from No. 292, that the greatest common divisor 
between X and its derived polynomial Y, is of the form 

D=X".X '».X-^ • • . •, 

since the equal factors of the proposed equation must be found 
in D, raised to a power less by unity than in the proposed 
equation. 

This being the case, we operate upon D in the same manner 
we operated upon X, and denoting the greatest common divisor 
of D, and its derived pblynomial by D'. We have 

D'=X'".X-«.X^'. 

By operating upon D' as upon D and X, we find 

D"=X'\X». 
D''=X'. 

(We suppose that 5 is the greatest number of times that the 
same root can enter in the proposed equation, that is, that 
D'"=0 contains only simple roots). 

If we now divide, successively, X by D, D by D', D' by D", 
D" by D'", and denote the quotients by Q, Q', Q", Q'", we 
have 

Q=g =X'.X".X '.X-.X% 

Q'— — — Y" Y"' V" T» 

D' 

D" 

Then dividing Q by Q', Q' by Q", Q" by Q'", and Q'" by 
D", we find 

|;=X', |;7=X", ^,=X", ^'=X'' and D '=X'. 

From which we see, that by means of three systems of opera- 
tions, viz. one for the common divisor, and two series of divi- 
sions, we can isolate successively the factors X', X", X'", X**, 
X% which, placed equal to zero, give, the first the simple roots, 
the second the double roots, be. 
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See the following table of these different operations. 

X =X'X"»X""X"«X'» 

Q =X'X"X"X"X' 



D =X"X"»X"»X" 
D' =X"X"X' 
D " =X"X' 
D"'=X'=0 



Q' =X"X"X"X' 
Q" =X"'X"X' 
Q"=X"X' 



Q 

^, =X' =0 

Q/// — A — W 

Qfff 

It should be remarked, that the degree of X'=50 expresses 
the number of simple roots of the proposed equation, the degree 
of X"=0 the number of double roots, that of X'"=:0 the num- 
ber of triple roots, &c. ; and the complete resolution of these 
equations makes known the different species of double, triple, 
quadruple, &^c. roots. 

Thus, the method of equal roots is not, in genera], a hietbod 
for the complete resolution of an equation, but only a method of 
reduction. It is only in the case in which X'=0, X"r=0, X'"=0, 
are of the first or second degree, that all the roots of the pro- 
posed equation can be immediately obtained. 

297. The theory of equal roots can be applied to finding the 
relations which must exist between the coefficients of a poly- 
nomial of the second, third, .... degree, with reference to x, 

in order that this polynomial may be a perfect square, cube 

For this, it will be sufficient to form the derived of the proposed 
polynomial, then express (239) the condition to be fulfilled, in 
order that this derived polynomial may be a relative divisor of 
the proposed polynomial. 

Take, for example, the trinomial of the second degree 
ax^ -{-bxi-c, the derived polynomial of which is 2ax-\-bf 

2ax^-\-2bx + 2c ) 2ax + 6 
bx-^-ic) x+b 
2abx-^4ac 
4ac — 6^" 

By applying this process for the common divisor, with its 

modifications, to these polynomials, we find 4ac — &', for a re- 

mainder, and if we suppose 4ac — 6' =0, or 6' — 4<k:=0, 2ax+b 

will be the greatest common dmsot ol a»x* Jr^x-Vc^sA>x^^fc- 
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rived polynomial, which is 2ax+b itself; therefore ax^ +bz+e 
may be regarded as the square of 2aK-\-b multiplied by a factor 
independent of x. 

In fact| we have seen (No. 112), that b^ — 4ac=:0, is the con- 
dition that a trinomial of the second degree should be a perfect 
square. 

Again, take the polynomial - ax*+&c*+€X+d, 

of which the derived polynomial is Sox' -f-2&r+c; 

in seeking for the greatest common divisor, we obtun the re- 
mainder (6ac — 2b^)x-\-^ad — be. Now, by placing this re- 
mainder equal to nothing, we establish the condition that 
3ax'+iifX+c is the common divisor between the given polyno- 
mial and its derived polynomial ; but this remainder must be 
nothing, whatever may be the value of x ; therefore (No. 188) 
we have 6ac — 2b' =0, and 9ad — bc=0. Indeed, the first of these 

,. . . ** be b^ 

two conditions gives e^ tt^ and the second rf=;r-=5rr— r; 

® 3a 9a 27a» ' 

whence, substituting in the proposed polynomial, we have 

/ b 6» 6' \ / i\' 

ax3+6x«+cx+d=a^x3+-x«+— x+2;^J=a^x+3j^j 

The same reasoning applies to polynomials of the 4^^, 5^^.... 
degrees. 

298. The process for finding the common divisor also serves 
in some other cases to reduce the degree of an equation ; for in- 
stance, when we know a certain relation between two of the 
roots of the proposed equation. 

To illustrate this, take the general equation 

x* + Px*-' 4-Q"-»+....+Tx4-U=0....(l), 

and suppose that we have the relation b=ka+h between two of 
the roots a and b {k and h being numbers which are known and 
given a priori). 

Since the equation (1) must be satisfied by the two quantities 
a and ka+hj it follows that, if we put kx+h^ in the place of x, 
which gives the new equation ' 

(te-»-A)"+P(ib:+*)"^'+-..- + T(ite+*)+U=0....(2>, 

the two equations (1) and (2) must be satisfied by the same 
lue a ; there must therefore be a relative conanQU iomMR 
i^reea their two Snt members. 
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Consequently, by applying the process for finding the great- 
est common divisor to these two polynomials, and placing this 
divisor equal to 0, we will obtain from it the value of a. This 
value being substituted in the relation b=ka+h, will make 
known the corresponding value of b. 

If this common divisor is of the first degree with reference to 
Xf we may conclude that two roots only of the equation satisfy 
the given relation. If it is of the second degree, there will be 
ttDO pair of roots which will satisfy this relation, aod their de- 
termination does not present any difficulty. 
' In general, let D be the common divisor obtained* The re- 
' solution of the proposed equation will then depend only opon 
that of the equation D=0, and the equation obtained by divi- 
ding the first member of the proposed equation by each of the 
factors of the first degree corresponding to the roots of D=:0, 
and those deduced from the relation b=ka'\-h. 

Let there be, for example, the equation 

x*-12a:'+48x«-71x+30=0....(l) 

we will suppose that two of the roots a and &, have with each 
other the relation b=2a + 1. 

By substituting 2x+ 1 for x in the proposed equation., and 
reducing, we obtain 

ex*—32x^+36x^ — 7x— 2=0. 

Applying the rule for the greatest common divisor to the first 
meiiibers of this and the proposed equations, we find the rela- 
tive divisor x — 2 ; which gives ^ 

X — 2=0, whence x or a=2. 

Substituting this vahie of a in the relation &=2a+l, we have 
6=5. 

Hence the first member of the proposed equation is divisi- 
ble by 

(x— 2)(a>— 5) or x^ -7x+ 10 ; 
performing this division, we have for the quotient 

5 1/— 
X'— 5x+3=0, whence x=-±-vi3. 

2 2 

Thus the proposed equation is completely resolved. 
299. The fundamental pTmc\^\^ ot lioi^^^^T^ ^{ ^c^al roots 
call be deduced from tVie above a.\v5jX^%v&* 
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Making h=0 in the relation &=ai+A; it becomes b^ka^ 
mod the equation (2) of No. 298, will reduce to 

^"•.a;^ 4- PA*- ' .a:"«- « -f ....+TA.ar+U=0. 

But since we must have, for the same value of x, 

a:* + Pa:«-»+Qa:*-« + + Ta:+U=0, 

we may substitute for one of these equations, the result obtain- 
ed by subtracting one from the other, which gives 

(J«_l)ar«+P(A--i— i)ar»-i + +T(i-l)x=0, 

or dividing each term by (A — l)a:, 

+ Q(A"-^ +*"•"* +-.+* + l)a:"""^ + .-.+T=0. 

If now, besides the hypothesis A=0, we suppose i=l, which 
amounts to making the two roots a and 6 equal, the preceding 
equation becomes 

an equation of which the first member must have a common re- 
lative divisor with that of the proposed equation. 

But f?M:*""'+P(w — l)a?"-*H-.... + T is nothing more than 

the derived polynomial of the first member of the proposed 
equation ar^'+.Px"-' +Qa-»-* + ...+Tx+U=0. 

Therefore, in the case in which this last equation contains 
equal roots, there must be a common divisor between the first 
member of it and its derived polynomial. 

Of Reciprocal Equations. 

300. There is a remarkable class of equations susceptible of 
reduction ; viz. those in which the coefficients at equal distances 
from the extremes are equal to each other. Such are the equa- 
tions, 

x^ -{-px^ -^qx^ -\-px-\-\=Oy x^ '\-px^ +5ra:»+yar«+|a+l=0. 

They are called reciprocal equations, because if « is a root 

of the equation, then will - be another root of it. 

For, in the first of the above equaliou^) raitft a vb vos^^^i^^ 
to be a root, we have 
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a* -\-pa^ + qa^ -{^pa + 1 =0 ; 

but, by substituting - in place of x, it becomes 

1 1 1 1 . ^ 

a^ '^ a^ ^ a^ ^ a 

or 1 +jpa+ j'a' +pa^+a* =0; 

which is nothing more than the preceding equality, written in 
an inverse order. 

Hence we see that the roots of these equations, taken two and 
iwo^ are the inverse or reciprocals of each other ; whence it 
follows, that when half of the roots are determined, the other 
half can be obtained by dividing unity by each of the first. 
We will now show that the resolution of every reciprocal equa- 
tion can be reduced to that of an equation of a subduple degree. 

Take the equation of the 6th degree, c^t ; .^...u . - r • .. c^ 

x^+px^+qx* '\-rx^+qx^ -\-px^l^O; 

dividing it by x^ (3 being half of the degree of the equation), 
it takes the form 

Now, making x + -=z ; there will result 

X' — zx+l=^0 ; 

an equation which will give two values of x corresponding to 
the same value of z ; we can therefore obtain the values of x 
when those of z are known. 

From the equation a: + -=z, we deduce successively 

1st. by squaring and transposing, x^+— =z* — 2; 

2d. by multiplying the two new equations together, 

x^-^x^ — h — =z'— 22: whence a:*H — -=z*— Ar. 

X x^ x^ 

Substituting these expressions for .t4- -, x' H — , x^^ , in the 

mbove equation ; it becomes 
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z^—3z+p{z'—2)+qz^r:=^0 ; 

or reducing, z^ +pz^ +{q — 3)z+r— 2p=0 ; 

an equation of the 3d degree, whilst the proposed equation is 

of the 6th. In like manner we might reduce an equation of the 

4th, 8th, 10th, 12th....degree, to one of the 2d, 4th, 5th, 6th..«. 

degree. 

It yet remains to consider reciprocal equations of an uneven 
degree. 

Take, for example, the equation 

x^ +px* +qx^ -{-qx^ +jxc+ 1=0. 

We see at once that — I is a root of this equation, for if we 

substitute — I for x, we will obtain for the result 

— l+p^q+q^p+ly an expression in which all the terms de- 
stroy each other. (It will be the same for every reciprocal 
equation of an uneven degree.) 

Hence (No. 252) the first member is divisible by:r+l; and 
by performing this division we obtain (No. 253), 



x*—l] 
+p 



x^—1 

+p 



a:+l=0, 



x^ + l 

a reciprocal equation of an even degree, upon which we can 
operate as in the case treated of above. 

301. N. B. The roots of an equation of an uneven degree 
are also the reciprocals of each other,; taken two and ttco^ when 
the coefficients of the terms at equal distances from the extremes, 
are equal and affected mtk contrary signs. 

Take, for example, the equation 

x^+px*+qx^ — qx^ — px — 1=0: 
substituting - for Xy it becomes 

1.1 1 1 1 , « 

or, clearing the fraction and changing the signs, 

X* +px* +qx^ — yx* — pX'T'l =0. 

Hence, a being one of the roots of this equation, - is neces- 

sarily another* 
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Moreover, it is visible that I will verify the equation ; and if 
we divide by x — 1 , it becomes 









x+l=0, 



x^ + l 
^P 

an equation in which the coefficients at equal distances firom the 
extremes are equal and affected with theiomefign. 

302. Applications. Let there be the general equation in- 
volving two terms ; it is evident that 1 is a root of it ; and di- 
viding by X— 1, we find (No. 31) 

a reciprocal equation, the resolution of which can, by means of 
the preceding principles, be reduced to that of an equation of a 
subduple degree. 

Take, for example, the equation x' — 1 =0 ; 
by dividing by x— 1, we have 

X* +x^+x* +x+l=^Oj 
which can be put under the form 

x»+-7+x+- + l=0....(l). 
x^ x 

Making x+'-^Zj whence x^ — zx+l =0 ; there will result 
a:*+2-h— =z*, or x* + — =««— 2. 

X* Xr 

Substituting the values of xH — , and i*-\ — j^ in the equation 

(1) we obtain z* — 24-2+1=0, 

or reducing, z' +z — I =0 ; 

hence 2:=--±2^^J 

but the equation x' — X2 4-l=0 gives 



2 1 ,— 

^=2=*=2^^' 

hence, by substituting for z its (wo values, and reducing, we 
have 

X=— ^±\V5:fc\V\ftiaT^N^=\- 
4 4 4 
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The equation a; >* — 1=0, can also be completely resolved 
by the same method. 
For, we have 

x"«-l=(x»-l)(x« + J)=0. 

We already know the roots of the equation x^ — 1=0 ; 
as to those of the equation :t:' + l=0, since, by changing z 
into — Xj it becomes x^ — 1=0, it is only necessary to take the 
roots of this equation with contrary signs. 



t. 



m 



CHAPTER VIL 

Resolution of Numerical Equations^ involving one or mare 

Unknown Quantities. 

The principles established in the preceding chapter, are ap- 
plicable to all equations, whether their coefficients are numerical 
or algebraic, and these principles should be regarded as the 
elements which have been employed in the resolution of equa- 
tions of the higher degrees. 

It' has been said already, that analysts hare hitherto been 
able to resolve only the general equations of the third and 
fourth degree. The formulas they have obtained for the values 
of the unknown quantities are so complicated and inconvenient, 
when they can be applied, (which is not always possible,) that 
the problem of the resolution of algebraic equations, of any 
degree whatever, may be regarded as more curious than usefuL 
Therefore analysts have principally directed their researches to 
the resolution of numerical equations^ that is, to those which 
arise from the algebraic translation of a problem in which the 
given quantities are particular numbers; and methods have 
been found, by means of which we can always determine the 
roots of a numerical equation of any given degree. 

It is proposed to develope these methods in the first part of 
this chapter. 

The object of the- second part is the supplement of elimina- 
tion, or the resolution of numerical equations involving two or 
more unknown quaulvli^ 
To render the reasoning gew^t^^ ^<it V^ t«^\^iK«x^^»>V?^ 
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posed eqaation byx^ + Pa:'"-' +Qa:'^* + =0, in which 

P} Q denote particular numbers, real, positive, or negative. 

^ I. Fundamental Principles. Limits of Roots. 

318. Fundamental principle. When ttco numbers p ami qi 
substituted in the place ofx in a numerical equcUion^ giv$ two 
results^ affected with contrary signs^ the proposed equation coih' 
tains a real root^ comprehended between these two numbers. 

Let the proposed equation be 

^«^p^.m-i^Q3,«^a4. . Ta:+U=0. 

The first member will, in general, contain both positive and 
negative terms ; denote the sum of the positive terms by A, 
and the sum of the negative terms by B, the equation will then 
take the form 

A— B=0. 

Suppose |><^, and that ;; substituted for x gives a negative 
result, and q a positive result. 

Since the first member becomes negative by the substitution 
of J9, and positive by the substitution of 9, it follows that we 
have in the first case A<B, and in the second A>B. Now 
it results from the nature of the quantities A and B, that they 
both increase as x increases, since they contain only absolute 
numbers, and positive and entire powers of x; therefore, by 
making x augment by insensible degrees, from p to 9, the quan- 
tities A and B will -also increase by insensible degrees. Now 
since A, by hypothesis, from being less than B, aflerwardf 
becomes greater than it, A must necessarily have a more rapid 
increment than B, which insensibly destroys the excess that B 
had over A, and finally produces an excess of A over B. From 
this, we conceive that in the passage from A<B to A>B, 
there must be an intermediate value for which A becomes equal to 
B, and this value substituted in the member corresponding to this 
circumstance is a root of the equation, since it verifies A — B=0, 
or the proposed equation. Hence^ when two numbers^ fyc. 

In the preceding demonstration, p and q have been supposed 
to be absolute numbers ; but the proposition is not less tme^ 
whatever may be the signs with which p and q ar« «JGkiUU^ 
For we will remark, in the first place, thai t]de aXM>N« tti M W ftSwm ; 

42 
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applies equally to the case in which one of the numbers p and q, 
p, for example, is ; that is, it could be proved, in this ease, i 
that there was at least one real root between and q. 

Let j>othp and 9 be negative^ and represent ^ them by — p' 
and*-^. 

If,.in the equation a:" + P^~' +Qx«-» + Tx+U=0, 

we change x into — y, which gives the transformation 

(-y)«+P(-y)«-' 4-Q(-y)«-»+ - - -"- T(-y)+U=0, 
it is evident that substituting — y and — ^ in the proposed equa- 
tion, amounts to the same thing as substituting p' and ^ in the 
transformation, for the results of these substitutions are in /both 
cases 

and (-^r-f P(— ^"^' +Q(— 9')"^*+ TC-jO+U; 

Now, since j9 and^ or — p^ and — ^, substituted in the proposed 
equation, give results with contrary signs, it follows that the 
numbers p' and ^, substituted in the transformation, also give 
results with contrary signs ; therefore, by the first part of the 
proposition, there is at least one real root of the transforma- 
tion contained between// and q' ; and in consequence of the re- 
lation x= — y, there is at least one value o(x comprehended be- 
tween — p^ and —q' or p and q. This demonstration applies 
to cases in which p^O or q — 0. 

Lastly, suppose p positive and q negative or equal to — ^ by 
making a;^0 in the equation, the first member will reduce to its 
last term, which is necessarily aflfected with a sign contrary to 
that of j?, or that of —q ; whence we may conclude that there 
18 a root comprehended between and p, or between and — jf', 

and consequently between p and — ^ (No. 63). 

310. Second Principle. When the two numbers, substituted 

in place of Xj in an equation, give results affected with contra- 
ry signs, we may conclude that there is at least one real root 
comprehended between them, but we are not certain that there 
are no more, and there may be any odd number of roots com' 
prised between thetrt^ This is the result of the following demon- 
stration. When an uneven number (2ii-M) of the real roots of 
an equation^ are comprehe^ided between two numbers^ the resuUs 
Mained by suhstiiutin^ them Jot ^^ ate ttSecled mtfc. contrary 
Sigrns, and if they comprelicnd an ev^e1i uuwbet ^tv^\\^ xm^ 
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obtained by their tubstitution are necessarily affected with th$ 
same sign. 

To make this proposition as clear as possible, denote tJifofe 
roots of the proposed equation, X=0, which are supposed to 
be comprehended between p and q, by a, bj Cj '^^ -| and the 
product of the factor of the first degree, with reference to Xf 
corresponding to those real roots which are not comprised be- 
tween them, and to the imaginary roots, by Y, the signs of p 
and q being arbitrary. 

The first member, X, can be put under the form 

(x—a){x—b)(x—c) X Y. ; '?>^i 

Now substitute in X, or the preceding product, j> and q in place 
o{ x; we will obtain the two results. 

{p-a){p-b){p-c) xY', 

(q-a){q-l)(q^c) xY", * 

Y' and Y" representing what Y becomes, when we replace x by 
p and q ; these two quantities arc necessarily affected with the 
same sign, for if they were not, by the first principle Y=0 would 
have at least one real root comprised between p and q^ which i§ 
contrary to the hypothesis. 

To determine the signs of the above results more easilyt di- 
vide the first by .the second, we obtain 

(p-a)(y-&)(y-c) xY' 

iq-a) iq-b) {q-c) xY" "'»»«•»««»''• 

, p — a p — b p — c Y' 

written thus ; X - — 7 X x . . . »Trn» 

q — a q^-b q — c x ' 

Now since the roots a^b^ c^ are comprised between p and q^ 

we have p a^b^c^d , 

but q a, bf c^ d ; 

> 

whence we deduce p — a, p — 6, p — c, • . • ^ 0, . 

and X — a, z-^, a:— c , . . . ^0. 

hence, since jti— a and q-^a arc affected VwVv cottow^ i^g^^^ 
well as jf^^ and^— J,p-candq— c ^iatt^ig(^x^^^^<>«fi» 
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Y' 

are all negative; moreover -^77 ^s essentially positive, since Y' 

and T'' are affected with the same sign ; therefore the product 

^— - X'^- — 7X^- — X ^iF77, will be negmtivey when the 

q — a q-^b q—c Y" 

number pf roots, a^bfC , comprehended,between p and q^ 

is uneven, and positive when the number is even.' 

Consequently, the two results (p— «) (p — b){p — c)....xY', 
and {q — a) (q—b) {q—c) ..... x Y", will have contrary or the 
same signs, according as the number of roots comprised be- 
tween p and q is uneven or even. 

Limiti of the real Roots of Equations* 

I 320. The different methods for resolving numerical equations, 
consist generally in substituting particular numbers in the pro- 
posed equation, in order to discover if these numbers ver^ it, 
or whether there are roots comprised between these numbers. 
But by reflecting a little upon the composition of the first mem- 
ber, the first term being positive, and affected with the highest 

.power of :r, which is greater with respect to that of the inferior 
degree, in proportion to the magnitude of :r, we are sensible that 
there are certain numbers, above which it would be useless to 
substitute, because all of these numbers would give positive 
results. 

Every number which exceeds the greatest of the positive 
roots of an equation^ is called a superior limit of the positive 
roots. 

From this definition, it follows that the limit is susceptible of 
an. infinite number of values ; for when a number is found to 
exceed the greatest positive root, every number greater than 
this, is, for a still stronger reason, a superior limit. « But it may 
be proposed to determine the simplest possible limit. Now we 
are sure of having one of the limits, when we obtain a number^ 
uhichf substituted in place of x, renders the first member post- 
tivcj and which, at the same timcy is such, that every greater 
number will also give a positive result. 

Wis will determine such a ii^mdii^t. 
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321. Before resolving this question, we will propose a more 
Simple one, vit. : determine a number, whickj substituted in 
place of J. in an equation^ mU render the first term x* greater 
than the arithmetical sum of all the others. 

Suppose that all the terms of the equation are negative, except 
the first, 80 that 

x«— P:r*— -qr"*->- — Tx— U=0. 

It is required to find a number for x which will render 

Let k denote the greatest coeflicient, and substitute it in place 
of the coeflicients ; the inequality will become 

It is evident that every number substituted for x which 
will satisfy this condition, will, for a stronger reason, satisfy the 
preceding. Now, dividing this inequality by 2:*, it becomes 

1 * £ A JL A 

X X^ X^ -C**""* JJ"* 

k 
Making z^kj the second member becomes p or 1 plus a 

series of positive fractions; then the number k will not satisfy 
the inequality ; but by supposing x=k+ljWe obtun for the 
second member the series of fractions 

k k k k k 

which, considered in an inverse order, is an increasing geome- 

k 
trical progression, the first term of which is jr — -^^ the rado 

k 
.i+l,^and the last term j-r^ ; hence the expression for the sum 

of all Uie terms is, (No. 201), 

k k 

which is evidently less than unity. 

Any number >Ap+1, put in place of x, will render the sum 

k k 
of the iractioas -+^+ BtiU lew. 
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Therefore, the greatest coefficient of the equation plus unity ^ 
or any greater number j will render the first term x* greater 
than the arithmetical sum of all the others. 

322. Ordinary limit of the positive Roots. The number 
obtaiaed above may be considered a prime limit, since this 
Dumber, or any greater number, rendering the first term supe- 
rior to the sum of all the others, the results of the substitution of 
these numbers for x must be constantly positive ; but this limit 
is commonly much too great, because, in general, the equation 
contains several positive terms. We will, therefore, seek for a 
limit suitable for all equations. 

Let af^'"* denote the power of x, corresponding to the first 
negative term which follows x^j and we will consider the most 
unfavourable case, viz. that in which all of the succeeding terms 
are| negative, and afiected with the greatest of the negative 
coefficients in the equation. 

Let S be this coefficient, and try to satisfy the condition 

a:*>Sx"-* + Sa?~-*-'+- Sx+S; 

or, dividing both members of this inequality by af^^ 



Now by supposing x*=S orx='v/S, the second member 
becomes ^, or 1, plus a series of positive fractions; but by 

making ors^/S+l, or (supposing, for simplicity, </S=S^, 
whence S=S'",) :r=S'+ 1, the second member becomes 

(S'+fi)*"^(S'+l)»+'"^ ■^(S' + 1)"->"^(S'+1)*' 

which is a progression by quotients, T q/ . ,v„ being the first 

S'» 
term, S' + 1 the ratio, and .^^ .^ the last term. Hence the 

expression for the sum of all these fractions is 

(s^+ir' ^^"^^^~(s^4-ir s^"*' s^ 

S'+l-J ~(S'+l)»-» (S'+l)«" , 

which is evidently greater ibaul. 

Moreover, every numbet >S' -VV w ^|^•v\^^'^^V«k ^a^or 



*jn-*- 
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ft 

stituted for ^r, render th^r sum of the fractions --.-• 

S S 

•Zj^'f'~;^+ still smaller, since the numerators remain- 

n 

ing the same, the denominator will increase. Hence •/ S + 1, 
and any greater number, will render the first term af^ greater 
than the arithmetical suih of all the negative terms of the equa- 
tion, and will consequently give a positive result for the first 
member. 

Therefore VS+l, or unity increased by that root of the 
greatest negative coefficient which is indicated by the number of 
terms which precede the first negative term, is a superior limit 
of the positive roots of the equation. 

Make 11= 1, in which case the first negative term is the second 



1 _ 



term of the equation; the limit becomes '/S + l,orS+l;tbat 

is, the greatest negative coefficient plus unity. 

Letn=:2, then the two first terms are positive, or the term 

2**^' is wanting in the equation ; the limit is then VS+l. 

When it=3 the limit is VS + 1 

Find the superior limits for the positive roots in the following 
examples : 

X* -5x3+37x3 -3x+39=0 ; VS+ 1 = V5 + 1=6 ? 

x*+7x*-12x'-49x>+52x— 13=0; VS-M = V49+l=8, 

X* + llx»— 25x— 67=0; VS + 1 = V67+l=6? 

3a:3_ac>— llx + 4=0; VS+1=— , +1=5. 

323. By transforming the given equation into another, we 

may oflen obtain a smaller limit than VS+l* 

For example, the first of the above equations can be put un- 
der the form 

x»(x— 5) + 37x(z-g;y) + 39=0. 
Now, it is evident that 5, or any gre^Xet w\tcJa«t^ v^%<\Vqx- 
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ed for x^ will give a positive result ; hence 5 is a limit, whereas 

the formula VS+1 would give 6. 

In like manner the second equation becomes 

From which it is evident that 4, or any greater Bumber, will 
give a positive result. 

This method, which can only be applied to certain equations, 
consists in decomposing the fir it memher into severid parUf each 
composed of ttco factors^ the first of which is a positive mono- 
mialy and the other a binomial involving x, having its second 
term numerical and negative, then determining x fit suck a mamr 
ner, that the factor within the parenthesis may be positive. 

It 18 rarely applicable to equations containing two oc mott 
consecutive terms affected with the sigor;^ — • 

For example, it cannot be applied to the equation 

X*— 5x*— 13x»+17a;«— 69=0. 

324. Newton* s method far determining the smallest limit in 
entire numbers. 

Let X=0, be the proposed equation ; if in this equation we 

make x=af+u, x' being indeterminate, we will obtain (No. 278.) 

Z' 

X'+Y'ti+— u»+ - - . +tt'"=0. (1) 

Conceive that after successive trials we have determined a num- 

Z' 

ber for x, which, substituted in X', Y', -h"* - - -» renders all these 

coefficients positive at the same time ; this number will be great- 
er than the greatest positive root of the equation X=0. 

For, the coefficients of the equation (1) being all positive, 
no absolute number can verify it ; therefore aU of the real 
values of u must be negative; but from the equation x=x'+ti} 
we have u=x — x' ; and in order that the values of u corres- 
ponding to each of the values of x and x' (already determined) 
may be negative, it is absolutely necessary that the greatest po- 
sitive value of X should be less than the value of x', 

Example. 
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As x* is indeterminate, the letter z may be retained in the for- 
mation of the derived'polynomials, and we have 

Y=4i:'— 15a;»— 12a;-19, 

Z 

— = 6x»— 15x— 6, 
2 

The question is, as stated above, reduced to finding the 
smallest number which, substituted in place of x, wiU render 
all of these poljmomials positive. 

It is plain that 2 and every number >2, will render the poly- 
nomial of the first degree positive. 

2, substituted in the polynomial of the second degree, gives a 
negative result ; but 3, or any number >3, gives a positive re- 
sult. 

3 and 4, substituted in the polynomial of the third degree, 
give a negative result ; but 5 and any greater number give a 
positive result. 

Lastly, 5 substituted in X, gives a negative result, and so 
does 6 ; for the three first termsa:*— .5a:'— 6a:* are equivalent 
to the expression x^{x — 5)— 6j:*, which is reduced to when 
;r=6 ; but x=l evidently gives a positive result. Hence 7 
if a superior limit of the positive roots of the proposed equation ; 
and since it has been shown that 6 gives a negative result, it fol- 
lows that there is at least one real root between 6 and 7. 

Applying this method to the equation 

a;»— 3a:*— 8a:»— 25x« +4:5-39=0, 

the superior limit will be found to be 6. 

We would find 7, for the superior limit of the positive roots of 
the equation 

X* -Sa:*— 13x»+17a:«— 6»=0. 

This method is scarcely ever used, except in finding incom- 
mensurable roots. 

325. It remains to determine the superior Umitof the nega- 
tive roots, and the inferior limits of the positive and negative 
roots. 

43 



338 Algebra. 

Hereafter we will designate the superior limit of the positive 
roots of an equation by the letter L. 

1st* If in the equation X=0, we make x= — ify which gives 
the equation Y=0, it is clear that the positive roots of this new 
equation, taken with the sign — , will give the negative roots of 
the proposed equation; therefore, determining, by the. known 
methods, the superior limit L' of the positive roots of the equa- 
tion Y=0, we will have — L' for the mperior limit (numerically) 
of the negative roots of the proposed equation. 

Sd* If in the equation X=0, we make 2:=-, which gives 

ibp equation Y=0, it follows from the relation x=^- that the 

greatest positive values of y correspond to the smallest of z ; 
hence, designating the superior limit of the positive roots of the 

equation Y=0 by L", we will have j-^, for the inferior limit of 

the positive roots of the proposed equation. 

3d. Finally, if we replace x, in the proposed equation, by * 

, and find the superior limit L"' of the transformed equa- 

tion Y=0, -'JIT, will be /Ae inferior limit (numerical^) of the 

negative roots of the propmed ecmation. 

326. Every equation in which there are no varidtianf in the . 
signs f that is, in which all the terms are positive^ nmstAkve all 
of its real roots negative ; for every positive number substiti^- 
ted for X will render the first member essentially positive. 

Every complete equation^ having hs terms alternately positive 
and negative, must have its real roots all positive ; for every 
negative number substituted for x in the proposed equation, 
would render all the terms positive, if the equation was of an 
even degree, and all of them negative if it was of an odd d^ 
gree. Hence the sum would not be equal to zero in either case. 

This is also true for every incomplete equation^ from which 
there results^ by substituting — y for x, an equation having all 
of its termsl^ffected with the same sign. .^ 

Consequences deduced frotii tiie^cedtftg Principlef. 
327. First. Every cquoliou oj an odd degree ^^ ^^^&»8ak>& 
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of which are real^ hca ai least one real root affected with a rign 
contrary to tfiat of its last term* 

For, let a:'* + Px"»"'* H Tx±U=0, be the proposed 

equation ; and first consider the case in which the last term is 
negative. 

By making x=0 the first member becomes — U. But hy 
substituting for x, the greatest negative coefficient plus unity, 
(321), or (K-h 1), the first term ar** will become greater than the 
arithmetical sum of all the others, the result of this substitution 
will therefore be positive ; hence, there is at least one real root 
comprehended between and K+l^ which root is positive, and 
consequently afiected with a sign contrary to that of the last 
term. 

Suppose DOW that the last term is positive. 

Making ;r=0, we obtain 4U for the result; but by putdng 
— (K-h 1) in place of a:, we will obtain a negative result, since 
the first term becomes negative by this substitution ; hence the 
equation has at least one real root comprehended between and 
— (K-h 1) that is negative or affected with a sign contrary to 
that of the last term. 

Second. Every equation of an even degree^ involving only 
real coefficients, of which the lust term is negative^ has at least 
two real roof^^ one positive and the other negative. For, let 
— ^U be the last term ; makin^x^^M there results — ^U. Now 
substitute either K-hl, or— (K-m), K being the greatest ne- 
gative coefficient of the equation (321) : as m is an even num- 
ber, the first term x^ will remain positive ; besides, by these sub- 
stitutions, it becomes greater than the sum of all the others ; 
therefore the results obtained by these substitutions are both 
positive^ or affected with a sign contrary to that given by the 
hypothesis x=0 ; hence the equation hcu at least two real rootSf 
one comprehended between and K+1, or positive^ and the 
other between and — (K+ 1)9 or negative. 

328. Third. If an equation^ involving only real coefficients, 
contains imaginary roots^ the number of these roots must be even. 

For, conceive that the first member has been divided by all 
of the simple factors corresponding to the real ribts ; the coef* 
ficients of the quoiieni will be real (No. 253) ; it muti alio be 
of an even degree ; for if it was unev^fi^ b^ ^Watk^Xv ^n;«>s&. xk^ 
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tero, we would obtain an equadon which would contain at least 
one real root, which, from the nature of the equation, it cannot 
have. 

Remark. There is a property of the above polynomial quo- 
tient which belongs exclusively to equations containing only 
imaginary roots ; viz. it remains alwaj/i paHtivefor any real 
value iuhslituted for x. 

For, if it could become negative, since we could also obtain 
a positive result, by substituting K+ 1 or the greatest negative 
coefficient plus unity for x, it would follow that this poly- 
nomial placed equal to zero, would have at least one real root 
comprehended between K + 1 and the number which would ^ve 
a negative result. 

It also follows, that the last term of this poljmomial must be 
poritivey otherwise x=0 would give a negative result. 

329. Fourth. When the last term of qn equation is positive^ 
the nwmberof its real positive roots is even ; ofld when it i$ne- 
gative this number is uneven. ^ 

For, first suppose that the last term is +U, or positive. 
Since by making :r=0, there will result +U, and by making 
a:=K + l9 the result will also be positive, it follows that and 
K + 1 give two results affected with the same sign, and conse- 
quently (No. 319), the number of real roots (if any) compre- 
hended between them is evin* 

When the last term is — U, then and K + 1 give two results 
affected with contrary signs, and consequently comprehend 
either a single real rooty or an odd number of them. 

The reciprocal of this proposition is evident. 

Descartes* Rule. 

.330. An equation of any degree whatever cannot have a 
greater number of positive roots than there are variations in the 
signs of its termsy nor a greater number of negative roots ikon 
there are permanences of these signs. 

The proposition would evidently be demonstrated, if it was 

shown that the multiplication of the first member by a factor 

«— a corresponding to a positive root, would introduce at least 

one fkiriatumy and tVial xVie m\)\^A^\c^xi<cyci V^^ ^ (actor x+Ot 

would introduce a% least one permanence* 
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Let there be the equation 

x"'±A;r'^'±Ba:'«-«±Ca:"-»± ±Tx±U=0, 

in which the signs succeed each other in any manner whatever ; 
by multiplying it by x— a, we have 



3jm+ I ^^4 



=FAa- 



x'^^± ±U 

TTa 



X 



TBa 

The coefficients which form the first horizontal line of this 
product, are those of the proposed equation, taken with the same 
sign ; and the coefficients of the second line are formed from 
those of the first, multiplied by a, taken with contrary signs and 
advanced one rank towards the right. 

Now, so long as each coefficient of the upper line is great- 
er than the corresponding one in the lower, it will determine 
the sign of the total coefficient ; hence, in this case there will 
be from the first term to that preceding the last inclusively, the 
same variations and the same permanences as in the proposed 
equation ; but the last term =f Ua having a sign contrary to 
that which immediately precedes it, there must be one more va- 
riation than there was in the proposed equation. 

When a coefficient in the lower line is affected with a sign 
contrary to the one corresponding to it in the upper, and is also 
greater than this last, there is a change from a permanence of 
sign to a variation ; for the sign of the term in which this happens, 
being the same as that of the inferior coefficient, must be con- 
trary to that of the preceding term, which has been supposed 
to be the same as that of its superior coefficient. Hence, each 
time we descend from the upper to the lower line, in order to 
determine the sign, there is a variation which is not found in 
the proposed equation ; and if, after passing into the lower 
line, we continue in it throughout, we will find the same varia- 
tions and the same permanences as in the proposed equation, 
since the coefficients of this line are all affected with signs con- 
trary to those of the primitive coefficients. When we ascend 
from the lower to the upper line, there may be either a variation 
or a permanence. But by even supposing that this passage 
produces permanences in all cases, since the last term d:Ua 
forms a part of the lower line, it will be necessary to go once 
more from the upper line to the lower, than from the lower to the 
upper. Hence the new equation muit kaw oA \mA ofRfc t^af ^ 



342 Algebra. 

variation than the proposed; and it will be the same for each 
positive root introduced into it. 

It may be demonstrated in an analogous manner, that the 
multiplication by a factor x+a, corresponding to a negative 
root, tDOuld introduce one permanence more. Hence, in any 
equation, the number of positive roots cannot be greater than 
the number of VARIATIONS of sign, nor the number of negaUve 
roots greater than the number of permanences. 

331. Consequence* When the roots of an equation are all 
real, the number of positive roots is equal to the number of va- 
riations ^ and the number of negative roots is equal to the num- 
ber of permanences. 

For, let m denote the degree of the equation, n the number 
of variations • of the signs, p the number of permanences; we 
will have «i=n +p. Moreover, let n' denote the number of po- 
sitive roots, and p^ the number of negative roots, we will have 
i»=n'+p'5 whence 

n+p=n'+p\ 

Now, we have just seen that n' cannot be >n, and p* cannot be 
>|? ; therefore we must have n'=w, and p'=p» 

332. Remark. When an equation wants some of its terms, 
we can often discover the presence of imaginary roots, by 
means of the above rule. 

For example, take the equation 

p and q being essentially positive ; introducing the term which 
is wanting, by affecting it with the coefficient ±0, it becomes 

x^±0.x^+px+q=0. 

By considering only the superior signs we would only obtain 
permanences, whereas the inferior sign would give two varia- 
tions. This proves that the equation has some imaginary roots ; 
for if they were all three real, it would be necessary by virtue 
of the superior sign, that they should be all negative, and, by 
virtue of the inferior sign, that two of them should be positive 
and one negative, which are contradictory results. 

We can conclude nothing from an equation of the form 

^r introducing the term db0.x* » \\.\i^^^Tftft^ 
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which contains one permanence and two variations, whether we 
take the superior or inferior sign. Therefore this equation may 
have its three roots real, viz, two positive and one negative ; or, 
two of its roots may be imaginary and one negative, since its 
last term is negative* (No. 329). 

§ II* Of the Commensurable Roots of Numerical Equations. 

333. Every equation in which the coefficients are whole num- 
bers, that of the first term being unity, can only have whole 
numbers for its commensurable roots. 

For, let there be the equation 

in which P, Q T, U, are whole numbers, and suppose that 

a 
it may have a commensurable fraction r for a root, substituting 

this fraction for a:, the equation becomes 

fl* ^111—1 a**"* a 

whence, multiplying the whole equation by &*^', and trans* 
posing, 

o 
but the second member of this equality is composed of a series 
of entire numbers, whilst the first is essentially fractional, for a 
and b being prime with each other, a*" and b will also be prime 
with each other ; hence this equality cannot exist. 

Therefore it is impossible for any commensurable fraction to 
satisfy the equation. Now it has been shown (280) that an 
equation containing rational, but fractional, coefficients, can be 
transformed into another in which the coefficients are whole 
numbers, that of the first term being unity. Hence the re- 
search of the commensurable roots (entire or fractional) can air 
ways be reduced to that of the entire roots. 

334. This being the case, take the general equation. 
a?"+Paf^»+Qa:*~*+ 4-ILi:»+Sa:«+Tx-fU=0. 

and let a denote any entire number^ positive or negaltve^ which. 
will verify it. 



* 
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Since a is a root, we will have the equality 

a*+Pa*-'+ +Ra3 + Sa«+Ta+U=rO-^-(l); 

replacing a by all the entire positive and negative numbers be- 
tween 1 and the limit +L, and between —1 and — L', those 
which verify the above equality will be the roots of the equa- 
tion* But these trials being long and troublesome^ we will de- 
duce from the equality (1), (which is a necessary and sufficient 
condition) f other conditions equivalent to this, and easier verified. 
Transposing all the terms except the last, and dividing by a, 
the equality (1) becomes 

— = -a«-» — Pa»-« Ra* -So— T - - -> (2) ; 

now, the second member of this equality is an entire number, 

U 
hence — must be an entire number ; therefore the entire roots 
a 

of the equation are comprised among the divisors of the last 
term. 

Transposing — ^T in the equality (2) and dividing by a, and 

making h T = T' ; it becomes 

T' 

— =— a«^«-Pa"^' Ra-S (3); 

the second member of this equality being an entire number, 

T' ^ U' 

— or, the quotient of the division of — V^ hy ^ is an entire 

number. 

Transposing the term — S and dividing by a, it becomes, 

T' 

(by supposing — hS=S',) 

a 

-=-a— 3— Pa— *— _R ...... (4), 

tiie second member of this equality being an entire number 

S' T' ' 

— or, or the quotient of the division of — V^hy^is anentire 

u a 

number. 

By continuing to transfer the terms of the second member 

into the first, we will, after m — 1 transformations obtain an 

O' 
equality of the form 3.-_^_p^ 
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Then, transposing the term — P, dividing by a, and making 

Q' P' P' 

^+p^p^ we will find — = -1, or — + 1=0. 
a a ' a 

This equality, which is only a transformation of the equality 
(1), is the last condition which it is necessary and sufficient that 
the enture number a should satisfy, in order that it may be 
known to be a root. 

From the preceding conditions we may conclude that, in 
order that an entire number a (positive or negative) may be a 
root of the proposed equation, it is necessary 

That the quotient of the last term divided by a should be an 
entire number; 

Adding to this quotient the coefficient of x^ (taken with its 
sign), the quotient of this sum divided by a must be entire; 

Adding the coefiicient of x^ to this quotient, Me quotient of 
this new sum by a must be entire ; and so on. 

Finally, adding the coefficient of the second term, or of 
a;''*"^ to the preceding quotient, the quotient of this sum divided 
by a, mv^t be entire and equal /o — 1 ; or, the result of the addir 
tion of unity, or the coeffi^cient of x**, to the preceding quotient^ 
must be equal to 0. 

Every number which will satisfy these conditions will be a 
root, and those which do not satisfy them should be rejected. 

All of the entire roots may be determined at the same time, 
as follows. 

After having determined all the divisors of the last tem^f 
write those which are comprehended between the limits +L O'nd 
— U upon the same horizontal line ; then underneath these divir 
SOTS write the quotients of the hist term by eUch of them. 

Add the coefficient of x^ to each of these quotients^ and write 
the sums undemeaih the quotients which correspond to them; 
then divide these sums by each of the divisors^ and write ike 
quotients underneath the corresponding sums ; taking care ta 
reject the firactional quotients and the divisors which produce 
them ; and so on. 

When there are terms wanting in the proposed equation, 
their coefficients (which are to be regarded as equal to 0) muit 
be taken into consideration. 

44 
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Example. 

x4— x» — 13x«-hl6a5 — 48=0. 

The superior limit of the positive roots of this equation is 13 + 1 
or 14. The coefficient 48 is not considered, since the two last 
termi can be put under the form 16(a: — 3); hence when x>3 
this part is essentially positive. 

The superior limit of the negative roots is (No. 325) 

-(l+V48),or— 8. 

Therefore the divisors are i, 2, 3, 4, 6, 8, 12; moreover, 
neither +1, nor — 1, will satisfy the equation, because the co- 
efficient — 48 is itself greater than the sum of all the others ; we 
should therefore try only the positive divisors from 2 to 12, and 
the negative divisors from — 2 to — 6 inclusively.] 

By observing the rule given above, we have 

12, 8, 6, 4, 3, 2,— 2,— 3,— 4,— 6 

— 4,— 6,— 8,-12,— 16,— 24, +24, + 16, + 12,+ 8 
+ 12, + 10, + 8,+ 4, 0,— 8,+40,+32,+28, + 24 
+ 1,+ -, -,+ 1, 0,— 4,-20, -,— 7,— 4 
-12, -, ",-12,— 13,— 17,-33, -,—20,-17 

— 1, -, ",- 3, -, -, -, -,+ 5, 

*l > > M 9 9 9 > 1^ ^9 

.• •• t. SB. I .. .. •• •• v.. 1 •• 

f »>*> 9 >f >*> 

The first line contains the divisors, the second contains the 
quotients of the division of the last term —48, by each of the 
divisors. The third line contains these quotients augmented 
by the coefficient + 16, and the fourth the quotients of these 
sums by each of the divisors ; this second condition excludes 
the divisors +8, +6, and — 3. 

The fifth is the preceding line of quotients, augmented by the 
coefficient —13, and the sixth is the quotients of these sums by 
each of the divisors ; this third condition excludes the divisors 
3, 2, —2 and —6. 

Finally, the seventh is the third line of quotients, augmented 

by the coefficient — I, and the eighth is the quotients of these 

sums by each of the dmsots. T>Rft ivNVsat^ -VN. ^wA —4 ace 
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the only ones which give — 1 ; hence +4 and — 4 are the only 
entire roots of the equation. 

In fact, if we divide x* — x^ — 13a:* + 16j:— 48, by the pro- 
duct (a:— 4)(a;-i-4), or x*— 16, the quotient will be x' — a;+3, 
which placed equal to zero, gives 

1 1 , 

X=^±^V-l.,; 

Examples. 

1st. X* — 5x»+ 25a:— 21=0. X-l >. -j 

2d. 15a:«— 19x*.+6:r:» + 15a:«— 19x+6=0. • j^-^ y^- 

3d. 9a:«+30a:»+22a:* + l0a:» + 17a:»— 20a:+4=0. 

Of Real Incommensurable Roots. 

340. When an equation has been formed from all the divisors 
of the first degree which correspond to its commensurable 
roots, the resulting equation contains the incommensurable roots 
of the proposed equation, either real or imaginary. • 

The true form of the real incommensurable roots of an equa- 
tion will remain unknown, so long as there is not a general me- 
thod for resolving equations of the higher degrees. Although 
this problem has not been resolved, yet there are methods for 
approximating as near as we please to the numerical value^^of 
these roots. 

For greater simplicity, we will divide this theory iBtb two 
parts. 

In the first J we will suppose that the difierence between any 
two roots of the proposed equation is greater than unity ; and, 
fit the second^ that any of these differences may be less than 
unity. 

First Part. When the difference between any two real 
roots is greater than unity. 

[We will suppose, in what follows, that we have obtained the 
narrowest limits +L and — L', either by the method of decom- 
position (No. 323), or by Newton's «ieV\io4L i^Q. ^'St^?^ 
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341. Each of the incommensurable roots being necessarily 
composed of an entire pari and a pari lesi than unity ^ we will 
first determine the entire part of each root. 

For this purpose, it is necessary to substitute, in the equation, 

for Xf the seriesof natural numbers 0, 1, 2, 3 and — 1, —2, 

—3 , comprised between -fL and — L'. Since there must 

be a real root between two numbers, which, by their substitution 
produce results affected with different signs (318), it follows 
that each pair of numbers giving results affected with contrltry 
ngnSf wUl comprehend a real root, and but one, since by hypo- 
thesis the difference between any two of the roots is greater 
than unity* The entire part of the root will be the smallest of 
the two numbers substituted. 
,« ' .Thfronre two cases which may occur ; viz. by these different 
substitutions there may be as many changes of sign as there are 
units in the degree of the equation ; in which case we may con- 
clude that all the root^ are real. Or, the number of changes 
of the sign will be less than the degree of the equation, and, in 
this case, it will have as many real roots as there are changes of 
sign ; the other roots wi)l be imaginary. In both cases, this 
method makes known the entire part of each of the real roots. 

It now remains to determine the part which is less than unity. 

342. Lagrange's Method of Approximation. 

Let X=0 be an equation, all the roots of which have a diffe- 
rent entire part, and suppose this part determined. 

Let a and a + 1 denote the two entire numbers between which 
one of them is found ; a will express the entire part of this root. 

To obtain the fractional part, make in the equation X=0, or 

X +Px"-'+Qx'"-»+....Tj:+U=0, a:=a + -; 

there will result the equation ' ^ 

X'y +Y'y~-'+^«-»+....+l=0. 

For more simplicity, we will denote this equation by Y=0 ; it 
b of the same degree as the^ proposed equation, and conse- 
quently has in roots. Since the relation x^a-\ — , should give 
mII the values of x, knowing xViose o? )), %xv^ ^"^x-^ ^^\^ \\ 'k 
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real root, and but one, between a and a+ly one of the m valnei 
of - must be positive and less than unity ; this requires that one 

of the m values of y should be .positive and greater than 1 ; 
farther, there can be but one of these values greater than 1, for 
this would amount to supposing more than one value of x com- 
prised between a and a+l. 

If then, in the equation Y=0, we substitute the series of en- 
tire numbers 1, 2, 3 , we are certain of obtaining a change 

of «ign, and the two numbers which produce this change will 
comprehend the required value of y. 

Let b and 6+1 be these two numbers, and make y=6H — 7 in 

the equation Y=0, this will give a new equation Y, =0; and 
this will also have one real positive root^ greater than 1, which 
will be discovered by the substitution of the entire numbers, 

1,2, 3 inY,=0. 

Let c and c+l he the consecutive numbers which, having 
produced a change of sign, comprehend the value of y' ; then 

_ 1 

make in the equation Y, =0,y'=cH — ;; ; this will give an equa- 

J' 
tion Y, =0 having a sif^le real positive root greater thanunity. 

Let d and ^+1 be the two numbers which comprehend it, 

and makey=d!+— „ and continue this series of transforma^ 

tion as far as is desired. 
Combining the relations 

x=a+-, y=*+7' y-^+yT, 3^=^+y7/ ; 

There will result ,- 

x=a-h 7 

6+- 



1 



34a. Application of the above .theory to the equation 

a:>— 5a:— 3=0 (1). 

The superior limits of the positive and negative roots being, 
-t3 and — 2, we make 
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a:=— 2,— 1,0, 1,2, 3; 

when x=— 2 the result is —1, 

a:=-l +1, 

x= —3, 

x=: 1 . - . 7, 

«= 2« —5. 

x= 3 +9. 



• 



As there are three changes of sign, it follows that the three 
' roots of the equation are real ; viz. one poHtive contained be- 
tween 2 and 3, two negative^ one of which is contained between 
and — 1, the other between — 1 and —2. 

We will first consider the positive value between 2 and 3. 

In the equation (1) make x=2-| — , there wiU result an eqi^a- 
lion of the form 

xy+Yy+-|y+i=o, 

in which we have, (278) 

X'=(2) »— 5(2) '_3=— 5, 
T'=3(2)«— 5=7, 

y=3(2)=x6, 

V 
— =1 • 

2.3^' 
which by substituting, gives 

5y»— 7y«— 6y— 1 (2). 

In this eiflation, making y=l, 2, 3 

For y=l there results —9, 

y=2 -1, 

/ y=3 +53, 

hence the required value of y is between 2 and 3» 

In the equation (2), make y =2+-; ; there will result the 
equation 
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in which X"= S(2)»— 7(2)«— 6(2)— 1=-1, 

Y"=15(2)«— 14(2)-6«26 

-=15(2)— 7=23, 

2,3~^' 
whichi by substituting! gives 

y»— 26y'«— 23y'— 6=0 (3). 

As this equation can be put under the form 

y«(y'_26)-23y'-5=0, 

it is visible that any value less than 26, substituted for y, will 
give a negative result. 

But, making y'=26, there results — 603, 

y=27 + 103; 

hence y is between 26 and 27* 

Making y=26 + -;;;9 in equation 3, we obtain 

rwtn IT"/// 

X'Y' » + Y'Y '• + -g-y" + 2^=0. 

in which X'" = (26)»-26(26)»-23(26)— 5=-603, 
T'" =3(26)»-62(26>— 23=663, 

71" 

^=3(26)— 26=62, 

=1 • 

which gives 

eoay— 653y"»— 52y"-l=0 -(4), 

or y"« (603y"-653)— 52y"— 1 =0. 

Since y^ly gives for a result — 103, 

and y"=2, +2107, 

it follows thaty is comprised between 1 and 2. 

Again, making in the equation (4), |f"=l + --;7,, we obtain 

Z" V'' 
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in which X"=603(l)»— 6S3(1)»-52(1)-1=-103, 

Y"=1809(l)» -1306(1)-52=4S1, 

Z" 

-2 =1809(1)— 6S3=1156, 

V" 
. 2r3=««3; 

which gives 

or y"« (1 03y'"— 451)^1 156^—603=0. 

It is easily perceived that the value of y is between 5 and 6| 
so that if we wished to continue the operation, we would suppose 

^"'=5 + — . But stopping at the results already obtained, the 
equations 

*=2+J. y=2+y, y'=26+y„ y'=l+^„ r=S+^' 
give for the value of ^r. 



2 + 



26 + 



'-i 



The consecutive approximations of x being 

2 5 132 137 817 
r 2* 33* 55' 328' 

in the last of which the error is less than f^2S\^^ ^^ 107584 * 

(Arith. 174). 

344. We will now proceed with the determination of the 
negative values. 

For more simplicity, we will change x into — x, in the pro- 
posed equation, which then becomes 

— x3+5a:— 3=0, orx^— 5x4 3=0, 

in which the positive roots taken with the sign — , are the nega- 
tive roots of the proposed equation. Thus the question is re- 
duced to determining iVie posvtivfe tocA& ot iVvU new equadon. 
One of these roots \s comipt\^^>w;^w^««i\ ^^"^^^^^^^^ 



I 
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between Q and 1. See Uie following table for the determination 
of them. 

1st. The root comprised between 1 and 2. 

X' — 5x4-3=0. 

x=H--. 

y 

1st Transformation, y'+2y»— 3^— 1=0; 

y=l gives — 1, 

y=2 '---. +9, 

2d Transformation, y' ' — 4t/^ — 5/ — 1 =0 ; 

y: =4, gives ^21, 

y =5, — 1, 

y =6, 4-41. 

3d Transformation, y^— SOy^Ty"— 1=0; 

y =30 gives 211, 

y" =31 +753, 

1 
Hence x= 1 H j 

1 2 11 332 
Consecutive approximations, ti vi "«"> 7q| 5 

332 

7^ = 1,8342 to within 0,0001. 

Ibl 

Therefore, that value of x which is contained between 1 and 
2, is X = 1 ,8342 to within 0,0001 . 

This value can easily be verified by substlXXk^Lva^^icift V«^tfi»s 
bem 1,8842 and 1|8343 in the equation. 

45 



y='+.T7- 
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2d. The value contained between and K 

X'— 5x4-3=0. 

1 

y 

1st Transformation, 3y * — 5y' + 1 s*0 ; 

y =1 gives 1, 

y =2 +5, 

2d Transformation^ y +y* — 4y' — 3=0; 

y =1 gives 5, 

y =2 +1, 

3d Transformation. 5if"^—y"' — 4y"— 1=0; 

y =1 gives 1, 

y =2 +27, 

4th Transformation, y'"' — 9jf'"' —I4y"' — S=0; 

j ^ y" = 9 gives 131, 

y" =10 — 45, 

y" =11 ---|.l.. + 83, 

«"' = 10 + i. 

Sth Transformation, 45y"— 106y"»" — 21 «" 1=0, 

or y"{45jf" — 106)— 21y"— 1=0; 

y=2 gives 107, 

• y'=3 +197, 

r=2+i;. 

Hence a;=0 + V 

r+— ^ 

IV ^ 
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1 1 3 21 44 
Consecutive approximationg, p j, -, 2' 22' 61' 

44 

r;r= 0,6566 to Within 0,0001. 
67 ' 

Therefore that value of x which is comprised between and 1 is 

0,6566 to within 0,0001. 

Hence the two negative roots of the proposed equation - • - • 

x=»— 5x— 3=0, are 

x= — 1,8342 ai^d a:= — 0,6566. 

Newton's Method of ApproxinuUion. 

345* In order that this method may be more easily com- 
prehended, we will resume the equation x* — 5x — 3=0, and 
determine the root contained between 2 and 3. 

The required root being between 2 and 3, .we will try to con- 
tract these limits, by taking the mean 2^, or 2,5, and substi- 
tuting it in the equation x^—5x—3=0 ; the result of which is 
4-0. 125. Now 2 has already given —5 for a result, therefore 
the root is between 2 and 2, 5. 

We will now consider another number, between 2 and 2, 5 ; 
but as, from the results given from 2 and 2,5, it is to be pre- 
sumed that the root is nearer 2, 5 than 2, suppose ar=2, 4 ; we 
will obtain — 1,176 ; whereas 2,5 has given +0,125. There- 
fore the root is between 2, 4 and 2, 5. 

By continuing to take the means, we would be able to con- 
tract the two limits of the roots more and more. But when we 
have once obtained, as in the above case, the value of x to at 
least 0, 1, we may approximate nearer in another way, and it is 
in this that Newton's method principally consists. 

In the equation x'— 5x— 3=0, make x=>2, 4+t«. 

There will result (No. 278) the transformation 

Z' 

X'+Y'tt+-^«+M^=:0; 

in which X'=(2, 4)»-5(2, 4)— 3=-l,176, 

T'=3(2,4)«— 5=12,28, 

|-'=3(2,4)=7,2. 
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The equation involving ti, being of the third degree, cannot 
be resolved directly, but by transposing all the terms except 
Y% and dividing both members by Y', it can be pot under the 
form 

X' Z' 1 

This being the case, since one of the three roots of this equa- 
tion must be less than jr., from the relation x=2,4+if, the 

^corresponding values of u* and ti' are less than j^ ^^^Tonn* 

Moreover, the inspection of the numerical values of Y' and Z', 

Z' 

proves that -^^-^ is < 1 ; therefore the valiie of u only differing uu- 

X' Z' 1 

mericaUyfrom— ^ by the quantity ^-^^u^+Y^ti', (which most 

1 \ X' 

frequently is less than Tj^jy is expressed by — ^7 ^^ within 

1,01. 
As, in this example, 

X' +1,176 1176 



12,28 12280 



=^0,09 . . . ., 



1 
there will result t<=:0,09, to within r^, and consequently 

X =2,4 + 0,09=2,49, to within j^. 

In fact, 2,49 substituted in the first member of the proposed 
equation, gives — 0,011 7il ; 

whilst 2,50 has given +0,125. 

To obtain a new approximation, make x=2,49+t(' in the 
proposed equation, and we have 

Z" 

X" + YV+— tt'«+a'3=0; 

io which X"= (2,49)»— 5(2,49)— 3=-0,011751, 

Y"=3(2,49)»— 5 =13,6003, 
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But the equation involving ti' may be written thus : 

X" Z'' 1 

And since one of the values of u' must be less than jj^j the 

1 1 * 

corresponding values of !«'», tt'», are less than y^^, j^ggQ^^; 

X" 1 

hence '-^^,, will represent the value of u' to within ,^^^^ , 
1" '^ • 10000 

Since we have 

X" 0,011751 11751 

-0,0008 , 



Y""" 13,6003 13600300 



it follows that u'=0,0008, to within ^^^^ , smd consequently 

x=2,49+0,0008=52,4908, to within Tnooo' 
Again, by supposing x=2,4908+tf", we would obtain a 
value of z to within r — • 

Each operation commonly gives the root to twice as many 
places of decimals as the previous operation. 

346. Generally, let jp and jp+1 be two numbers between 
which one of the roots of the equation X=0 is comprised. 

Firit determine the value of this root to within — , by substi- 
tuting a series of numbers comprised between jp and jp + ly until 
two numbers are obtained which do not differ from each other 

by more than — . 

Then, calling af the value of x obtained to within — , suppose 

x^iz'+u in the equation X=0 ; 
which gives 

X'+Tu+^u^ +ii"*=0; 

2 

»isci caM 6e jna under the form 
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^'- Y' 2.Y'"'"" Y'^"' 

X', Y', Z' being easily calculated. (No. 278). 

X' 
Since the sura of the terms, which follow — -^r in the second • 

member of this equation is, commonly, less than jzrzy they can 

X' 1 

be neglected, and calculating — y^ to within r^, we add there* 

suit to d/, which gives a new value x" approximating to wMin 

—-r of the exact value. 
100 

To obtain a 3d approximation, we suppose x=2r"+ti' in ike 
proposed equation, which gives 

X"+Y''u'+—uf'+ +tf»=0; 

X" Z" ,, 1 ^ 

whence if =— "yT? — 2^^^ ^ Y^«« • 

Z' 1 

Neglecting the terms — ^vT/ ' — "v^ which are sup^ 

X" 
posed to be less than 0.0001, we calculate the value of ^p;-^ 

continuing, the operation to the place of decimals, and 

add the result to sf'; this gives a third approximation x"\ exact 

*^ ^^*^" looob- 

Repeat' this series of operations for each of the positive roots. 
As. for the negative roots, they are found in the same way as 
the positive roots, by changing x into — x in the proposed 
equation. 

Second Part. Case in which the difference between two roots 
of an equation Tfiay be less than unity. (No. 340).^ 

650. When, by substituting consecutive entire numberSi com- 
prised between the limits +L and — L', we obtain as many 
changes of sign as there are units in the degree of the equa- 
tion, it is evident that all the roots of it are real, and the entire 
part IS different for each ot \\\em. 
Built the number of cWng^t ot i\^\^\^\\^«v^^^^8» 
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of the proposed equation, it will show that some of the roati 
are real^ amd some iinaginary^ or that there are incommensuror 
hie roots -comprised between consecutive entire numbers. In 
fact, we h^ve seen (No. 319) that two numbers which, substitu- 
ted in the first member of an equation, give results with contra- 
ry signs, may comprehend any uneven number of real roots, 
and that two numbers which give results with the same sign, 
may comprehend any^even number of real roots. 

For example, if an equation contains the roots \/2 &nd •v/3, 
comprised between 1 afid 2, these numbers, when substituted in 
the proposed equation, might give results affected with the same 
sign. 

In like manner, an equation containing the roots Vll, \/13, 
\/l5, comprised between 3 and 4, might, when these last numr 
bers were substituted, give results affected with different signs. 

Hence we see that the substitution of consecutive entire num- 
bers would not be sufficient, in this case, to detect all the real 
roots of the proposed equation. 

• We would avoid this difficulty, if we could determine, a pri^ 
oriy a quantity ^, numerically less than the least difference be-* 
tween' any two of the real roots of a given equation. For by 
making 6 the common difference between the numbers substitu^ 
ted, it is evident that any consecutive two of these numbers, 
which, substituted in the proposed equation, give results with con- 
trary signs, will comprehend a root, and but one ; If they give 
results affected with the same sign, they will not comprehend a 
root ; that is, the numher of the real roots of the equation will 
be equal to the number of changes of sign. 

351. The quantity 6 can easily be determined from the equa- 
tion, of which the roots arc the squares of the differences of the 
roots of the proposed equation. 

• For, denote the proposed equation by X=0, and the equa^ 
tion involving the squares of the differences (Nos. 290 and 312) 
by Z=0. 

We will remark, in the first place, that the square of the 

difference between any two real roots of the proposed equation 

being positive, w» must seek for these squares only amongst the 

^81 tive roots of the equation Z=:0. (Us u^g^XXN^ to^V^ ^^tx^<^ 

pead to differences bjetween imagmary tooXs^ qt X^vw^^'Ck^^^ 
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. and imaginary roots.) Hence, finding the inferior limit tf 
the positive roots of the equation Z=Oy and extracting the gqmR 
root of it, we will have a quantity less than the least diflereDoe 
between the real roots of the proposed equation ; that is to siy, 
the required quantity ^. 

To obtain this limit, we must (No. 325) suppose £=-inthe 

equation Z=0, which will give the equation VsO. Liet /be 
the superior limit of the positive roots of the equation YrsOi 

J will be the inferior limit of Z=0 ; therefore — . is the quan- 
tity ^, which it was required to determine. 

When / is found < 1, there, will result -j-v ^^^ ^ ^ y <^4 this 

will indicate that the difference between any two real rooU is 
greater than unity. We will then be certain that the number 
of real roots is equal to the number of changes of ago obtaiflcd 
by substituting consecutive entire numbers. 

But we commonly find /> 1, whence — , or ^< 1. In this 
case, it will be more convenient to replace y/l by the next 
greater entire number, 4, which will give T<-7i, and for a 

still Stronger reason, v less than the least of the differences 

between the real roots. We may then make t the common diA 

ference between the numbers substituted ; that is, by substi^ 
tuting in X=0 the series of numbers 

^12 12 1 

0,y -^ 1, 1 + ^, 1+^ 2, 2+j^ toL, 

1 2 
and 0, -^, — j^ 1 toL', 

we will obtain as many changes of sign as there are real roots in 
the equation. 

We may avoid the substitution of fractions by the following 
Ira/is/ormation : In the gweuec^^^w\^xsi^^x^-^^^^\^^'iHw 
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fesult an equation, the roots of which will be h times greater 
than those of the given equation. Consequently, thedifiereni^ . 
between these new roots will be k times greater than the diffe- 
rences between the roots of the proposed equation ; so that if 
a— i denotes the smallest of the differences in X=0, since we 

have a— 6>T> there will result Aw— A6>1. Hence the new 

equation T=0 is such, that the differences between all its real 
roots, considered two and two, are greater than unity. 

Consequently, by substituting in this equation the series of 

natural numbers 0, 1, 2, 3 , and — 1, —2, — i-3 -, 

comprised between the two limits, we obtain as many changes 
of sign as there are real roots in the equation 'x'sstf> (The two 
limits of Y=0 are +AL and — iL', when +L and — L'denott 
the limits of X = 0). 

352. From what has been said, it will be seen, that in order 
to detect all of the real incommensurable roots of an equation 
X=0, it is necessary 

1st. To form the equation involving the squares of the differ 

rences Z=0. 2d. To determine the inferior limit j ofiheposi^ 

tive roots of this latt equation* If the quantity ~ is greftter thati 

unity, it is a proof that the difference between any two roots of 
the proposed equation is also greater than unity ; consequently, 
the substitution of consecutive entire numbers in the proposed 
equation will be sufficient to detect all of the real roots* 3d* 

But if p or — <1, tre replace —. by jy k being the en- 

dre number immediately superior to V^» Md we make x=Z in 

k ' 

the proposed equation^ which gives an equation ¥=0^ ef 
which we find all the real roots by .the method exposed in tbe 
first pari of this paragraph. 

4th« Finally. In the relation x=J-wesubstiivtefaryattH$ 

k 

values^ and vie thus o&totn all the real roots ef the proposed 

equation* 

4ft 
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S53. Examples. Take the eqyation 

jr»— 6x— 7=0. 

' It is easily ascertained that the superior limits of the positive 
and negative roots are, +3, — 2. 
/ Now, by substituting the numbers +3, +2, 4-1,0, — 1, — ^2, 
we obtain for results, +2, — II, — 12, — 7, — 2, — 3; 
and we see that +3 and +2 are the only numbers which give 
resnlts affected with contrary signs. Whence we may conclude 
that one of the roots of the equation is real and the other two 
imaginary^ or, that its' three roots are realf but such that their 
differences taken two and two are less than unity. 

To avoid any uncertainty, form the equation involving the 
squares of the differences. It has been found (No. 289) to be 

2:3_36z3+324z + 459=0. 
Id this equation make z=- ; there will result 

324 36 1 

tJ"H ziV^- vH =0, 

^ 459 459 ^459 ' 

which can be written thus : 

^ 459 459^ ^ 

Now, it is visible that «= or >- gives a positive result; 
therefore, the superior limit of the positive roots of this equa- 
tion being less than unity, the corresponding quantity -r is > 1 ; 

and consequently, the differences between the real roots of the 
proposed equation are greater than unity. Moreover, the sub- 
stitution of the natural numbers in the proposed equation, pro- 
duce but one change of sign ; hence the proposed equation hat 
but one real rooty which is comprised between 2 and 3. 

We will calculate the part of this root which is less than 
unity, by Lagrange's method. 

^3-6x— 7=0, 

x=2.+ -- 
3 
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1st Transformation \\y^ — Gy^ — 6^—1=0; 

y '=1 gives —2, 
y =2 -.- ^51, 

y =i+f 

2d Transformation 2y»-15y»— 27/— 11=0, 

or y a(2y'_15)— 27y— 1 1 =0 ; 

y= 8 gives —163, 

y= 9 — 11, 

y=10 +219. 

3d Transformation 1 ly — 189/' «— 39/'— 2=0, 
or /'a{liy'— 189)— 39y'-2=0 ; 

y'=17 gives —1243, 
y=18 +2212, 

Hence a;=2+^, y=H-y, y=9+^, y'=l'3^+y77 5 
froih which we obtain the continued fraction 

I 

x=2+ J 

^ + 17' 

2 3 29 496 
of which the reductions are 7, -, -r, 77=7, 

.1 1 10 171 

496 
and the last ---7, converted into a decimal fraction, rives 2.9005 
171 

for the value of x to within tTw^q- 

(See this equation No. 348.) 
354. Again, take the equation 

8x»-6x-l=0 (1). 

The superior limits of the positive and negative roots are 
+ 1 stnd — 1. 
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Making x^ + l^ 0, — 1, we obtain the results •••,.. 
4-ly — 1, — S ; their substitution produces but one change of 
sign ; we mill, therefore, have recourse to. the equation ifitolxwg 
ike squares of the differences. 

This equation, found by the method of elimination, (No. 
290), is 

64z» -288z« + 324r— 81 =0. 

Making 2;=-, we will have 

8lv3_324t?« +288r— 64=0, 

which can be put under the form 

81tJ«(tv-4) + 32(9t?— 2)=0; 

and it is easily ascertained that 3 is, in whole numbers, the 
narrowest superior limit of the positive roots ; therefore, /=:3 ; 

whence ± =-1 • 

Replacing \/3 by 2, we find that - is less than the least dif- 
ference between the real roots of the proposed equation. 

y 

Making (PIo. 352) x=^ in the proposed equation, we 

obtaiii 

3^3 -3y— 1=0 (3), 

in which the difference between any two roots is greater than 
unity. 

The superior limits of the positive and negative roots being 
+2 and — 2, it will be sufficient to make, in the equation (3), 

5^=4-2, +1, 0, —1,-2, 

which give the results + 1 , — 3, — 1, +1, —3. 

By these substitutions we evidently obtain three changes of 
sign. 

Therefore, the equation (3) has three real roots, one between 
J and 2, another between and *1, and the third between —1 
and —2. 

Consequently, the (equation (1) has three rea) roots, ont 
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between - and 1, the second between and — -, the third be^ 

tween — - and — 1. 
2 

To approximate nearer to the value of these roots, first apply 

one of the methods of approximation to the equation (3) ; after 

y 

which, substitute the values of ^ obtained, in the relation a:=^» 

<•» 

and we will obtain the corresponding value of :r. 

In this way we will find 

(y= 1.8794, 
for the equation y^ — 3y — 1=0 <y= — 0.3474, 

(y=_1.5320, 

ix= 0.9397, 
and for the equation Sx^ — 6a:— 1=0 <x= — 1.1737, 

fx= -0.7660. 

These values are exact to within 0.0001 • 

^IV. Of Elimination. 

361. Having explained the difierent methods for resolving 
equations of any degree, involving but one unknown quantity, 
(or, rather, for determining their real roots,) we tv^ill now pro- 
ceed with the resolution of equations involving two or more 
unknown quantities. 

When the number of equations given is equal to the number 
of unknown quantities, they admit, in general, of only a limited 
number of systems of values for these unknown quantities. Now 
the complete determination of all these systems constitutes the 
general problem of elimination. 

A part of this problem has already been explained in No. 
282, ....,, viz. ihat of which the object is to form the final 
equation, that is, an equation which, being a function of but one 
of the unknown quantities, will give all the values df this un* 
known quantity that are required for the verification of the pro- 
posed equations, at the same time that certain values of the other 
unknown quantities verify them. 

The second part consists in resolving the final equation, and 
determining the fkthei of the o(fccr unknoum quatiit\t\e% cw\e.^- 
jHmding to ike vakia of the unknown quatilita iuwVoe^ \twii\vx^ 
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o 



^ 



We will here consider more particularly the case in which tie 
two equations involve but two unknown quantities. 

362. Before entering into all the details relative to the second 
part of elimination, we will reconsider the manner of forming 
the final equation. 

When the method for finding the common divisor is used 
to eliminate one of the unknown quantities, an equation is ob- 
tained containing all the compatible values of the other unknown 
quantity; but this equation generally contains, also, values 
foreign to the question. It is proposed to show that this is tbe 
case. 

(Every system of values of :r andjf, which, substituted in the 
two equations, will satisfy them, is, for the sake of brevity, called 
a solution.) 

363. Let A=0 and B=0 be two equations of any degree 
whatever ; and after having arranged them with reference to 
one of the letters, x, for example, apply to them the process for 
finding the greatest common divisor, with the modifications for 
rendering the quotients and remainders entire. (We will, 
moreover, suppose, for tlie present, that no factor which is a 
function of y is suppressed In the course of the operation ; 
because we will see that these factors, placed equal to 0, may 
give compatible values.) 

Let a, a\ a" . . . . denote the different factors introduced, 
these factors being, in general, functions of y ; and let 
Q, Q', Q", . • . ., R, R', R", denote the successive quo- 
tients and remainders. 

The series of operations will give rise to the following 
identities : 

a A=BQ +R (1), 

a'B=RQ -fR' (2), 

a'R=R'Q' + R'' (8), 



(R^"5 is supposed to be the remainder independent of x, and a 
function ofy only). 
This being the case^lVieVdewik^ i^\>^^w?%^^x«)wa^«i»rtka^ 
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(362) of the system [A=0, B=0] must satisfy R=0; for a and 
Q being entire polynomials, they cannot become infinite in 
consequence of particular values attributed to x and y. There- 
fore, the solutions of the system [A=0, B=0] answer to the 
system [B=0, R=0]. 

The identity (2) also proves that every solution of the system 
[B=0, R=0] will satisfy R'=0 ; whence we may conclude 
that the solutions of the system [A=0, B=0] also answer for 
the system [R=0, R'=0]. 

The identity (3) proves that every solution of the system 
[R=0, R'=0] satisfies R"=0. Hence the solutions of 
[A=0, B=0] answer to the new system [R'=0, R"=0]. And 
so on. 

Whence it follows, that alt the solutions of the proposed sys- 
tem [A=0, B=0] are necessarily comprehended in the last 
system [R(»->)=0, R(») =0]. 

Therefore the equation R^"^ =^0 contsuns alj the compatible 
values of y. 

But it may contain values which are foreign to the question. 

To show this, take the identities (1), (2), (3), (n). 

From the first, we see that every solution of the system 
[B=0, R=0] satisfies aA=:0. Now this last equation can be 
divided into two others, a=0 and A=0 ; from which it follows 
that the solutions of [B=0, R=:0] comprehend not only those 
of the proposed system {A=0, B=0], but also the solutions of* 
the system [a=0, B=0]. 

Ill like manner, in consequence of the identity (2), every 
solution of [R=0, R'=0] satisfies a'B=0, which can be de- 
composed into the two equations a'=0 and B=0; hence the 
solutions of [R=0, R'=0] comprehend those of the system 
[B=0, R=P], and those of the system [a'=0, R=0]. But we 
have just seen that the system [B=0, R=0] already contains 
all the solutions of [A=0, B=0] and [a=0, Br=0]. Conse- 
quently, the system [R=0, R'=0] contains all the solutions of 
the three systems 

[A=0, B=0], [a--0, B=0], [a'=0, R=0]. 

By continuing this course of reasoning, we will see that the 
last system of equations [R'"""'^=0^ R'*^ =.0\ c^\s\>^\djvsi\v^'s» xv'oX. 
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only those of the proposed system [A=0, B=0], but also sfll 
the solutions of the systems 

[a=0,B=0], [a'=0, R=0] [a^*) =0, R(— «)=o]. 

364. If^we were certain that by substituting in the equation 
Bs=0 each of the values of ^, which give a=0, we could find 
one or more values of x from the result of this substitution, 

all the solutions thus obtained would be found in • 

[R(»-i)=:0, R(») =0], and would be foreign to [A=0, B=0]. 
Whence, in order to free R^"^ =0 from the values of y, corres- 
ponding to these foreign solutions^ it will be sufficient to divide 
R(») by a, which is a function of y only. 

The same reasoning applies to the factors a\ a" - - - - , 

Hence it follows that, if R^*^ is divided by the product 

aXa'Xa"X xa^"), the resulting quatienii wiUt uhen 

placed equal to 0, fortn the true final equaUan* 

But we are not always sure that the value of jf obtained firem 
a=0 will, when substituted in B, give a result from wbieb a 
value of X can be found, for this value ofjff which, in all cases, 
must render the coefficient of the first term of B equal to 0, may 
also destroy the coefficients of all ttie inferior powers of x to 
the first inclusively ; and in this case there would not be any 
corresponding value of z. 

365. The following example will illustrate what has beeo 
said above. , 

Take the two equations "' 

y'x' — 3y»x— y» 4-2=0 -r - - - (1). 

(y2_3y4-2)x«+(y— l)x— 3y+l=:0 ---(2). 

To eliminate x between these two equations, if we take the' 
polynomial (1) for a dividend, and (2) for a divisor, 'we must 
multiply (1) by the factor ^^—3^+2, or the coefficient of the 
first term of the divisor. 

After this preparation, the division is performed, and we ob- 
tain for a remainder, 

(-^3y5 -{-Qtf*—5y^)x+2y* +2y3-6y + 4 (3). 

We now take the polynomial (2) for a dividend, and the rt^ 
mainder (3) for a dWisoT. 
Since the coefficient of i5aft Siuxx^tm ol «cv\^\«««fflA«VxN\i.. 
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I 

can be reduced to — y^{^y^ — 8y + 5), 

and as the coefficient of the first term of the polynomial (2), vix. 

y'— 3y+2, 
can be decomposed into {y — l)(y — 2) 

it follows that, in order to obtain entire quotients and remain*' 
ders, it will be sufficient to multiply the polynomial (2) 

Performing this multiplication, then the division of the poly- 
nomial (2) thus prepared, by the remainder (3), we obtain a cer- 
tain quotient which it is not necessary to write here ; and the 
last remainder, that is, the polynomial independent of x, placed 
equal to 0, will give 

27y-136y»+214y--112y^+65y«-100y* \ > . 

4-30^*— 24^3^ 120y«— 112^ + 32 5 -^ ' "\*h 

We will now see what foreign factors may be contained in 
this equation. 

1st. Since the first member of the equation (1) has been mul- 
tiplied by the factor y^^2y-\-2^ which, being decomposed, be- 
comes (y~i)(y — ^2), it follows that the equation (4) may con- 
tain the two binomials y^l and y — 2 as foreign factors. 

Now, it is easily seen that this equation is not satisfied by 
y=l, and that it is by ^=2; the division by y^2 gives an 
exact quotient equal to 

27y»_82y»+5ay^— 12y» + 41y*— 18y*— 6y» 
— 36j^3+48j^— 16 (5). 

To understand the reason why the factor y — 1 should not 
form a part of the polynomial (4), it will be sufficient to observe 
that, if we make ^ = 1 in the equation (2), all the powers of x 
will disappear, and there will not result from it any correspond- 
ing value for x. 

But, if we make y=2 in the equation (2), it will reduce to 
X — 5=0, whence x=^5 ; that is, the two equaUons 

y2 3y-f.2=0, 

and (y « -3y + 2)x^ + (y— l)a?— 3y + 1 »0, 

admit ot a single sohUian^ x=5 and jf ^SL 

47 
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•» 

Hence the equation (4) must contain the factor jf— 2, which 
corresponds to this solution, but cannot contain the factor y—l| 
which does not answer to any solution. 

2d. In the second principal operation, the factor y*(y— 1) 
(3y— 5)' has been introduced, in order to render the division 
possible. 

But it is easily ascertained that none of the simpk factors 

which compose this product, can enter into the final equation ; 

5 
for by fnakingy =0, or y=l, ory=-, in the remainder (3) placed 

equ^l to 0, the part involving x would vanish, and there would 
not result from it any value for x. 

In general, the introduction of the factor a^> (No. 363) into 
the remainder which precedes that of the 1st degree, never has 
any influence upon the final equation^ because the values of y 
obtained from this factor when it is placed equal to zeriD, would 
reduce the remainder of the first degree to a numerical quamtiiy ; 
hence it cannot have any corresponding value of x. 

We will now, in this same example, take the polynomial (2) 
for a dividend and the polynomial, (1) for a divisor. 

Multiplying (2) by y^, the coefficient of the first term of (1), 
and performing the division, which gives a certain quotient and 
the remainder of the first degree, 

(3y*-8y* + 5j(')x— 2y*— 2y>-f6y-4 (6). 

We then take the polynomial (1) for a dividend and the re- 
mainder (6) for a divisor. 

Since the coefficient of the first term of this remainder can 
be reduced to . 

y»(3y«-8j^ + 5) 

and as the coefficient of tire first term of (1) isy ?, it will be suf- 
ficient to multiply (1) by y»(y— I)^(3y — 5)*. 

After this preparation, the division is performed, and we ob- 
tain for a remainder independent of x, 

27y»— 82y«-f5ay^ — 12y*+41y« — 18y* 
-6y3_36y3 +48^—16, 
which is identical with the quotient (5) obtained by dividing 
the remainder (4) by l\ie (^clot >| — %. 
Here, none of the Caclots vnvto^ut^^ viv ^^ ^'qjw^. ^ '^ 
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operation are found in the final equation, and the reason of it 
is that the factory', by which (2) has been multiplied, being 
placed equal to 0, the divisor (1) is reduced to a quantity inde- 
pendent, of x ; consequently it has no value of x corresponding 
to y=0. 

366. If the last example has been well understood, it will be 
easy to understand the following rule, for freeing the find 
equation from any foreign factors which it may contain. 

Let F(y) denote any one of the factors introduced in the 
course of the operation, and 

the remainder corresponding to it, so that the simple factors of 
F(y) may be factors of the coefficient h. 

First.^ When, as most frequently happens, F(y) *is imme- 
diately decomposable into simple factors, place each of them 
equal to 0, and deduce the values of y. 

When none of these values of y destroy the coefficients - - - - 
b^Cf d to ^ inclusively, we are certain that F(y) is a fac- 
tor of the final equation, and toe then divide the first member of 
this equation by this factor ^ as being foreign to it. 

When one or more values destroy at the same time 6,^c, d...tf 
the corresponding simple factors are not found in the final equa- 
tion, which does not contain any foreign factors arising firom 
F(y), except the simple factors of which the values do not ren- 
der bjCf d 1 nothing at the same time. We then divide 

the first member of the fined equation by the product of these 
last factors. 

Second. When the equation F(y)=0 cannot be immediately 
resolved, which is the case when the coefficient b is of the Sd 
or of a higher degree, we seek for the greatest common divisor 

betweenF{y)and all the coejficierUs b, c, d t. {See No. 262). 

If we do not find one we may be certain that F(y) is a factor of 
the final equation, and we free it from this factor. 

But if there is a common divisor F'(y), divide F(y) by F'(y), 
which give a quotient F''(y), which is then the only foreign fine- 
tor [arising from the introduction of the factor F(y)] contained 
in the final equation. The first member of this equation must 
therefore be divided by F'(y). 
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This reasoning applies to every oilier factor which may be 
introduced. * Hence we see that it is always possible to free the 
final equation from any foreign factors that it may contain, 
and this, without supposing that any of the methods for re- 
solving an equation involving a single unknown quantity are 
known. 

367. First Remark. The method of elimination by the 
common divisor, applied to two equations of the second 
degree involving x and jr, always gives the true final equation. 

For we have seen (No. 116) that two equations of this kind 
can be reduced to the form 

€Lx^ + Jx -f c, and a'x^ + Vx + '€=0 ; 

a and a' being numerical quantities. 

This being the case, the first preparation to which one of the 
polynomials is subjected, only requiring the introduction of a 
numerical factor, it can have no influence upon the final equa- 
tion. As to the second, which consists in multiplying one of 
the ))roposed polynomials by the coefficient of x in the remain- 
der of the first degree a"x-\-h'\ we have already proved (No. 
365) t^at this factor cannot enter the final equation. 

This is always the case when one of the equations is of the 
second degree with respect to Xy (whatever may be the degree 
with respect toy), provided the coefficient of x^ is a numerical 
quantity. 

368. Second Remark. The degree of the final equation often 
indicates the presence of foreign factors. For it has been shown 
that the degree of the final equation cannot exceed the product 
of the degrees of the two proposed equations. Therefore, when 
an equation of a higher degree is obtained, it must contain 
some foreign values. But when the degree is equal to the pro- 
duct of the degrees of the two equations, we cannot conclude 
that it does not contain foreign values; for the degree of the 
final equation is sometimes less than the product of the degrees 
of the two equations. It may even happen that the degree is 
fiothijigy or, in other words, that we will not have a final equation. 
(See No. 374). 

In general, the degree of the final equation is equal to the 
number of solutions of ichich, tKe equallo'nt ate «\sc^ce!(\^&^. 
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369. We will now proceed with the determination of all the 
systems of values which should verify the ttDO given equations. 
Take, for example, the two equations 

yx3— 3x+l=0 (1), 

(y— l)x»+x-2=0 (2). 

After having multiplied the polynomial (1) by the factor 
{y — 1)', we perform the division, and find the first remainder, 

(^y^—5y^2)X''y-+Ay—\ (3). 

Then multiplying the polynomial (2) by (y*— 5y + 3)*, and 
dividing the result by the remainder (3), we obtain a re- 
mainder 

y*— iqy*4-37y3— 64ya+52y— 16 - (4), 

which is a function of y only. 

Since, in order to perform the first operation, we have been 
obliged to introduce the factor (y — 1)^, and asy=l, substi- 
tuted in the equation (2), gives ;rK=2, it follows that this 
factor must be involved in the polynomial (4) as a foreign 
factor. 

We therefore divide this polynomial by (y— 1)', and the 
result is 

y3_8^,+2ay— 16=0 (5), 

which is the true final equation. Applying the method of in- 
commensurable roots to it, we will find, y=2, y=2, y=4. 

In order to obtain the three corresponding values of a:, we 
must (No. 285) substitute each of these values in the remainder 
of the first degree, and we will obtain j:= 1 , x= 1 , a:= — 1 ; that 
is, the proposed equations admit o{ three solutions, two of Which 
are (a:=l, y=2), and the third is (.r= — l,y=4). 

In fact, suppose y=2 in the equations (1) and (2) ; they 
become 

2a;»— 3x+ 1 =0, and x^ +x-2=0, 
which admit of the common divisor x^-1. 

In like manner, y=4, substituted in (1) and (2), gives 

4x3— 3x+l=0, and 3x»+x— 2=0, 
which admit of the common divisor x -VV. 
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370. Take the two equations 
a:^— (3y-3)x« -f(3y»— «y-l)x-y3-f %« +y— 3=0 - - - (I), 
x«+(2^+4)j:+y«4-4y + 3=0 (2). 

By applying the ordinary process, we obtain for the remain- 
der of the first degree, 

(3y«+3j^)a:+y=+6y«+5y (3); 

and for the remainder independent of ^r, 

y+3j^«+y*— 3y'— 2y*=0 (4). 

This is the true final equation; for, from what has been said 
in No. 367, the equation (2) being of the second degree, and 
the coefficient of x' numerical, the introduction of a factor has 
no effect upon the final equation. 

This being the case, by resolving the equation (4), we will 
see that it can be put under the form 

y'(y+i)'(y— i)(y+2)=o. 

We will first consider the two values ofy which are involved 
but once in this equation. 

By making y=l in the remainder (3), and placing this re- 
mainder equal to 0, we find 6:1:4- 12=0, whence x= — 2; that 
is, the factor a; + 2 becomes common to the proposed poly- 
nomialst 

In like manner, substituting y= — 2 id the remainder (3), we 
obtain 6x4-6=0, whence x= — l ; therefore, x+l becomes a 
<:ommon divisor of the two equations. 

But when we make y=0 in the remainder (3), all the terms 

of it vanish ; that is, we find 0.x=0, whence x=-- 

To explain this circumstance, it must be observed that the 
hypothesis y=0) making the remainder of the first degree with 
reference to x equal to noihifigj the remainder of the second 
degree must become the exact divisor of the two polynomials* 
In fact, by substituting y=0 in the remainder of the second 
degree, that is, in the equation (2), it becomes 

a:» 4-4x4-3. 

In the same way, making y=0 in the first member of the 
equation (1), we find 

x^ -V^* -X— ^- 
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Now, it 18 easily seen that this last polynomial is divisible by 
the preceding, and gives x — 1 for a quotient. 

From the equation x' -f 4a: +3=0, we moreover find 

which are the two values of x corresponding toy=0« 

The value y=— 1 remains to be considered. The hypothe- 
sis y= — 1, made upon the remainder (3), also destroys all its 


terms, that is, we find 0.:r=0, whence x=^. 

But by substituting y= — 1 in the divisor of the second de- 
gree, or the equation (2), it becomes 

X* H-2Lc=0, 
whence a;=0, a:=— 2. 

The same value ^=—1 substituted in equation (1), redu- 
ces it to 

the first member of which is divisible by a;*+2x, and gives 
x+4 for a quotient. 

Hence the solutions of the proposed equations are 

y= 1, 2, 0, 0,— 1,— 1, 
x=—2, —1,-1, —3, 0, —2. 

371. N. B. It should be remarked here, 1st. that the num^ 
ber of solutions is equal to the product of the degrees of ilie 
equations ; 2d. That each of the values of y, to which there 
are two corresponding values of x, is involved twice in the final 
equation. 

This result agrees with what has been said in No. 368, viz. 
that the degree of the final equation is equal to the number of 
soliUions. 

372. When the substitution of one of the values of the final 
equation involving y, in the remainder of the first degree with 
reference to x, destroys all of its terms, it is a proof that there 
is more than one value of x corresponding to this value of y, or 
which amounts to the same thing, there is a common divisor of 
the proposed polynomials, of a higher degree than the first. 

To obtain this common divisor, or tKe v%bi^% c^< i|^ iKU Vial 
value muiibe substituted in the remainder of tlwa vtw^ dft^«^< 
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If all the terms of this remainder vanish, we substitute this value 
in the remainder of the Sd degree^ and so on^ untU one is ob- 
tained in which aU the terms do not disappear^ and this will be 
the greatest common divisor of the two polynomials. Placing 
this remainder equal to 0, and resolving the resulting equation, 
we obtain all the values of x corresponding to this value of y. 

Reciprocally^ when there are two, three, , n values of 

Xf corresponding to the same value of y, the remainders of the 

1st, 2d, n—l^ degree must necessarily vanish ; and the 

remainder of the n^ degree, placed equal to 0, will give the ft 
values of x. 

The factor of the first degree corresponding to this value of 
y, is involved to the n^ power in the final equation, which agrees 
with the remark of No. 371. 

373. The remainder of the first degree with reference to x, 
being supposed of the form Mx + N, in which Mand N are 
generally functions of y, if we substitute one of the values of y 
found from the final equation, two peculiar cases may occur 
which should be noticed. 

1st. In consequence of this substitution N may be reduced to 
0, and M to any numerical quantity. 

In this case it is evident that the corresponding value of x is 
reduced to zero, since we would have 

N 
M 

2d, N may be reduced to a numerical quantity, and M to 0. 

N N 
In this case, the equation x= — ^jtj: gives x= —^ that is, the 

corresponding value of x becomes infinite. 

This result, which is sometimes obtained from formulas of the 
first and second degree, may agree with the question, when it is 
of a nature to admit of infinite solutions for x ^nd finite solu- 
tions for y, 

374. Hitherto we have supposed that the application of this 
method leads to a final equation involving y ; but this is not 
always the case. 

The remainder independent of x^ which is necessarily ob- 
tainedf may be a numeficaY (\\x^xiU\.^> ox ^. 
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We will first exaroiDe the case in which the remainder is 
numerical^ that is, independent ofx andy. 

This result evidently proves that the two equations are incom- 
patible^ or do not admit of any solution ; since (No. 284) in 
order to form the final equation, the remainder must be placed 
equal to 0, w*hich would lead to an absurdity. 

In fact, since by applying the method of the common divisor 
to the two proposed polynomials, we find a numerical remain^ 
der^ before any particular substitution is made fory, if we give 
any value whatever to this unknown quantity, and tlien apply 
the same process to the polynomials resulting from this substi- 
tution, we must find the same remainder. From wiiich we see, 
that no value given to y will produce a common divisor in- 
volving Xj a condition whicli it is absolutely necessary for the 
compatible values oiy to fulfil. 

Take, for example, the two equations 

yx' — (y^— 3y— l)a+y=0, x^— y» -f 3=0, 

yx^^y^ I x-\-y \x^ — y^ 
-f3y \ +3 

_±L.J S "1^ 

1st Rem. X +y 

x^—y^ J x+y 



+ 3 



2d Rem. H-3. 

Hence the equations are incompatible, 

375. We will now consider the case in which the remainder 
is nothing. 

This result proves that the two equations have a common 
divisor involving x, before the substitution of any particular 
value for y, (See No. 283), and that these equations are inde- 
terminate. 

Let D be the factor common to .the two first members ; the 
proposed equations can be put under the form 

A'xDr^O, B'xD=0. 

This being the case, they may be satisfied, either by sup- 
posing D=0, or by making A'=0, B'=0. 
If now we suppress the factor D \u l\\e fvt?A. Twwx^i^t^ ^^ ^^ 

48 
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two equations, the resulting equations will be A'=Oy B'=:0, 
and they will admit of only a limited number otsclutiem. 

NoWy since it is possible that the common factor which exists 
between the proposed equations, and which renders them 
indetermnaief may be altogether foreign to the question which 
gives rise to the equations ; moreover, as this factor, placed 
equal to 0, may only admit of imaginary solutions^ we may con- 
ceive that it will.be useful to know the solutions of the equa- 
tions A'=0 and B'=0. 

Take, for an example, the two equations 

x»— 3yx»+3y«x— 6j:»-HOyj: + 6j:— y»— 6y»— 6y=0 (J), 

x»-5yj:« +8y«x— j: — ty=^+y=0 (2). 

Arranging the two polynomials with reference to x, and divi- 
ding (1) by (2), we obtain for the first remainder, 

(2j^^)x«-(5y«-l()y— 7)x+3y^-5y>— 7y (3). 

Taking this remainder for a divisor, the polynomial (2[) for 
the dividend, and making the usual preparation, we find for 
the second remainder 

(^♦—10^3 ^35^3 _5()y+24)x—y*-H()y* -35^3 

H-5ay«-24y (4). 

Finally, after having multiplied the polynomial (3) by the 
square of the coefficient of x in (4), if we divide the polynomial 
(3) thus prepared by (4), we will obtain zero for a remainder. 
This result would seem to indicate that (4) is a common divisor 
of the two polynomials (1) and (2), since the last division is 
exact ; but this i^ evidently impossible, from the inspection of 
the remainder (4), of which the coefficients are functions of y, 
while the coefficient of x' in (1) and (2) is unity. 

To explsdn this contradiction, it should be observed, that we 
have multiplied (3) by the square of the coefficient of x in 
(4), without previously ascertaining (No. 38) whether this co- 
efficient is not a factor of that part of (4) involving x*. Now, 
the fact is, it is a factor of it ; for this part can be put under 
the form 

— j(tj4_10j|3 -V353»— 50^+24). 
li follows from this reTaaTk>^^\. V^ \\&€v^ N& \j^^v -^ ^^xsss&ssq. 
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divisor of the proposed equations, bat (4) freed from the factor 
y4_i()y3+35ya — 50y+24f or rr— y. 

Suppressing then the factor x—y in the two polynomials (1) 
and (2), we obtain • 

x^—{2y+5)x^y» +5y+e=0 (5), 

x^ — iyx+4y^—l =0 (6). 

Consequently, when we operate upon two equations in which 
the first members J arranged with reference to x, are affected 
with coefficients which are prime with each other ^ if after a cer^ 
tain number of operations^ we obtain zero for a remainder, 
and the coefficients of the preceding remainder are not prime with 
each other ^ it is not this remainder which is the common divisor 
of the proposed equations^ hut it is this remainder divided by 
the factor common to these coefficients. 

It now remains to apply the process for elimination to the 
equations (5) and (6), in order to deduce the final equation 
which corresponds to them, and afterwards, all the solutions of 
these equations. But we will show that this operation is not ne- 
cessary, that is, that the first series of operations gives the final 
eqtfotion relative to the equations (5) and (6), as well as the 
remainder of the first degree^ with reference to x, corresponding 
to this final equation. 

376. In order to explain this circumstance in a general man- 
ner, we will consider the two equations A=0, B=0, which we 
will suppose contains a common divisor involving x and y, 
or X only. 

By first applying the process to the two polynomials, we will 
find a first series of quotients and a first series of remainders, 
which remainders will (No. 265) all contain the common factor. 
But if we suppress this factor in A and B, and then operate 
upon the resulting polynomials A' and B', we must find the same 
quotients and remainders which do not differ from those of the 
first series, except that they do not contain the common factor ; 
hence, the last remainder of the second series of operations, 
only differs from the last remainder of the first series, in not con- 
taining the common factor. 

Therefore the first member of tW fts\A e^^>A^Tk t«x^v*^^- 
iag toA'=0,B'=Oj isnoihingmort tluiutlieVwlTWva.vRd*t ^^ 



380 Algebra. 

the first series of operations, freed from the factor common to 
A, ami B; in other words, it is that function of y which is a 
common factor of the cocffu^ients of this remainder. 

With respect to the remainder of the first degree with refer- 
ence to X in the second scries of operations, it is equal to the 
remainder preceding the last in the first series, divided by the 
common factor ; it is therefore the last quotient of the first 
series. 

In the preceding example, the final equation relative to die 
equations (5) and (6) is 

3^* -lOy 3 + 35^2— 50^ + 24=0 (7) ; 

and the remainder of the first degree with reference to x is no- 
thing more than the quotient of the remainder (3) by x—y ; or 

{2y—5)x—^y^ + % + 7 (8). 

The equation (7), resolved by the method of commensurable 
roots, gives 

y=l,2, 3, 4. 

Substituting each of these values in the remainder (8), and 
resolving this remainder when placed equal to 0, we find the 
corresponding values of :r, viz. 

X—-0^ Of Of I • 

377. For, another example, take the two equations 

x^--(3y—l)x^+{r—2jf)x-\-y' +y-=0 (1), 

x''-{y—l)x^-{y — 1):?M-1=0 (2). 

We first obtain for the remainder of the second degree 

2yx'—{y^—y-l)X'-y'''y+l (3), 

and for the remainder of the first degree, 

(y*-5y' -^-2y—l)x+y^—5y'+2y^l (4). 

But instead of operating as in the preceding example, that is, 

instead of multiplying (3) by the square of y* — 5y' 4-2y— 1, 

and dividing (3) thus prepared by (4), we observe that the 

jnainder (4) can be pui uv\Aet v\v^ foxtcv 
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Omitting, then, the factor involving y^ apd dividing (3) by 
x+ 1, we obtain an exact quotient, 

2yx-'y^—y+l (5). 

Whence we may conclude, that x+ 1 is a common divisor 
of the proposed equations. 

These equations, freed from the factor a:+ 1, reduce to 

x^Syx+y^-^-y^O (6), 

a:«— ^3^+1=0 (7); 

and the question is reduced to eliminating between these two 
equations. Now, from what has been said above, the final 
equation is 

y*—5y^+2y-l=0, 

and the equation of the first degree with reference to x^ cor- 
responding to it, is the result (5) placed equal to 0, viz. 

2yx— y* — y + l=0. 

The first of these two equations not admitting of any com- 
mensurable roots, the method of incommensurable roots must 
be applied to it; after which, we substitute each of the values 
of y obtained in the second equation, which will then give 
the corresponding values of x. 

Examples. 

1st. x^+{3yr'i)x^ +(3y«-2y-9)a;+y3_y3_9y+9=0, 
a;'— 2:ry-fy* + 4a;— 4y + 3=0; 

equation involving y ^(^—2)3(^2— l)(y— 3)=0, 

« " X ' xa(j:«— l)(;r + 3)(x+2)=0. 

2d. y' + (?x+2)y»—x»y + 7a:y—5y-2a:» +9x«— 7^-6=0, 

y^ +^^ +4xy+y+5x—2=0 ; 
equation involving x' (a:— l)«(4a;»— l)(x^2)=0. 
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8d. «»— 2zy+y»— 4a:+4y+3r=0, . 

a;»— Say +y»— 6a:+6y— 7=0 ; 
4th. z»+2ay+y»— lOi— 10y+21=0, 

x»—2x^+y* + ex— 6y+ S=0 ; 

equation involving y (y— 4)»(y-2)(y— 6)=0, 

X (x— 1)«(«-3)(j:+1)=0- 



FIGURATE NUMBERS. 



Of Figurate Numbers j and the Series upon which they depend* 

There is a certain class of l ^ries of which we can easily ob- 
tain the general termj and the expression for the sum of a limit- 
ed number of terms ; these series are deduced from a progres- 
sion by differences. 

430. Determination of the general term of the series ..... 

a~ + 6*+c"*+rf" ; a,b, c, d being the 

different terms of a progression by differences. 

It has been shown (No. 194) that, in any progression by dif- 
ferences 

-7- a*bmC*d»e*fg»h , 

the expression for the general term /, is/=a + (n — l)r, r denot- 
ing the ratio and n the number of terms; hence the general 
term of the series of m^ powers of the terms of this progres- 
sion is 

/« = [« + (»— l)r]. 

For example, let it be required to find the 15th term of the' 

series of Sth powers of the terms of the progression 

-r 1.3.5.7.9.1 1.1 3 ; by making ii= 15, f7t=5, a=l, r=:2y' 

we will have 

/,=(1 + 14X2)'=29«=20511149. 

431. Summation of the Seriez. 
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a, hj Cj d...kj /, being the terms of a progression by dilTerenceSi 
We have, by the binomial theorem, 

. . . w — 1 



2 

• ... or reducing, we obtain the formula 

771— —1 

which expresses the sums of the powers, from S«_,, to S, in- 
clusively (S„ being equal to a»-f ft^+c'* +rf* + + i°— i% 

which is equivalent to n). 

To show the use of the formula (A), make successively 
971=1, 2, 3, 4, 5 ... • 

1st. Letf7i=l, we find 

/— a=r(S^— ^); whence S,=~ — + 1=-^^ ~ =/?, 

a result which has already been obtained. 

2d. m=2; it becomes/»—a»=2r(S,—/)-|-r3(S ,—/**), 

whence S, — Z= — — - ; . 

m 

therefore S . ='-1^^ + !&i) Jl-^aW-a+r)_ ^ 

' 2r 2r 2r ' 



I 



m — 1 * 

i"=(*+r)*=**+f»rA«-> +i»— 5— r»A^3 ^ 

Adding these equations together member to member, and de- 
noting the sum of the m'\ w— 1** - powers by 

S;, S«_,, Sm-, . . ., S,, Sj, we obtain 

S,--a"-S,-i-+«ir(S._,-,f»-')+'»-5-'-'(S— 2-'"-')+ 



or, since l=sa + (a— ly, Nv\\euw I— aA t— wv 



n^ aiHv max rcsuc lbkaxt 



